Section 6

6.1 Simplifying Expressions

Algebraic expressions involve variables (letters that represent numbers) and don’t contain an equals sign
— e.8.x,3a + b, y? + z%. You can simplify them to avoid writing the same thing over and over.

Learning Objective — Spec Ref A3/A4:

Simplify algebraic expressions by collecting like terms.

Terms are the individual parts of an expression separated by plus or minus

ip: R ber that i
signs. E.g. in the expression 2x + 6 — 3xy, the terms are 2x, 6 and 3xy. JIR Ecumienthatin

algebraic notation, 3xy
Expressions can sometimes be simplified by collecting like terms — means 3 xx x y —

these are terms that contain exactly the same combination of letters. the x signs are left out
For example, 4xy + xy — 3xy = 2x. to make it a bit clearer.

g Eemple 1

Simplify the expression x +x? + yx + 7 + 4x + 2xy - 3

1. There are four sets of like terms: X+x+yx+7+4x+2xy-3
(i) terms involving just x = (x + 4x)
(ii) terms involving x + x?
(i) terms involving xy (or yx, which means the same) + (xy + 2xy)
(iv) terms involving just numbers +(7-3)

2. Collect the different sets together separately. =5x+x*+3xy +4

Exercise 1

Q1 Simplify these expressions by collecting like terms.

a) c+c+ec+d+d b) x+y+x+y+x—y C) 3m+m+2n
d) 3a+5b+8a+2b e 6p+qg+p+3q f) 4b+8c-b-5¢ J
g x+7+4x+y+5 h) 3m+7+2n-8m-3 i) 13a-5b+8a+12b+7 |

Q2 Simplify the following expressions by collecting like terms.

d) 3p* + 6q + p> — 4q + 3p? e) 8+6p*—5+pqg+p? f) 662+ 7b+9—4b? +5p-2

Q) ¥ +3x+2+2x+3 b) ¥ +4x+x+2x+ 4 C) x*+2x* + 4x — 3x J
. . . i
Q3 Simplify the following expressions by collecting like terms. ;

a) ab + cd —xy + 3ab - 2cd + 3yx + 2x2 b) pq + 3pg + p* - 2qp + ¢
C) 3ab-2b+ab+ b+ 5b d) 4abc — 3bc + 2ab + b2 + 5b + 2abe
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Multiplying and Dividing Variables W

= Prior Knowledge Check:
Use the laws of indices.

See p.92-93

PEVELI vy

Learning Objectives — Spec Ref Al/A4:

= Use and interpret algebraic notation. ! I

N

ARV

= Use the laws of indices when multiplying and dividing variables.

When you've got numbers and variables multiplied or divided by each other, you should deal with the
numbers and each letter separately, using the laws of indices to write each term as simply as possible.

The most useful laws of indices are: a" x a*=a”*" (@")"=a"*" a"+a"=a"""

There are some more rules that might help you with these questions:

= gb’=axbxb—onlythe b is squared.

= (ab? =ab x ab = a x a x b x b = a®b* — the whole bracket is squared.

= 2abx3a=2x3xaxaxb=6a’h— multiply the numbers and variables separately.
s 6d° < 3a° = (6 = 3)(d® + @) = 2a> — divide the numbers and variables separately.

= (—a)?=(—a) x (~a) = (-1) x (1) x a x a = a> — squaring a negative makes it positive.

gocme 2 g

Simplify: a) bxbxbxb b) 4a x 5b ) 12x3 + 2x? d) (ab?)?

a) If a variable is multiplied by itself, write it as a power. bxbxbxb=b*

b) Multiply the numbers and variables separately. 4a x 5b =4 x 5 x a x b =20ab

¢) Divide the numbers and letters separately. 12x% + 2x2 = (12 + 2)(x* + x%) = bx

d) Square the bracket and simplify the a’s and the b's. (ab?? = ab? x ab? = a x a x b* x b’ = a*b*

Exercise 2

Q1 Simplify the following expressions.
a) XXXXX b) 2y x 3y c) 8px2q d) 3ax7a
e) 5x x 3y fy mxmxmxm g) 12a x 4b h) 6p x 8p

Q2  Simplify the following expressions.
a) pxpq b) 4a® x 5a c) 4ab x 2ab d) 3i* x 87
e) 9n’m + 3n? f) 12a* + 4a g) 16p’q + 2p? h) 6abc x 5a*b’c*

Q3  Expand the brackets in these expressions.
a) 2y b) %) o B¢y d) (22%
e) a(2b) f) 5 g ()’ h) (k!
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6.2 Expanding Brackets

Most of the time, when brackets show up, you want to expand them to get rid of them. Single brackets
are pretty straightforward, but when you have two or three sets of brackets there’s a lot to keep track of.

a(b + ¢)

Learning Objective — Spec Ref A4: |
Be able to expand a single term multiplied by a bracket.

You can expand (or remove) brackets by multiplying everything
inside the brackets by the letter or number in front —
remember a(b +c)=ax (b+c)=(axb)+ (a x ).

alb+c)=ab + ac
alb-c)=ab - ac

Expand the brackets in these expressions: a) 8(r — 3s) b) m(@n +7) o -(¢-4)
a) Multiply each term in the brackets by 8. 8(r—3s)=(8x7r) —(8 x 3s) = 8r—24s
b) Multiply each term in the brackets by m. mn+7)=mxn+mx7)=mn+7m
©) You can think of ~(g — 4) as -1 x (g — 4). —(g-4) =1 x¢g) - (-1 x4)
A minus sign outside the brackets reverses =(-q) - (-4)
the sign of everything inside the brackets. =-q+4
Simplify the expression 3(x + 2) - 5(2x + 1).
1. Multiply out both sets of brackets. 30 +2)-52x+1)=Cx+6)—(10x + 5)
=3x+6-10x-5
2. Collect like terms. =CBx—-10x) +(6-5)=-7x + 1
Exercise 1
Q1 Expand the brackets in these expressions.
a) 2a+5) b) plg +2) ¢ 6(5-r d) «(14 -1
e) 3(u+ 8v) f) 6(4x + 5y) g) p(3g-8) h) 75 -3
Q2 Expand the brackets in these expressions.
a) —(x+2) b) —(n—11) ) —y4+y) d) —v(v-5)
e) —6(5¢—3) f) —8(7-w) g) —4y(2y + 6) h) —4pu - 7)
Q3 Simplify the following expressions.
a) 2z+3)+4(z+2) b) 4(106-5) + (b-2) o 1MGx-3)-(x+2)
d) 529 +5)-2(¢-2) e 4pBp+5 -3p+1) f) 4@+ 1) - 748t -11)
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(a + b)(c + d)

Learning Objective — Spec Ref A4: :
Be able to expand two brackets multiplied together.

When expanding pairs of brackets, multiply each term in the left bracket by each term in the right bracket.

If each bracket contains two terms (brackets like this are called binomials),
you can use FOIL to keep track of which terms you need to multiply:

F IRST — multiply the first term from each bracket
O uUTSIDE — multiply the terms on the outside

| NSIDE — multiply the terms on the inside

L AST — multiply the last term from each bracket

e,
¥ _~

ac + ad + bc + bd

This method will give you four terms, but sometimes you'll be able to simplify by collecting like terms.

Expand the brackets in the expression: a) (g +4)(p +3) b) 3(x-2)’

(q@%:(q xp)+ (g x3)
+ (@ xp)+(4x3)

=pq+3q+4p + 12

a) Multiply each term
in the left bracket by
each term in the right
bracket using FOIL.

Write out (x — 2)? as two brackets.  3(x—2)*=3 x (x - 2)(x - 2)

2. Use FOIL to expand the brackets
— leave the ‘3 x’ alone for now.

=3 x@-2x-2x+4)

=3 x(-4x+4)
3. Collect like terms, then multiply

each term in the brackets by 3. =3x2-12x + 12

Exercise 2

Q1 Expand the brackets in the following expressions.
a) (a+2)b+3) b) (j+ 4)k-5)
e k—4y-1 f) 8(g+5)h+9)

o 3(-2)k+4)
g) 2w —6)z-8)

Q2  Expand the brackets in the following expressions. Simplify your answer.
a) (x+8)x+3) b) (b+2)b-4) 0 (@a-"MNa+2)
e (c+53-c f) (»-8)6-y) g) 2x+2)x+1)
) 3y+206 -y ) 4B -3)b+2) k) 6(x—2)x-4)

Q3  Expand and simplify the following expressions.

a) (x+ 17 b) (x + 4)? o) (x-27
e) (x—3)? f) (x—-6)7 g) 4+ 17
i) 3(x—2)? ) 20+ 6y k) 5(x— 3)?
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Tip: Letters are
typically written in
alphabetical order —

so put pg here, not gp.

Tip: Be extra careful
with the minus signs
here — remember that

(=2) x (=2) = 4, not —4.

d x+6)y+2
h) 7(a—-7)b - 8)

d) d+7)d+6)
h) z-12)z+9)
) 12(a + 9)a - 8)

d) (x + 5)?
h) 2(x + 5)
) 2(x—4)7?



(a + b)(c + d)(e + f)

Learning Objective — Spec Ref A4: |
Be able to expand three brackets multiplied together.

When expanding triple brackets, do it in stages — first multiply two brackets together, then multiply
the result by the remaining bracket (it doesn’t matter what order you multiply the brackets in).

You can’t use FOIL if you have more than 2 terms in a bracket, so in this case just multiply

every term in one bracket by every term in the other bracket.

(a + b)(cm) =(a+b)(ce + ¢f + de + df)
N A —g(ce + cf + de + df) +b(ce + cf + de + df)
=ace + acf + ade + adf + bce + bcf + bde + bdf

Example 4

Expand and simplify the following expressions: a) (r + 2)(s + 1)(¢ + 4) b) 5@ -1)3

a) 1. Multiply each term in the second bracket r+2) m4 F+2)st+4s+1+4
by each term in the third bracket. X A )

2. Multiply the result by each term in the SHFtds bt Qw25 ds w1+ 4)

first bracket — simplify if possible. =rst+4rs+rt+4r+ 2st+8s+ 2t + 8

b) 1. Writeout(y—1)as(y—-1)(y-1y-1). 5y—1P=5x(y-Dy-Ny-1)

2. Multiply each term in the second bracket
by each term in the third bracket. =5x(y=-1D0?-y-y+1)

3. Collect like terms before multiplying the =5x(y-102-2y+1)

result by each term in the first bracket. =5 x [y(32 =2y + 1) = (32 =2y + 1)]

=5x(P-22+y-»*+2y-1)
4. Collect like terms before multiplying =5x (=392 +3y-1)
everything in the bracket by 5.
=5y~ 1502+ 15p - 5

Exercise 3

QT Expand the brackets in the following expressions. Simplify where possible.

a) @+ Db+ N+2) b) (m-5)n-1)(p-3) Q) (3 +2)(5-2a)b+3)
d) k+3)y+ 1Ny +2) e (y-4(-6)(y-3) f) (1-32)z+5)z-3)
8) 2z+3)z+2)(z+1) h) 4w —4)w - 5)w - 2) i) 33 -29)3q +3)g-2)

|
Q2 Expand and simplify the following expressions. 1‘
a) (x+3) b) (x-2) o (x+4)3 i

d) 3 —xp e 3x— 1y f 2+ 5
g) —(5 - 2x) h) —4( - 32 ) Tx+ap
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6.3 Factorising — Common Factors

Factorising an expression means adding brackets in where there weren’t any before.
It’s called factorising because you need to look for common factors of all the different terms.

R RN AR RN RN RN AT
Prior Knowledge Check:
Be able to find the HCF of 4
set of numbers. See p13,

GRIRNRVERRNRERENERVENARREESS

/

Learning Objective — Spec Ref A4:

NANARREDVY
AREREERY

Factorising is the opposite of expanding brackets. You look for a common factor of all the terms
in an expression, and ‘take it outside’ the brackets. These common factors could be numbers, variables,
or both. To factorise an expression fully, you need to find the highest common factor of all the terms.

a
an

When factorising variables, you’ll need to remember how to divide two powers:  a” +a"= = =a" "

Factorise the expression 12x — 18y.

Tip: If you used 2 or 3
1. 6 is the highest common factor of 12x as the factor instead of

and 18y. So 6 goes outside the brackets. 12x-18y=6( - ) the HCF of 6, you would

et an expression that
2. Divide each term by the common factor, 12x + 6 = 2x gwasn’t fuﬁy ciorsa,

and write the results inside the brackets. and 18y + 6 =3y e.g. 2(6x — 9y).
So 12x — 18y = 6(2x - 3y) ‘

Factorise 3x* + 2x.

1. xis the only common factor of 3x? and 2x.

3x% + 2x = +
So x goes outside the brackets. *+ 2= )

2. Divide each term by the common factor, 3x? +x=3x and 2x +x =2
and write the results inside the brackets. So 3x% + 2x = x(3x + 2)

Exercise 1

Q1  Factorise the following expressions.

a) 2a+ 10 b) 3b+ 12 c) 15+ 3y d) 28 +7v
e) 5a+ 15b f) 9c-12d g) 3x+ 12y hy 21u—-7v
i) 4a*>-12b j) 3¢+ 15d? k) 5c¢%—25f ) 6x—12y?

Q2  Factorise the following expressions.

a) 3d® + 7a b) 4b%* + 19b c) 2x*+ 9x d) 4x?-9x
e) 21¢° - 16q f) 15y -7y g 7y + 157 h) 2722 + 11z
i) 10d° +27d )4y =13y k) 11y + 3y* ) 22w - 5w*
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Sometimes the highest common factor of all the terms might have both numbers and variables in it.
It's usually best to work out the highest common factor for the numbers and for each letter separately.

E.g. if you need to factorise 2a’b + 4a?b?, find:
= the HCF of 2 and 4 (2)

= the HCF of &® and a? (a?)

= the HCF of b and »? (b)

So the HCF of 2a°b and 4a?b? is 2a2h, and 2a°b + 4a*b? = 2ab(a + 2b).

Factorise the expression 15x% — 10xy.

1. 5 and x are common factors of 15x2 and

1 2 _ 0 = =
10xy. So 5x goes outside the brackets. 2 = 10 = 5x )

Tip: The first term
doesn’'t have a y in it,
15x? + 5x = 3x so the HCF won't either.

2. Divide each term by the common factor. and 10xy + 5x = 2y

3.  Write the results inside the brackets. 15x? — 10xy = 5x(3x - 2y)

Exercise 2

Q1 The expression 4x*? + 8x)* contains two terms.
a) What is the highest numerical common factor of both terms?
b) What is the highest power of x that is common to both terms?
o What is the highest power of y that is common to both terms?

d) Factorise the expression.

Q2 Factorise the following expressions.

a) 15a + 10ab b) 12b + 9bhc c) léxy—4y d) 21x + 3xy
e 24uv + 6v f) 10p* + 15pq g) 124> - 18pq h) 30ab? + 25ab
i) 14x* - 28x)? j) 8ab’ + 10a’h k) 12pq - 8p* ) 24x% — 16x2

Q3 Factorise the following expressions.

a) x°+xt—x° b) 8a? + 17a° o 12)° + 6y* d) 24p%c - 8¢
e) 25z% + 13z° f) 12p? + 15p5¢ 8) 9a*b + 27ab’ h) 156* = 21a* + 18ab
i) 22pq* - 1p’q® ) 16x%y = 8xy? + 2%} k) 36x7)2 + 8x%° [) 5x*+ 3x*y* - 25x3y

Factorise the following expressions.

a) 13x%H7% + 22x%° + 20x%3 b) 16a°b® — a*b® — ab? c) 21p*q* — 14pg® + 7pq
d) 14xy* + 13x%3 — 5xby* e 16c¢%d> — 14¢° + 8c3db ) 18jk + 217k — 1523
g) 36xH* — 72x%7 + 18x)3 h) 20a*h® + 4a*b* — 54" i) 11x%? + 1132 + 66x)°
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6.4 Factorising — Quadratics

So far, all the factorising you’ve seen has been the reverse of expanding brackets of the form a(b + c).
Doing the reverse of expanding double brackets is up next, and it’s going to be pretty useful in later sections.

Quadratic Expressions

Learning Objective — Spec Ref A4:
Be able to factorise a quadratic expression.

A quadratic expression is an expression where the highest power of the variable (e.g. x) is 2 —
they have the form ax? + bx + ¢ where a, b and ¢ are constants (a # 0).

You can factorise some quadratics into the form (dx + e)(fx + g), but it's usually not clear what the values
of d, e, f, and g are. The method you use depends on whether or not there’s a number in front of the x*.

Factorising x2 + bx + ¢

If there’s no number in front of the x2 (i.e. a = 1), then you can follow these steps to factorise the expression:

= Write out the brackets as (x )(x ) — don’t put the signs or numbers in yet.

= Find pairs of numbers that multiply to give ¢ — this is just like finding factors (see p.8).
You can ignore the sign of ¢ for now.

= Choose the pair of numbers that also add or subtract to give b (ignoring signs here too).

= Write one number in each bracket, then fill in the + or — signs so that b and ¢ work out with the

correct signs. Check they're right by expanding the brackets to get back to the original expression.

If ¢ is positive, then the two brackets will have the same sign (both + or both -),
and if ¢ is negative then the signs will be different (one + and one -).

h Section 6 Expressions

Factorise: a) x* + 6x + 8 b) x*+2x-15
a) 1. Find all the pairs of numbers that multiply to give 8 1x8 or 2x4
(i.e. the factor pairs of 8).
2. Find the pair that add/subtract to give 6. 1+8=9 8-1=7
2+4=6) 4-2=2
3. You need +2 and +4 to give b (+6), so
both brackets should have + signs. Sox?+6x+8=x+4)(x+2)
4. Check your answer by expanding the brackets. x+dx+2)=x*+2x+4x+8
=x>+6x+38
b) 1. Find all the pairs of numbers that multiply to give 15. 1x15 or 3 x5
2. Find the pair that add/subtract to give 2. 1+15=16, 15-1=14
3+5=8, 5-3=2)
3. You need +5 and -3 to give +2,
so put a + with the 5 and a — with the 3. Sox?+2x-15=(x+5)(x-3)
4. Check your answer by expanding the brackets. (x+5)x-3)=x2-3x+5x—-15
=x2+2x-15



Exercise 1

Q1 Factorise each of the following expressions.
a) xX*+7x+6 b) a*+ 7a + 12 C) x*+8x+7
d) 22+ 8z+12 e) x>+5x+4 f) V+6v+9
Q2 Factorise each of the following expressions.
a) xX*+4x+3 b) x2—6x+8 c) x*=7x+10
d) x2-5x+4 e y*+3y-10 f) ¥+2x-8
g) s*+3s-18 h) x2-2x-15 ) 2—-4t-12

Factorising ax? + bx + ¢

When q is not 1, there are a few extra steps you need to do in order to factorise.

Start by finding all the pairs of numbers that multiply to give a. Write out a separate set of brackets

for each pair, writing the two numbers in front of the x’s. For example, if you had 4x?,

you would write out (2x )(2x )and (x

that gives you the right value for 5. Check them

)(4x ).

Now list all the pairs of numbers that multiply to give ¢, ignoring the sign of ¢ for now.
Here’s the tricky bit — try putting each pair of numbers in the brackets until you find one

by working out the ‘OI’ bits from ‘FOIL’ —

these are the bits that should give you bx when you add/subtract them. Make sure to try the pairs

both ways round, e.g. if your factor pair was 2 and 3, try both (x

Factorise: a) 2x>+ 7x + 3 b) 6x2-11x-10

a) 1. The 2x? has to come from x x 2x.
2. ¢ =3 has only got one pair of factors.
3. Find the potential values of »
— try adding and subtracting.

4. You need +x and +6x to make +7x,
so both brackets should have + signs.

5. Check by expanding the brackets.

b) 1. The 6x* could either come
from 2x x 3x or from x x 6x.

2. ¢ =10 has two pairs of factors.

3. Try pairs of numbers in the
brackets until you get 11x.

4. You need +4x and —15x to make -11x,
so put a + with the 2 (2x x +2 = +4x)
and a — with the 5 3x x -5 = -15x).

5. Check by expanding the brackets.

3)4x 2)and (x 2)(4x 3).

Once you've found the right combination, write the + or — signs so that it works out.

x )2x )

1x3

x D2x 3): O=3x,1=2x = 5xorx
x 3)2x 1): O=xl=6x = Zxor5x

So2x*+7x+3=Kx+3)2x+1)

x+3)2x+1)=2x2+x+6x+3=2x+7x+3

(2x )(3x )or (x )(6x )

1x10 or 2x5

(2x  1)3x 10): O=20x,1=3x = 23xo0or 17x
(2x  10)3x 1) O=2x,1=30x = 32xo0r28x
(2x  2)3x 5): O=10x,1=6x = 16xo0r4x
2x 5)Bx 2: O=4x1=15x = 19xor(1y)

So6x* = 11x-10 = (2x-5)(3x + 2)
(x-5)Cx+2)=6x*+4x—-15x-10=6x>-11x-10
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Exercise 2

Q1  Factorise the following expressions.

a) 2x*+3x+ 1 b) 3x*-16x+5 ) 5x*-17x+6 d) 27 -5t-12

e) 2x2-13x+6 f)y 3b2-7b-6 g) 5x*+12x-9 h) 2x2-3x+ 1

i) 7a*+19a-06 ) 1x?—62x-24 k) 722+ 38z + 15 ) 3y2-26y+ 16
Q2 Factorise the following expressions.

a) 6x2+ 7x + 1 b) 6x2-13x+ 6 c) 15x* —x-2

d) 10x2-19x + 6 e) 121> -5u-3 f) 14w? + 25w+ 9

Difference of Two Squares

\lll/"|I\IIIIIl'II[l||I|II'l//
Prior Knowledge Check: -
Recognise square numbers and

/ find square roots. See p.91.
lIIlIIIHIIHIHIIIHIIIIH\\
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Learning Objective — Spec Ref A4:

Be able to factorise a difference of two squares.

AR

Some quadratic expressions have no middle term, e.g. x> — 49. When you factorise these,
you get two brackets that are the same, except that one has a + sign and one has a — sign.
For example, x? — 49 factorises to (x + 7)(x — 7).

More generally: @*-b? = (a + b)(@a—b) This is known as the difference of two squares.

Factorise: a) 16x2-9 b) 5j% — 8072 c) x2-7
a) 16x? = 4x x 4x — write the expression 16x2 -9 = (4x)> - 3?
in the form a2 — b?, then use the formula. =(@4x+3)4x-3)
b) You can take a factor of 5 out of the expression,  5)? — 20z2 = 5()* — 4z?)
so do this first. Then write the bit inside the =502 -(22))
bracket in the form a? — b? and use the formula. =50+ 27)(y-22)
c) 7 isn’ta square number, so write 7 -7=x2-(y7) Tip: See p.99-103
as (7 )’ so that you can use the formula. =(x+V7)(x-v7) for more about surds.

Exercise 3

Q1 Factorise each of the following expressions.

a) x*-25 b) x*-9 c) x*—36 d) x?-81

e) x*—64 f) b —121 g x*—1 h) ¢* - 4d?
Q2  Factorise each of the following expressions.

a) 4x*—49 b) 36x* -4 ¢ 9x?-100 d) 25x*-16

e 16z -1 f) 27#-12 g) 98x? -2 h) 7p?> - 175

i x2-11 j) n*=>51 k) 4x*>-3 ) 3x2-15
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6.5 Algebraic Fractions

Algebraic fractions are just fractions with algebraic expressions in the numerator and/or denominator.
You can do all the things you'd do with regular fractions — e.g. simplify, add, subtract, multiply or divide.

Simplifying Algebraic Fractions i,

= Prior Knowledge Check:
Be able to simplify

Z, fractions. See p.28.
IIHIHIHIIIIIIIIIIHI\

Learning Objective — Spec Ref A4:
Be able to simplify algebraic fractions.

ARVERNEN

Algebraic fractions can be simplified just like regular fractions. Look for common factors between
the numerator and denominator (you might have to do some factorising) and then cancel them.
The only difference is that the factors may be algebraic expressions — e.g. 4x, y’z, (5a + b), etc.

'yt x*-16

. . . . . 3x°y
Simplify the following algebraic fractions: a) 21xy” b) T8 +16
A . 3x2y4 XX xz X y4
a) 1. 3isacommon factor, so it can be cancelled. _
21xy® “ 3x7xxxy’
., . 2 4
2. xis a common factor, so it can be cancelled. Xy
7 X%y’
3. y*is a common factor, so it can be cancelled. = Ly: i g e
7Xy 7xy ~ 7y
b) Factorise the numerator =16 (x+4] (x — 4) .
and the denominator, X+ 8x+16  (xHAT(x +4) Tip: ‘The numerator
then cancel the common x—4 hfere g T
factor of (x + 4). T x+4 O tY?,squares' I
Exercise 1
Q1 Simplify:
2x 49x’ 25s5°t 26a’b’c’
a) 3 b) 147 9 55 D “5ope
Q2 Simplify:
7x 48t— 61’ 3cd 12
T b g 9 Be+oc e
Q3 Simplify:
2) 4st + 8s* b) 15xz+ 15z ) bxy — bx d) 3a’b + 5ab*
8t* + 16st 25xyz—25yz 3y-3 7ab’

Q4  Simplify each of the following fractions as far as possible.

2x—8 6a—3 x’+7x+10

Q) -5x+4 b 5704 9 ¥Tr2x-15
x=7x+12 X1+ 4x 262+t — 45
d s ® T+7x+12 b s
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Adding and Subtracting Algebraic Fractions

\\IIHIlllllllllllllllllllll
s

Prior Knowledge Check:
Be able to add and subtract
fractions. See p.31-32.
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Learning Objective — Spec Ref A4:
Add and subtract algebraic fractions.

Vg,

IR

i

Algebraic fractions should be treated in just the same way as numerical fractions.

To add or subtract them, they need to have a common denominator. You can get them
over a common denominator by multiplying the top and bottom of each fraction by
the denominators of the others — this could be a number, or an expression like 3x + 2.

Express, as a single fraction: a) x3;2 + % b) 2;_‘__ 11 - }E—Z
a) 1. First, find a common denominator — x=2  2x+3 _ 4x(x—2) N 3x(2x+3)
multiply the top and bottom of the first 3 4 T 4x3 3x4
fraction by 4, and the second fraction by 3. 4(x-2)  3Q2x+3)
=712 T2
2. Expand the brackets in the numerator _4x—2)+3(2x+3)
and simplify as much as possible. a 12
_4x—-8+6x+9 _10x+1
- 12 - 12

b) 1. Find a common denominator by multiplying  2x—1 3 2x—1)(x—2) 3x+1)

the top and bottom of the first fraction by x+1 x=2 " (x+NDx-2) G+1)x-2)
(x — 2), and of the second fraction by (x + 1). C2x=1x=2)-3@x+1)
(x+1)x=2)
2. Expand the brackets in the numerator and simplify. _ 2x*-5x+2-3x-3
, p ba al T x+D-2)
3. 2x?-8x -1 doesn't factorise nicely, 94— By 1
o _2x*—-8x-
so leave it as it is. = Gr D=2
Exercise 2
Q1 Express each of these as a single fraction, simplified as far as possible.
4
) 53 0 33 0 ¥+t 0 ¥4
Q2 Express each of these as a single fraction, simplified as far as possible.
x=2  x+1 2t+1 =1 3x—=1 , 2x+1 ct+2 c+1
A S5t b) =7—+73 A S & R e
Q3  Express each of these as a single fraction, simplified as far as possible.
2 1 x—2 _x+1 2a=3 _ 3a+t?2
A 5HT 33 bl =T T2 A av2 Ta+3
x+2 x—3 s—2 s+1 x—2  x+1
Ty A TR & 357 3542 b S5+
y+3 y+2 by £=3 _ 2x+1 h 2xt3 _x—4
y+1 y+3 x+2 x+1 x—2 x+3
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If the denominators of the fractions you're adding or subtracting share a common factor,
you don’t need to multiply by that factor to get the fractions over a common denominator (similar

to how you cando 7 + ¢ = % + 75 rather than using a common denominator of 4 x 6 =24).

X x—1 . 5
Express 713 35y 2 252 single fraction.
. . . X x=1
1. Factorise the terms in each denominator. 13252 T xF2
2. Here the denominators have a common factor, (x + 2). =T 1)x(x ) + ;‘;;
Multiply the top and bottom of the second fraction
X k=T +1)

by (x + 1) to make the denominators the same. =G NeT) T T ar )

x+r+x—x—1)

3. Simplify the numerator by expanding the brackets. =T aA D+ 2)
5 B , . . - x4+ x-1
4. x*+x -1 doesn't factorise, so leave it as it is. = G+DE+2)
Example 4
4 _ 1 __1
Show that G5 — 5 1) " Gx-5) -1 = - 1°
1. The denominators of the fractions are already 4 3 1
factorised. They have a common factor of (Bx=5)(x+1) Bx—5x—-1)
(3x - 5), so you just need to multiply the left 3 4(x—1) _ x+1
fraction by (x — 1) and the right fraction by (x + 1).  ~ Bx=5)(x+1)(x=1) QBx=5)x+1)x-1)
: . _ 4x—4—x—1
2. Simplify the numerator. =Bx-5@x+ -1
3x—=5

3. Cancel the factor of (3x — 5) from the top Bx=5x+1)(x—1)
and bottom. Expanding the brackets in the _ 1 1
denominator gives you the final answer. B

x+NDx—-1) ~ x*-1

Exercise 3

Q1  Express each of the following as a single fraction, simplified as far as possible.
x-2 .5 b 3x 1 1 (x=2)

T NHx+2) T x+2 ) ra) wrHxFI)

Q2  Express each of the following as a single fraction, simplified as far as possible.

Z 10 x=3 2x
a) zz+3z+2+z+1 b) X tx-6 " x-2
x—3 3 at1l  a+1
<) x2+4x+x+4 d) a*-2a-3 a*+4a+3

@8} Express each of the following as a single fraction, simplified as far as possible.
2041 t+2 b) —% x+2

A Fr3 T4+l ¥-9 T F-5x+6
3x x 2y—=1  y—1
O —4x+3 T xT-5x+4 d y’=3y+2 y’-5y+6
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Multiplying and Dividing Algebraic Fractions ...\ ...,

f\ Prior Knowledge Check: /E

Learning Objective — Spec Ref A4: = Be able to multiply and divide =

Multlply and divide algebralc fractions. - fractions. See p.33-35. =
T —————— 7/4\1:\\\“1n\\\lllt;n\ll\\\

The method for multiplying and dividing algebraic fractions is exactly the same as with numeric fractions

— if you're multiplying, just times the numerators together and the denominators together.
c _a d

If you're dividing, flip the second fraction and change it to a multiplication, e.g. < S il
To make the calculations easier, it’s usually best to fully factorise the numerator and denominator of each

fraction, then cancel any common factors. Once you've got a multiplication, you can cancel factors that

appear on the top and bottom of either fraction — so Ex 1) atd) ! Gt 3) .

x+2) XZ(x+1) would cancel to G X 2

. T - x—-2 2x+4 3x+6 .,  x+2
Express, as a single simplified fraction: a) T roxt8 X P +2r—8 b) =9 T X +4r +3
a) 1. Factorise each term as far as possible, 5 .y -y 242
then cancel any factor which appears o e x =22t = x
on the top and bottom of either fraction. * * bx+8 " x7+2x=8 " (A2 +4) T te=2x +4)
1 2 2
2. Multiply the fractions like normal. Th+d) X xtd) - (x+d)?
b) 1. Thisis a division, so turn the second fraction 3x+6 . x+2  3x+6 _x*+4x+3
over and change the sign to a multiplication. x°=9 T x’+4x+3 " x*-9 x+2
. . 3.+77 (x + 1)TE~R3)
2. Factorise each term as far as possible. = “3y X
, T+3)(x-3) LeA2]
Cancel any factor which appears on both the top
and the bottom of either fraction and multiply. =1 33) x (’H{ 1 _3G +31)
x= =

Exercise 4

Q1 Express each of the following as a single fraction, simplified as far as possible.

a) %x% b) %xi—lf ) %x% d) 6@? 12:},

O Ta T Tt ® Zors o U
Q2 Express each of the following as a single fraction, simplified as far as possible.

) 3Ty b G * 205 o T+ 3 @ 9+ ?7

O ez 0 Bt 9 LEELE w g

Q3 Express each of the following as a single fraction, simplified as far as possible.

x’—16 L X*3 b) x2+4x+3)< x+4 ) zz+3z—10xzz+6z+5

x’+5x+6 " x+4 x’+6x+8 " 2x+6 ?+4z+3 z—2

g X=4x+3 . x’-x—6 ) Y 5y+6 y—2 f) =9 . r+6r+9
X’ +9x+20 T x*+7x+12 y'+y=20 " 3y-12 £F+3t+2 T P +8t+7

a)
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Review Exercise

Q1

Q2

Q3

Q4

Q5

Q6

Q7

Simplify the following expressions.

a) 3x-2x+5x—x b) 3x + 2y —4x + 5y ) 3x*+5x—7+2x*-3x+4
d) 2a x 3a e) 8px2¢q f) x*xxy
g) 22z + 2z h) 27g*h® + 9gh? i) x?(4x)?

Simplify each of the following expressions by expanding the brackets.
a) 6(x+3)+3x-4) b) 4(a+3)-2(a+2) o 5p+2-3p-4
d) 22x+3)-32x+ 1) e x(x+3)+2x-1) f) 2x(2x+3) +3(x-4)

Expand and simplify each of the following expressions.
a) x=3)x+4) b) Bx+ 1)2x +5) o (x+ Nx—-2)x+3)
d) -¢-8)¢t—-1e+1) e (3x-2) f) (x+2)°

Factorise each of the following expressions as far as possible.
a) 4x-8 b) 6a+3 ¢ 5¢-10 d) 3x + 6xy
e) 8xy-—12x? f) a’b-2ab + ab? g) 16x2 + 12x% — 8xy* h) 14x° + 7x%y — 7xp*

Factorise each quadratic.

a) > +6a+8 b) x2+4x+3 c) 22-5z+6 d) x2+3x-18
e) x*-3x-10 f) 2x2+5x+2 g) 3m*-8m+4 h) 3x2-5x-2
i) 4g+4g+1 j) 16a*-25 k) 4c?—-196 ) 812 -121

Express each of the following as a single, simplified, algebraic fraction.

) G+5 by SE-22 o 231

D T ) 77773 " H3+in

g x2+43lx+3+x2+2x—6 h) t2+gt+9_t2-23t ) xzf16+x2f5_x2+4
Simplify the following expressions.

= b §+ o Y- it

d xX*=7x+12  x+1 o s’+4s+3 | s+1 f x’+tx=12  x*+2x

x*+3x+2 7 x—3

) (12—7a+10>< a’+2a-3
8 @+5a+6 “a’-3a-10

st—=16 ~ s+4 x*—4 3x+12

b bit5b+6  2b+6 g x’+Bx+15  x’+dx+3
b*+6b+5 " 3b+3 x*+4x—12 ~ x*+8x+12
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Exam-8tyle Questions

Q1  Expand and simplify:
a) x(x? —4y) + 9xy
[2 marks]
b) (2x-7)?
[2 marks]
Q2  Use an algebraic equivalent to the expression x2 — y? @
to work out the value of 145% — 552,
[2 marks]
Q3  Two expressions 4 and B are defined such that:
A = 5x% + 9xy B =3x(x-y)
Find an expression for 4 — B in terms of x and y.
Give your answer in a fully factorised form.
[3 marks]
Q4 a) Factorise 5a* — 6a
[T mark]
b) Use your answer to part a) to factorise 5(2x + 3 — 6(2x + 3).
Give your answer in its simplest form.
[2 marks]
Q5 6(B3x-y)—4(x+5y) =al7x-by
Find the values of a and b.
[3 marks]
T 6x* +18x
Q6  Simplify fully 7’ —4x—-30"
[3 marks]
Q7  Expand (x + 3)(x — 2), simplifying your answer as much as possible.
[3 marks]

m Section 6 Expressions: Exam-Style Questions



