Exam-style practice

Mathematics
A Level
Paper 1: Pure Mathematics

Time: 2 hours
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 A curve C has parametric equations x = sin’f, y=2tant, 0 <1 <

2
Find & in terms of 7. 4)
dx
2 Find the set of values of x for which
a 2(7Ix—5)—6x<10x-7 2)
b 2x+5/-3>0 4)
¢ both 2(7x —5) — 6x<10x — 7 and |2x + 5| - 3 > 0. (1

3 The line with equation 2x + y — 3 = 0 does not intersect the circle with equation
X2+kx+1y +4y=4
a Show that 5x2+ (k = 20)x + 17 > 0. (€Y}

b Find the range of possible values of k. Write your answer in exact form. 3)

4 Prove, for an angle # measured in radians, that the derivative of cos ¢/ is —sin .
You may assume the compound angle formula for cos (4 + B). and that

. (sinh . fcosh—-1 -
]J}_r_ﬂ( h ] =1 and If[:gt}(-T) =0. (3

5 f(x)=3+px)%,xER
Given that the coefficient of x* is 19440,
a find two possible values of p. 4)
Given further that the coefficient of x° is negative,
b find the coeflicient of x°. 2)
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Exam-style practice

6 The point R with x-coordinate 2 lies on the curve with equation y = x* + 4x — 2. The normal
to the curve at R intersects the curve again at a point 7. Find the coordinates of T, giving your
answers in their simplest form. (6)

7 A geometric series has first term ¢ and common ratio r. The second term of the series is 96 and
the sum to infinity of the series is 600.

a Show that 25 — 25¢ +4 = 0. 4)
b Find the two possible values of r. 2)
For the larger value of i

¢ find the corresponding value of a. 1)
d find the smallest value of n for which S, exceeds 599.9. 3)

8 The diagram shows the graph of f(x). The points B and D are stationary points of the graph.

VA

D0, 6)

VAR

(=10, 0)\ (-3,0)/ O (4,0)

=Y

B
(=6.-11)

Sketch, on separate diagrams, the graphs of:

a y=|f(x) (3)
b y=-f(x)+5 3
¢ y=2f(x-3) 3)

9 Find all the solutions, in the interval 0 < x < 27, to the equation 31 — 25cos x = 19 — 12sin?x.
giving each solution to 2 decimal places. 5

10 The value, V, of a car decreases over time, 7, measured in years. The rate of decrease in value of
the car is proportional to the value of the car at that time.

a Given that the initial value of the car is V,, show that V'= Ve~ 4
The value of the car after 2 years is £25 000 and after 5 years is £15 000.

b Find the exact value of k and the value of ¥ to the nearest hundred pounds. 3)
¢ Find the age of the car when its value is £5000. 3)
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11 The diagram shows the positions of 4 cities: 4, B, C and D. The distances, in miles, between
each pair of cities, as measured in a straight-line, are labelled on the diagram. A new road is to
be built between cities B and D.

A
- v
11
D
19
14
[
a What is the minimum possible length of this road? Give your answer to 1 decimal place. (7)
b Explain why your answer to part a is a minimum. (1

12 A footballer takes a free-kick. The path of the ball towards the goal can be modelled by the
equation y = -0.01x? + 0.22x + 1.58, x = 0, where x is the horizontal distance from the goal in
metres and y is the height of the ball in metres. The goal is 2.44 m high.

a Rewrite y in the form A — Blx + C)*, where 4, B and C are constants to be found. 3

b Using your answer to part a, state the distance from goal at which the ball is at the greatest
height and its height at this point. (2)

¢ How far from the goal is the football when it is kicked? 2)

d The football is headed towards the goal. The keeper can save any ball that would cross the goal
line at a height of up to 1.5m. Explain with a reason whether the free kick will result in a goal. (2)

13 A box in the shape of a rectangular prism has a lid that overlaps the box by 3 ¢cm, as shown.
The width of the box is x cm, and the length of the box is double the width. The height of the
box is #cm. The box and lid can be created exactly from a piece of cardboard of area 5356 cm”.
The box has volume, Vem'.

Length

a Show that I/ = 3(2678x — 9x? — 2x?) (5)
Given that x can vary
b use differentiation to find the positive value of x. to 2 decimal places, for which Vis stationary. (4)

¢ Prove that this value of x gives a maximum value of V. 2)
d Find this maximum value of ¥V, (1
Given that V takes its maximum value,

e determine the percentage of the area of cardboard that is used in the lid. (2)
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Exam-style practice

Mathematics

A Level
Paper 2: Pure Mathematics

Time: 2 hours .
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 The graph of y = ax* + bx + ¢ has a maximum at (=2, 8) and passes through (-4, 4). Find the
values of a, b and c. 3)

2 The points P(6. 4) and Q(0. 28) lie on the straight line /, as shown.

VA

o)

‘Ir:
!J
/ >

!I
a Work out an equation for the straight line /,. 2)
The straight line /, is perpendicular to /; and passes through the point P
b Work out an equation for the straight line L. (2)
¢ Work out the coordinates of R. 2)
d Work out the area of APQOR. 3)

3 The function f is defined by fix —e* -~ 1. xeR.
Find f~'(x) and state its domain. 4)

4 A student is asked to solve the equation log,(x + 3) + log,(x + 4) = %
The student’s attempt is shown.

l6g.(x + 3) + log,(x + 4) = £
x+3)+(x+4 =2
2x+7 =2

2x =-5

X =—=
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10

a Identify the error made by the student. (1)
b Solve the equation correctly. 4)

The function p has domain —14 < x < 10, and is linear from (-14, 18) to (-6, —6) and from
(-6, —6) to (10, 2).

a Sketch y = p(x). )

b Write down the range of p(x). ()}

¢ Find the values of «. such that p(a) = -3. 2)

flx)=x—kx* = 10x + k

a Given that (x + 2) is a factor of f(x), find the value of k. 2)

b Hence. or othe_rwise. find all the solutions to the equation f(x) = 0, leaving your answers in
the form p + /¢ when necessary. 4)

In ADEF., DE = x = 3cm. DF = x — 10cm and ZEDF = 30°. Given that the area of the triangle
is 11 cm?,

a show that x satisfies the equation x> = 13x - 14 =0 3)
b calculate the value of . 2)
The curve C has parametric equations x = 6sinz + 5,y =6cos? - 2, —% =st= %
a Show that the Cartesian equation of C can be written as (x +/)* + (y + k)* = ¢ , where h, k
and ¢ are integers to be determined. @
b Find the length of C. Write your answer in the form p, where p is a rational number to
be found. (3)
4x*+Tx . B . C
(x=2D(x+4) x—-2 x+4
a Find the values of the constants 4, Band C. 4

. 45+ Tx . : i
b Hence, or otherwise, expand m in ascending powers of x. as far as the term 1 x.

Give each coefficient as a simplified fraction. (6)

OAB is a triangle. OA4 =aand 5§ =b. The points M and N are midpoints of OB and BA
respectively.

The triangle midsegment theorem states that ‘In a triangle, the line joining the midpoints of
any two sides will be parallel to the third side and half its length.

B

0 A

Use vectors to prove the triangle midsegment theorem. 4)
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The diagram shows the region R bounded by the x-axis and the curve with equation

: 3T
y=x¥(sinx+cosx),0=x= T

1k

¥ =x(sinx + cosx)

35l ~
0 T-r‘ X

The table shows corresponding values of x and y for y = x*(sin x + cos x).

0 Ly T 3 LS BLs 3
* 8 4 8 2 8 4
y 0 0.20149 0.87239 1.81340 2.08648 0
a Copy and complete the table giving the missing value for y to 5 decimal places. (1
b Using the trapezium rule, with all the values for y in the completed table, find an
approximation for the area of R, giving your answer to 3 decimal places. “)
¢ Use integration to find the exact area of R, giving your answer to 3 decimal places. (6)
d Calculate, to one decimal place, the percentage error in your approximation in part b. (1
12 Ruth wants to save money for her newborn daughter to pay for university costs. In the first
year she saves £1000. Each year she plans to save £150 more, so that she will save £1150 in the
second year, £1300 in the third year, and so on.
a Find the amount Ruth will save in the 18th year, (2)
b Find the total amount that Ruth will have saved over the 18 years. 3)
Ruth decides instead to increase the amount she saves by 10% each year.
¢ Calculate the total amount Ruth will have saved after 18 years under this scheme. 4)
13 a Express 0.09 cos x + 0.4 sin x in the form R cos(x — @), where R>0and 0 <a <=

2
Give the value of a to 4 decimal places. (4)

The height of a swing above the ground can be modelled using the equation
16.4

~ 0,09 cos (g) +0.4 sin (é

h ) 0 =< 1= 5.4, where /i is the height of the swing, in cm, and

1 1s the time, in seconds, since the swing was initially at its greatest height.

363
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b Calculate the minimum value of / predicted by this model, and the value of ¢, to 2 decimal
places, when this minimum value occurs. 3)

¢ Calculate, to the nearest hundredth of a second, the times when the swing is at a height of
exactly 100 cm. (4)

14 The diagram shows the height, /2, in metres of a rollercoaster during the first few seconds of the
ride. The graph is y = h(t), where h(r) = —10e™030-64 — 10e"8¢ =64 4 70,

VA A

-y

O
a Find /'(1). (3)

S 36—0._‘1! ~6.4)
b Show that when /'(1) =0, 1= 2 In =% + 6.4 )

To find an approximation for the ¢-coordinate of 4, the iterative formula

Loy = % In (3—6-%“'_—“.) + 6.4 is used.
¢ Let ¢, = 5. Find the values of t,. ., ; and #,. Give your answers to 4 decimal places. 3
d By choosing a suitable interval, show that the t-coordinate of A4 is 5.508, correct to
3 decimal places. (2)
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CHAPTER 1
Prior knowledge 1

1 a (x-1)x=5 b (x+4)x-4) ¢ (3r- 5)3x + 5)
x-3 x+4 _X+5

L » x+6 32 +1 x+3

3 a even b either ¢ either d odd

Exercise 1A

1 B At least one multiple of three is odd.

2 a
b

c

m

At least one rich person is not happy,

There is at least one prime number between

10 million and 11 million.

If p and g are prime numbers there exists a number
of the form (pg + 1) that is not prime.

There is a number of the form 27 - 1 that is neither
a prime nor a multiple of 3.

None of the above statements are true.

There exists a number 2 such that »” is odd but n is
even.

n is even so write n = 2k

n* = (2k)* = 4k% = 2(2k%) = n? is even.

This contradicts the assumption that n? is odd.
Therefore if n* is odd then n must be odd.
Assumption: there is a greatest even integer 2n.
2(n + 1) is also an integer and 2(n + 1) > 2n

2n + 2 = even + even = even

So there exists an even integer greater that 2n.
This contradicts the assumption.

Therefore there is no greatest even integer.
Assumption: there exists a number 1 such that n'is
even but n is odd.

nis odd so write n = 2k + 1

n'=(2k + 1) = 8k% + 12k2 + 6k + 1

= 2(4k% + 6k + 3k) +1 = n? is odd.

This contradicts the assumption that n® is even.
Therefore, if n* is even then n must be even.
Assumption: if pg is even then neither pnor g is
Bven.

pisodd, p =2k + 1

gisodd, g=2m+1

P = (2k +1)2m + 1) = 4km + 2k +2m +1

=2(2km + k +m) +1 = pq is odd.

This contradicts the assum ption that pq is even.
Therefore, if pg is even then at least one of p and ¢
is even,

Assumption: if p + ¢ is odd then neither pnor g is odd
piseven, p = 2k

qiseven, g = 2m

P+g=2k+ 2m = 2(k + m) = p + ¢ is even

This contradicts the assumption then p + ¢ is odd.
Therefore, if p + ¢ is odd then at least one of p and
g is odd.

Assumption: if ab is an irrational number then
neither @ nor b is irrational.

@ is rational, @ = 5 where ¢ and d are integers.

b is rational, b = j: where e and fare integers.

ab = ;—7'9 ce is an integer, df is an integer.,

Answers

Therefore ab is a rational number,
This contradicts assumption then ab is irrational,
Therefore if @b is an irrational number then at least
one of @ and b is an irrational number.

b Assumption: neither a nor b is irrational.

a is rational, @ = g where ¢ and d are integers.

b is rational, b = :_f where e and fare integers.
cf + de
T
¢f, de and df are integers.
S0 @ + b is rational. This contradicts the assumption
that a + b is irrational.
Therefore if @ + b is irrational then at least one of a
and b is irrational.
¢ Many possible answers e.g. a = 2 -2, b = /2.

a+b

6 Assumption: there exists integers a and & such that

2la+ 14b=1.
Since 21 and 14 are multiples of 7, divide both sides
by 7.
So now 3a + 2b =1
3a is also an integer. 2b is also an integer.
The sum of two integers will always be an integer, so
3a + 2b ="an integer’,
This contradicts the statement that 3a + 25 = 1.
Therefore there exists no in tegers a and b for which
2la + 14b =1.
7 a Assumption: There exists a number n such that n?
is a multiple of 3, but n is not a multiple of 3.
We know that all multiples of 3 can be written in
the form n = 3k, therefore 3k + 1 and 3k + 2 are not
multiples of 3.
Let n=3k+1
W=Bk+1P=9k+6k+1= 33k + 26) + 1
In this case n? is not a multiple of 3.
Letm=3k+ 2
M= (3k + 22 = 9k? + 12k + 4 = 3(3k2 + 4k + 1) +1
In this case m? is also not a multiple of 3.
This contradicts the assumption that 7° is a multiple
of 3.
Therefore if n? is a multiple of 3, n is a multiple of 3,
b Assumption: V3 is a rational number,
Then V3 = £ for some integers a and b.

Further assume that this fraction is in its simplest
terms: there are no common factors between a and b,

So 3= %—; or a* = 3p%

Therefore a* must be a multiple of 3.

We know from part a that this means a must also
be a multiple of 3.

Write @ = 3¢, which means a? = (3¢} = 9¢2.

Now 9¢% = 32, or 3¢2 = b2,

Therefore b2 must be a muliiple of 3, which implies
b is also a multiple of 3.

If @ and & are both multiples of 3, this contradics
the statement that there are no common factors
between a and b.

Therefore, y3 is an irrational number,
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8

Assumption: there is an integer solution to the
equation x* - y* = 2.

Remember that ¥ -y = (x - yllx + y) = 2

To make a product of 2 using integers, the possible
pairs are: (2, 1), (1, 2), (-2, -1) and (-1, -2).
Consider each possibility in turn.
x-y=2andx+y=1=x=3y=-1
r-y=landx+y=2=2x=3y=1

x—y=-2and1‘+y:—1=>x=—%,
-3,

o

1
3
t-y=-landx+y=-2=2x=-3y=-1.
This contradicts the statement that there is an integer
solution to the equation x* — y* = 2.
Therefore the original statement must be true: There
are no integer solutions to the equation x* - y* = 2.
. s s . : %

Assumption: v2 is rational and can be written in the

3=
form v2 = % and there are no common factors between
a and b.
2= a’ or a’ = 2b*

=3 -

This means that @’ is even, so @ must also be even.
If @ is even, a = 2n.

Sp @' = 2b7 becomes (2n)* = 2b° which means 8n® = 2h°
or 4n° = b? or 2(2n°) = b°.

This means that b* must be even, so b is also even.

If @ and b are both even, they will have a common
factor of 2.

This contradicts the statement that a and b have no
common factors. -
We can conclude the original statement is true: v2 is
an irrational number.

10 a n -1 could be non-positive, e.g. if n = %

b Assumption: There is a least positive rational
number, 1.
7 : :
W= where a and b are integers.

Letm = :-;—b. Since @ and b are integers, m is rational

and m < n.

This contradicts the statement that n is the least
positive rational number.

Therefore, there is no least positive rational number.

Exercise 1B

1

Ul e W

366

4 1 41 ¢4 I
a ba ¢ d 3 e fw
1 a-3 x-3 y+1
— ¢ == d
x-2 2a+ 3 7 y
x 1 3y-2 L2+ Yy
= 4 h e
% f gJc+5 2 @ =y
All factors cancel exactly except ;—E% = —fx_—88| =-1
a=50=12
x-4 10e* + 4
& o r=————
2y + 10 1 - 2e?
a 2x2-3x -2 . x—2 _2x*-3x-2
6r-8 327+ 14x-24 6x -8
L oxt+ 14x - 24 _ (Rx+Dx-2) (3x - 4)x + 6)
x -2 T 23x-4 x-2
_l2x+ll(x+61_2x2+13x+6
- 2 - 2

b flm=2x+20@) =5

Exercise 1C

1 ai, hl ¢ B+9 d L , 3-x 2a-15
12 20 pq iz C e T im
2 a x+3 -X+7 8xr -2
xlx + 1) (x - 1x + 2) (2x + Nix - 1]
d -x-5 2x -4 23x+9
6 lx + 4)% blx + 3x - 1)
3 a x+3 3x+1 -x -7
fx+1)2 x=2lx+ 2 e+ 1z + 3)°
3x + 3y +2 2x+ 5 7x+8
(Y = x|y +X) (x+ 2%+ 1) (r+ 2x + 3lx - 4)
(x + 5llx - 3)
5 g 0xi+14x+6 —xt-24x-8
xlx + Dix + 2 3xlx - 2)2x + 1)
. 9x?_14x -7
x - Vlx + 1llx = 3)
6 50x + 3
6x + 1Ni6x - 1)
7 &% 6 36

= xlx + 2k - 4 4
x + 2)x - 4)

[x+ 2x -4

x3 - 228 - 2x +

+:r+2+.t2—2x—8

Blx — 4] . 36
r+2lx—4 (x+2x-4

12

b Divide 2? - 2a% - 2x + 12 by (x + 2) to give x* —4x + 6

Exercise 1D

4 2 3 1
1= .r+3+1'—2 b x+1 x+4
3__5 4 1
¢ 2% x—+4% 4 2v+1 x-3
2 4 2 1
¢ x+?+x-3 . t+1 x-4
2 3 3 .1
g x x+4 . x+5 x-3
2 A=}.B=—
3 A=24,B=-2
4 A=1B8B=-2,C=3
5 D=-1,E=2,F=-5
G 2. 2 B
t+1 x+2 x-5
3 2 5
L r x+1 x-1
-1 2
Sesd B3
Challenge
6, T 2
r-2 x+1 x-3

@ Full worked solutions are available in SolutionBank.




Exercise 1E

1 4=0,8=1,€C=3 2 D=3 F=-2F=+4
3 P=-2,Q0=4,R=2 4 £=3.D=1E8=2
5 A=2,B=-4 6 A=2,B=4,0=11

7 A=4 B=1landC=12.
4 19 p 2.t &
x+5 l(x+5)2 X

8 a

Exercise 1F

1 A=1,B=1,C=2,D=-6

2 a=2b=-3,¢=5,d=-10

3 p=lig=2.r 4

4 m=2,n=4,p=

5 A:-I-B:ll":—f{andD 3

6 A=4,B=-13,C=33and D=-27

7 p=1,9g=0,r=2,5=0and t=-6

8 a=2b=1,c=1,d=5ande=-4

9 A=3.B=-4,C=1,D=4,E=1

10 a -1+ =(@-1x+ Dx*+1)

b (x-1)x*+1),a=1,b=-1,c=1,d=0and e =

Exercise 1G
1

2

3 : !

4 A=2,B=-3,C
5

6

7

+!.rf'll+lx+4l . x+x+1132|'_lx—12]3
8 A=2,B=-3,C=80p=2
9 A=2.B=2.C’:3.D—2,

0 A=1,B=-1,C=5D=-5 E=3

a

Mixed exercise 1

is a rational number.

: T
1 Assume y 2

Then \-% = !— for some integers a and b.
= )

Further assume that this fraction is in its simplest
terms: there are no common factors between a and b.

S00.5 = ?—j or 2a® = b2,
h

Therefore b* must be a multiple of 2.

We know that this means b must also be a multiple
of 2.

Write b = 2¢, which means b = (2¢)? = 4¢

Now 4¢? = 2a?, or 2¢° = a?,

Therefore a® must be a multiple of 2, which implies a is
also a multiple of 2.

If @ and b are both multiples of 2, this contradicts the
statement that there are no common factors between
aandb.

Therefore, 1% is an irrational number.

2 Assume there exists a rational number ¢ such that ¢* is
irrational.

So write ¢ = % where a and b are integers.

2@
=53
As @ and b are integers a* and b* are integers.
So ¢ is rational.

Answers

This contradicts assumption that g? is irrational.
Therefore if ¢* is irrational then ¢ is irrational.

; 2(x* + 4)(x - 5) 2x+3
3 L b S5 ex+o
*'3 (x* - 7)lx + 4) ¢ x

2x — 4 4(e* - 1)
£ x—4 » ef -2
5 a4 g= .b=—-‘§—’,r.—.-_

6 6x?+ 18x + 5

-3x-10

3 _ 12

x-1 x2+2r-3

=x[x+3]1x—1l+ Je+3) 12
x+3llx=-1 (x+3x-1) (+3x-1)

7 x+

_*+ 3243 -1)_x2+3x+3

lx+3lx-1) x+3
8 A=3,B=-2 9 P=1,0=2,R=-3
10 D=5,E=2 11 A=4,B=-2,C0=3
12 b=2,E=1,F==2
13 A=1,B=-4,C=3.D=8§
14 A=2,B=-4,C=6,D=-11
15 A=1,8=0,=1,D=3
16 A=1,B=2,C=3,D=4,E=1
17 A=2,B=-.C=1
18 P=1,Q=-}R=3
19 a f(-3)=0orflx)=(x+3)(2x*+3x + 1)
b 1, 8 5
+3 2x+1 (x+1)
Challenge

Assume L is not perpendicular to OA, Draw the line
through 0 which is perpendicular to L. This line meets L at
a point B, outside the circle. Triangle OBA is right-angled at
B, so 0A is the hypotenuse of this triangle, so 0A > 0B. This
gives a contradiction, as B is outside the circle, so 0A < OB.
Therefore L is perpendicular to 0A.

CHAPTER 2
Prior knowledge 2

_9-5x _5p-8x _Sx-4
e el kL = -
2 a 252*-30x+5

1 & 3x+7

6x - 14 Cx-1
3 a YA

y=x(x+4)x~-5)
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Answers

c A :
Yy = sinx
]_.
T T >
0 90° 188 270° F60° X
_]_
4 a 28 b 0 ¢ 18

Exercise 2A

1 a2 b028 e¢8 dif es4 (11
2 a b b 46 ¢ 40

3 a 16 b 65 c 0

4 a Positive |x| graph with vertex at (1, 0),

y-intercept at (0, 1)
Positive |x| graph with vertex at {—1%. 0),
y-intercept at (0, 3)

=

¢ Positive |x| graph with vertex at {%. 0},
y-intercept at (0, 7)

d Positive |x| graph with vertex at (10, 0),
y-intercept at (0, 5)

e Positive |x| graph with vertex at (7, 0),
y-intercept at (0, 7)

I Positive |x| graph with vertex at l% 0),
y-intercept at (0, 6)

g Negative |x| graph with vertex and y-intercept at (0, 0)

h Negative |x| graph with vertex at {l,‘ 0),
y-intercept at (0, -1)

131

a Ha i 3
gl) = |4-3x|
N\ 5 P4
hix) =5
)
0 : "x
3

x:—%andx:(}
2 b x=7o0rx=3

b

6 a x=Zandx=-3
¢
e

No solution x=landx=-1
t=-forx=2 f x=24orx=-12

7 a A

N

368 m Full worked solutions are available in SolutionBank.

P

b The two graphs do not intersect, therefore there are
no solutions to the equation |6 — x| = %x -5.

10 Value for x cannot be negative as it equals a modulus.

11 a . /_,-’,L;,_:x_ti

Y
0 x
y=-|3x+ 4|

b x<-13andx>1
12 —23<.r<‘_—;
13 a k=-3

b Solution is x = 6,

Challenge

8 Y4 flx) =22+ Ox + 8

b There are 4 solutions: ¥ =5+ 3/2 and x =4 = .7

Exercise 2B

1 a i b i

3 12 {5

4 * =17 Tl

e S

5 T>122 )

o i

¢ £t e
il one-to-one ii many-to-one

i z)=12,17,22,27) iii {glx)=-3,-2.1,6}

c 1

ii one-to-one
i (h(x)=1,17)




a i one-to-one ii function

b i one-to-one ii function

¢ i one-to-many it not a function
d i onetomany ii not a function
e i many-to-one

ii not valid at the asymptote, so not a function.

f i many to one ii function

a 6 b +2/5 c 4 d 2,-3

a i b i
1 3 1 1
2 > 5 4 2
31~7 il 5
4> 9 16114
2 - 254> 5
5 11 36 6

ii one-to-one ii one-to-one
e i d i

N
s
ad

L R e e
b
s el talee - S

ii many-to-one ii one-to-one

¢ i
-2 3.14
-1 .37
0—>T~4
1 > 5.72
2 10.39,

ii one-to-one

a i Y ii flr)=2

fla) = 3x + 2 iii one-to-one

b i i flx)=9
ili one-to-one
c i ii O0=sfly)y=2
iii many-to-one
d i y flr)=vx+2 i flw=0

iii one-to-one

el 4 flr) = er i
iii
1
0l %
f i w4 ii

flx) = 7logx

Answers

flxy=1
one-to-one

fix)er
one-to-one

ol /i T
6 a glx)is not a function because it is not defined for
x=4
b ¥ ¢ il ii 109
(_l = = =
) = 22+ 9 a=-8bora=9
B
flx)=4-x
0 4 x
7 a Y b -7
\ 10 s(x) ¢ —2and5
%—6 R
8 a I
4
T I T >
-5 0 4 X
b a=-3.910ra=3.58
9 a y
27
14
‘ 2
-10 -4 O] 6 X
b Range {2 = h(x) = 27) ¢ a=-9,a=0
10 c=%,d=% 11 a=2,b=-1 12 a=3
Exercise 2C
1 a7 bjor225 ¢025 d-47 e-26
2 a 4x’-15 b 16x*+8x-3 ¢ L_4
x
d 3.1 e 16x+5
3 a fglx)=3x"-2 b x=1
4x -5 9
4 == =3
a qplx) 5 b x=3
5 a 23 b x=Landx=1

369



Answers

5 1 1 x+1
[ = =1 = =
a fx) [x ]] ( 3 )+1 3 2
\x+ 1)
) = X H2 .
b fix) = 2513 3
3 4
T & e b 2°+3 c m{?)
"~ Inl2)
8 a 20x b 2
9 a (x+3)-1,gplx)>-1
b 999 ¢ =2
3
L)
10 3« =%
11 a -8=gx)=12 b 6 ¢ 10.5
Exercise 2D g
1 ai lyer i ) =55
iii Domain: {x € R}, Range: (y € R}
tv Y4 f(x) =22+ 3
/ i =Xz3
3 g
(D x
b i [yeR} i F\x)=22=5

370

iii Domain: (x € R], Range: {y € R}
iv yp F@)=22-5

_x+5
I‘[Ju:]——--‘2

\

i f'x)=
iii Domain: [x € R), Range: {y € R}

i lyeR) 4;

iv flx) =4 - 3x
4-x
3

Fix) =

3
0

A=

i (yeRr) i F@=Ve+7
iii Domain: (x € R}, Range: {y € R]
iv

m Full worked solutions are available in SolutionBank. #

a ffx)=10-x,{x e R)
¢ hix)= % {x = 0)

b g'(x)=5x (xR}

d kl'x)=x+8, [xeR)
Domain becomes x < 4

ai 0O<gw=! i giw=1

i (xeR.0<x=3)g'(x)=3

iv /]
TR
g =z
2 1
1 g[:]=§
37 T B
O% 3
b i gx)=-1 ii g.,l“l:r_i:“r—jzi—I
ili xeRx=-1Lg'x)=0
be ys glx)=2x -1
iy _ X+ 1
(x) = 5
- >
0 x
19Y
c i glx)=>0 ii g"{x}=¥

jii (xeR,x>0),g'x)>2

0 X

gly) =2 il gla)=a*+3
fii (xeR,x=2),g'x)=7

iv Y
glx) = 2%+ 3
7-

glx)=vxr-3
2- —_—
0 % 7x
e i gx)>6 i glo=Vxr-2

ifi fxeR,x>6),g'x)>2




ENE-

10

11

12

iv ya
glx)=x"+2
6_
gix)=vx-2
24 -
0 3 6 x
f i ga)=0 i glw=1x+8
iii (reRx=0),g'x)=2
iv
¥ glx)=x-8
gx)=Vx+8
2
0" 2 o
tlx)=vx+4+3,xeR, x =0}
a =2 b mix)=Vx-5-2 ¢ xr>5
a tends to +oe
b 7
¢ h'ix)= 2—":--+,1 xeR, x=2)
r—-2
d 2+/5,2-V5
a nmix)=x
b The functions m and n are inverse of one another
as mn(x) = nm(x) = x,
3 3_x31
5t =— =17, = — i =
stlx) 3-x_+1 x, ts(x) 3 : 3
x x+1
a ['x)= —1'%3 freR, xr>-3)
b a=-1
a flx)>-5 b ffx)=Inlx+5) {xeRr, x>-5)
¢ y = flx)
d g'lv)=e"+4,xeRr e r=195
__3kxk+20 2
" ITxl—:r!ﬂu:--m x—4
_ _3Blx+2) 2 +35) _ x -4
(x+5Mx-4) (x+5x—4 (x+5)x—4
_ 1
x+5
b [yEE&.O-cyc']—,}

l'-lzx—-%-ﬁ,Dumain is {xe-R,Oc.rq}andx:O

An

Exercise 2E

1 a Y4 fr)=a2-Tx-8 b

SWErs

y = |f(x)]

b i’
1 y= )|

-360 0 360"
. | 1 y =1f(x)
NN
3 a U4 h{x) = (x = 1)(x - 2)(x + 3)
\ /
I
b 44 =)
6
3 0 13 %
¢ ¢ y = hilx))
6
*\430| NS

371




= of

=

5 a
b
6 a
b
7 a
372

Answers

0

Both these graphs would match the original graph.

A

0

m{.r}=£u.r1~:0
o

i True, [k(x)] = \3) = l:ﬂ‘ = |mix)|
x| |x?
i False, k(lx]) = |f|? : |_;(|I_ = milx))
iii True, milx|) = l_a._, = :r? = mix)
y = |p(x)|
E2.1)_
x
’ y=pllxh
31D
-2,1) E(2,1)
0| ¥

y =lqlx)|

10 -5 -3 0

A

y=qllx))

..-.1\(_{

4

@ Full worked solutions are available in SolutionBank. #

i = k()]

0 x

c i
= kllx])
0 x

8 a i

m[x]:%,n%[)

9 a
c i
y = filx))
y = gllx))
0l x
10 a -4<flx)=9
YA
y = flx)
\ U "
_3\:10 x
b Ua
y = |flx)]
™
C
y = fllx)

0 x

b They are
reflections of
each other
in the x-axis.
|m(x)] = —mf|x])

b They would
be the same
as the original
graph.




Exercise 2F

ke

A=(0,2),2=2y=-1 A=(-2,5),2=0,y=4

A=0.1)x=2,x=-2,y=0

b i (6.-18) i (1,-9) i (2,9)
¢ Yy
\ T /y = gllx)
5 x
a
’ % B9o, 2)
2
. y = hix)

90 180 %

A(=90,-2)2

b A(-90,-2) and B(90, 2)
¢ i y

B(180, 3
3 (1 )

\ (90, 1)

—90 \JU 90 180 270 ¥
-TT4(0, -1)
ii "
B(180, 1
3 ? y=+hiix)
N 00, 0)

180  3608F

sk
2

A(-180, -1

A(=90, 1) f;’

i = hi=x)|

-180 -90 O0[(0.0) g9 180 x

Exercise 2G
1 a Range flx) = -3

b Range flx) = -1
Y

- OI /;{=55[x+2|_1

—-

1 x

Answers

y=h{x-90)+1




Answers

¢ Range flx) = 6
Y

4 y==2x-1/+6

/—2

d Range flx) =4
¥

O,;\i‘

/
\ ;%:-2“4_5

2 ab
-LVE 0 E
2 2
3 ab Ya
6_|
':' '_-‘ Y= =3lxf + 6
—270| %2 %
4 a
g
y=4x+6[+1
ol x
b flx)=1 ¢ x=-andr=-%
5 a ]
y=—sx-2/+7
2
/10 é_i\ x
b glx)=7 ¢ r=-fandx=%
6 k<14
T b=2
8 a hix)=-7
b Original function is many-to-one, therefore the
inverse is one-to-many, which is not a function.
& —f;--c.rc_% d J’c«c—%?i
9 a a=10 b P(-3,10) and Q(2,0)
¢ x=-%andx=-6
10 a mx) =7 b x=-3andx=-5
& k<7
374

@ Full worked solutions are available in SolutionBank. #

Challenge

1

a A(3.-6) and B(7,-2)
b 6 units®,

Graphs intersect at x = % and x = %
Maximum point of f(x) is (3, 10). Minimum point of g(x)
4

is (3, 2). Using area of a kite, area = &

Mixed exercise 2

1

=

9

a i b x=0,x=-4

OI\fr

L 11
k>-—
_ 24 P L]
:r—-rl;_,-andx—i
a Y
o \ E;

b The graphs do not intersect, so there are no
solutions,

a i one-to-many ii not a function
b i one-to-one ii function

¢ i many-to-one ii function

d i many-to-one ii function

e i one-to-one

ii nota function
f i one-to-one
ii not a function

a
4 6. 4)

(-2.2)

0 x
.-

b land1;
) : -3 /21
palx) = 4x* + 10x b #=——"—

Range glx) =7

ol 7 %
-7
2

b g'lx) = JreR,x=7})

¢ g '(x) is a reflection of glx) in the liney =x
a F@=%*3 xerx>2)
x-2

b i Range ['(x) > 1

ifi{reR, x>2]




10

11

12
13

14

15
16

|- -

Boas

"I - I B - o

c

flx) =

flx)
20,

x 1 % o]
#-1 x+1 Z-1NDx+1) z+1
x -1 1

T-Dx+l) @-Dr+l) @-Dr+1)
=0 ¢c x=6

28,1 b fl) =

-8, glx)eR

gx) = Vx-1,lxeR)

Hx? = 1)

=

fx) =

gfix) =

e a=
-3 b ft
:r+1

3
X vr+13 -3, x>-4

e R}

~ _3 AxeR,x =)

—0.076 and 0.826 (3 d.p.)

f—][x} -

JdreR, x=1)

Range f 1fx] ER, fx)=2

=1

8,9 b

d 1,0
-45 and 5/2

y=tanx

/ : yJ

-180 90 9

\‘x
<
oS J

y = |tanx|

/

/

-180

90 0 180 *

i

Y = tan|x|

1\90 0

17 a YA

8
=Y

0 x

e

, b y
B(4.5, 4)
B
Vv E ‘ X

B(11,-3)

18

19

20

21

22

23

Answers

a glx)=0 b %=0:2=8
¢ Y
= [f(x)|
)
o 3 £’
a Positive x| graph with vertex at (% 0) and

y-intercept at (0, a).

b Positive [x| graph with vertex at (% U) and
y-intercept at (0, a).

c a=6,a=10

a Positive |x| graph with vertex at (2a, 0) and
y-intercept at (0, 2a).

b .t-—%x 3a

¢ Negative [x] graph with x-intercepts at (a, 0) and
(3a, 0) and y-intercept at (0, —a).

a, b WA

l..ull.:_
=]
=Y

-t + y(a® + 8)

4 #=
4

¢ One intersection point

a (1,2),(3 5
b Ha

5 _ 13
B 4]

¢ (3, -6), Minimum

[‘l J‘}

A

a —2::, flxy=1 b 0

C WA d =
184

-15In ’) Maximum

W

-5-35-2 0

T

a plx)=10

b Original function is many-to-one, therefore the
inverse is one-to-many, which is not a function.

¢ -11<x<3

d £>8

375




Answers

Challenge
& ]
/ 0‘ \’.r

b (~a, 0), (a, 0),(0,a% ¢ a=>5
CHAPTER 3
Prior knowledge 3
1 a 22,2732 b -1,-4,-7 ¢ 9,15, 21

d 48,96,192 e 4. L. -16,64,-256
2 a x=564 b x=3.51 ¢ x=900
Exercise 3A
1 ai 7,12,17, 22 ii a=7,d=5

b i 7.5.3.1 ii a=7,d=-2

¢c i 7.5,8,85,9 ii a=75.d=0.5

d i -9 -8-7,-6 ii a=-9,d=1
2 a 2n+3,23 b 3n+2, 32

¢ 27-3n, -3 d 4n-5, 35

e nx, 10x f a+(n-1d a+9d
3 a 22 b 40 ¢ 39 d 46 e 18 fn
4 d=6 5 p=%g=5 6 -15
7 24 8 70 9 k=3.k=8
10 -2+3.5
Challenge
a=4,bh=2
Exercise 3B
1 a 820 b 450 ¢ —1140

d -294 e 1440 f 1425

g -1155 h 231x+ 21
2 a 20 b 25 ¢ 65 d 4orl4
3 2550 4 20
5 d=-%.20thterm=-55 6 a=6,d=-2
7 Su=1+42+3+..+50

S;=00+49+48+...+1
2 x 8., = 50(51) = Sy, = 1275

8 S,=1+2+3+..+42n
S,=2n+02n-1+@2n-2)+..+1
2xS,=2n2n+1)=8,=n(2n + 1)

9 S, =1+3+5+...+(2n-31+02n-1)
S,=@n-1)+@2n-3)+...+5+3+1
2xS,=n(2n)=S8,=n"

10 a a+4d=33,a+9d=068

d=7.a=55%S,= 5{215) +(n-1)7)

= 2225:{—5:?;; +3)= Tn®+3n-4450=0

304
e g
_ 152 152k + 46 208
b S,= 222 (k+ 1+ 303 = DEZDE0
e 17
376

12 a 1683

13

. 100
b i )

00 100 - p
ii b}];_—7[8p+( 7 )4;:

S = %}9[4;: +400] = 200(1 +

1 QLJ_‘
n

c 161p+ 81
a bn+1 b 285

8 .5".=§|2l6}+(k— 1}5]:%{5“?}
k
2
5k2 + Tk - 2058 < 0
(5k — 98)(k + 21) = 0

d k=19

(5k + 7) = 1029

Challenge

S, =229+ (n- mn:a}=’—2‘unsl ~In3+nin3)

= gﬂn JAy= %llu Juein) = g = 5

2

n

="(n27 + nln3) = %[In 37+ In3"

2
1

Exercise 3C
1 a Geometric, r=2 b Not geometric
¢ Not geometric d Geometric, r =3
e Geometric, r= _ﬂ f Geometric, r = -1
g Geometric, r=1 h Geometric, r = —%
2 a 135,405,1215 b -32,64,-128
T - 1 1 1
.5.3.75, 1.875 — S
¥ Bl B laHS 4 54 256" 1024
e piplp* f -8x* 16x° -32x"
3 a r=3y3 b 9\?
- . 25 1 n-1
4 a 486,2x 3" b ?mox(i]
c -32, (-2 d 1.61051, (1.1)*!
5 10,6250 6 a=1,r=2 7 4%
8 a -2 L pE-n=4r=>x-427=0
2r 8-—=x
b 2097152
¢ Yes, 4096 is in sequence as n is integer, n = 11
9 a ar'=40= 200p° =40
= p* =1 = logp® = log(3)
= 5logp =logl -logh = 5logp +logh =0
b p=0.725
10 k=12
11 n = 8.69, so not a sequence as 1 not an integer
12 No, -49152 is in sequence
13 n=11,3145728
Exercise 3D
1 a 255 b 63.938 ¢ 1.110
d -728 e 5462 f -1.667
2 49995 3 14.4147 4 33
5 19 terms 6 22 terms

@ Full worked solutions are available in SolutionBank. #




25(1 - (E] & ok
5 122 3 3
TR 3 > 1=1-(5) > 125~ (5) <723
(-3
5
3 3 log (0.024)
=4 klng(g) < lug(m] =k> 7}0g[0‘6]
b k=8
8 r=+04
alv3)-1] a43-1)
YTy T Eed
242(1[\§ +1) = ]210[‘.§ + 1]

T WB-DWE+1)

al2'-1) b(3*-1)
1 -2

15a=40b:a=§b

10

11a 25k _ q_6)(2k+5) =k

k k-6
k2-Tk-30=0
b k=10 c 2.5 d 25429
Exercise 3E
1 a Yesas|r|<1,10 b Noas|r|=1

iy
¢ Yesas|r|<1, 6%

d No; arithmetic series does not converge.

e Noas|r|=1 f Yesas|r|<1,4}
g No; arithmetic series does not converge.

h Yes as |r| < 1,90

2

3

2 3 -2 4 20 5 13}
6 2 7 r=-3a=12
1
8 a —j<x<} b S. T+ 2%
9 a 09787 b 1.875
30 _ S P
10 a ﬁ—240=>1 r—gar—s
b 251 ¢ 99.3 d 11
15 15
1 == ==
11 a ar 3 =a 3r
2 _8=a=81-7
1-r
15 801 -2 =15 = 64 - Gt
8r
= 64r*-64r+15=0
35
b 3,2 ¢ 53 d 7
Challenge

a  First series: a + ar + ar? + ar® + ...
Second series: a? + a?r? + a?r + ar’ + ...
Second series is geometric with common ratio is r* and
first term a2,

b lfr=7=>a=7{1 —r=at=49(1-r)(1 -1

a’ 491 -r)f1 - 1)

—— =35 = =35
1-r? (1-ri(1+7r)

4901 = ) = 35(1 + 1) = 49 — 497 = 35 + 357 — r=%

Answers

Exercise 3F

1 aid4+7+10+13+16 ii 50
b i 3+12+27+48+75+108 i 273
¢ i 1+0+(-1)+0+1 ii 1
2 .2 2 2 . 40
d 1 -543% 720 2187 " 6561 " ~B561
2 ai yor i 20
=1
b i $(2x3-) i 242
=1
¢ i E,(‘g”l_z?‘_ i 135
3 a i 26 i (6r+1)
. T | 2"‘)
bi7 ii ;(i"(gl
c i 16 i $a7-9n
r=1
4 a -280 b 4194300
¢ 9300 d -1
5 a 2134 b 45854 & d 96

16

6 i2r=2+4+6+‘..+2n;a=2.d=2
r=1

S,,:%[M(n—1;2}:%(2+2rz)=n+:fz2
7 221":?34—!1"’

; _n 121 =1 -

§[2r—1]-2[2+[n 12)=2(2n) = n

22r-ﬁ;(2r—1)=n+n2—n*=n

8 a J-2-1 b 99k - k2
¢ 6k —k*+ 27
25
7 98304

10 a a=11,d=23
377=§[2nn+u;- 13) :§<19+ 3k)

3k*+ 19k - 754=0= (3k + 58)(k - 13) = 0
b k=13

ey
Haa=6r=35="D_s3_y
= 3(3* - 1) = 59046 = 3" = 19683
L&
= klog3 =10g 19683 = k = M
log3
b 4723920
12 a |r<] b !
Challenge
f;{a + (r— 1)d]
Sio= 5(2a + 9d)

gfi[m (r-1d) = $a+ (- nd]—f:[m(r- 1)d]

ral =

=[7(2a + 13d) - 5(2a + 9d)] = 4a + 46d
4a + 46d = 10a + 45d = 6a=d

377




Answers

Exercise 3G a5 =10 + 51(10) = 520
1 a 1,4,7,10 b 9.4,-1,-6 u, =520+ 11
¢ 3,6,12,24 d 2,5 11,23 w, =531+ 11 = 542
e 10,5,25,1.25 f 23,863 c £42198
2 a l’{r‘+|=11"+2' HI:S b Hn»lz"iu—'B-!"-I =20 8 a 5U[)mi51.0te[‘m5‘
81 =(1000 + 9(140)) = 11300
C Wi =20, =1 d e Gty
1 U, 4,ul 100 b 1500m
e U, =-1xu,u=1 f w,,=2u,+1,u,=3 9 a £2450 b £59000 c d=30
) - 10 59 days 11 20.15 years
g U =@)f+1u=0 h u,, = "2 Uy =26 12 11.2 years 13 2% _1=1.84 x 10"
14 a 2401m b 48.8234m
3 oy = Uy 2, =1 = : = : >
a U, =u,+2, b u, =u,+3,0,=5 15 a 26 days b 98 5miles on 25th day
€ Hy=U,+ 11 =3 d =t +3u=1 16 25 years
e u, =u,+2n+1u,=1 f wu, =3u,+2,u=2
4 a 3k+2 b 3k%+ 2k + 2 & 1,%,—-‘:
5 p=-4,9=T7 Mixed exercise 3
6 a x,=x(p-3x)=2(p-32)=2p-12 1 a ﬂ-"2=27‘ar‘r'=8:>r3=%:>r=%
x3=(2p - 12)(p - 3(2p - 12)) = (2p ~ 12)(=5p + 36) b 60.75 ¢ 18225 d 3.16
. =-10p* + 132p - 432 2 a ar=80,ar'=5.12
12 ¢ -252288 s 8 2.
7 a 16k+25 psille ik iea
b a,=4(16k + 25) + 5 = 64k + 105 200 ¢ 333 d 8.95x 10+
$a, = k+ 4k + 5+ 16k + 25 + 64k + 105 3 47608 KOEe  © 3 4 980
" Z 85k +135 = 5(17k + 27) ¢ & Ly—g
3 2 Ll s 2 n "
b $(5(2) -1)- $3(2)-
Exercise 3H ngl (3) n‘gl (5) ;-211
1 a i increasing 9115
b i decreasing 5 . (9\" 2(1 = (g) )
¢ i increasing 21 [3) Nl i
d i periodic ii 2 3
2 ai 17,14,11,8,5 ii decreasing El—l'
b i 1,24.816 ii increasing =
¢e i -1.1,-1,1,-1 ii periodic 59863 - 15=-9.014
jii 2 . ., : .
di -1,1,-1,1,-1 ii periodic _3(2\" _1-3x2(2 _121( « 3(2) _-)
M p ¢ iy 3(3) 1=8x3(Z] 22 3(5) -3
e i 20,1510,5.0 ii decreasing 2, =1
f i 20,-15,20,-15,20 ii periodic =3
iii 2 5 a 0.8 b 10 ¢ 50 d 0.189
L%& 4(;‘, % 1_;’1.& 6 a £8874.11 b after 9.9 years
ii dependent on value of k 5 g DRERE) pRq-1)
3 0O<k<l 4 p=-1 p(3g+ 1) pl2g+2)
5 a 4 b 0 (2g+2)2=(2¢9-103Bg+1)
4gt+8q+4=6¢"—q-1
Challenge 4 + ,q+ =9 = 1
1+b a+b+1 a+ 1 0=2¢>-9¢g-5=(g-52q+)=g=s0r—
Uy=—p .1u=—(—1~b—.u5= b JUg=a,u; =0 b 867.62
Order is 5 as u, = w,and u; = u, 8 a S,=a+(@+d) +(a@+2d)+..+(a+@n-2d)
+la+m-0d) Q)
i S,,-:{a-rln—1]d}+(a+(n—2)d]+,..{a+2d}
Exercise 31 s+ D+a @
1 a £5800 b £(3800 + 200m) Adding (1) and (2):

2 a £222500 b £347500

¢ [tis unlikely her salary will rise by the same

amount each year.
3 a £9.03 b 141 days
4 a 220 b 242 c 266
5 57.7,83.2
6 a £18000 b after 7.88 years
7 a £13780

b Let a denote term of first year and
second year

378

2 xS, =n2a+(n-1d) =S, =%[2a +(n-1d)

b 5050
9 32
d 519 10 a a=25d=-3 b -3810
11 a 26733 b 53467
12 45¢cm
13 S, = 2R(2(4) + (2n — 1)4) = n(4 + 8n) = 4n(2n + 1)
u denote term of 2
14 a u,=2k-4,u;=2k* -4k -4 b 5-3

@ Full worked solutions are available in SolutionBank. #



16

17

18

19

20

21

22

=

[~y ]

a

a+4d=14,3(2a + 2d) = -3
3a+3d=-3,3a+12d =42
9d=45=d=5=a=-6

59

a+3d=3k 32a+5d)=7Tk+9 =
ba+15d=7k+9

3k-a\_ -,
6a+15[T)_7L+9
ba+15k-5a=Tk+9=a=9 - 8k

L"?ﬂ ¢ 15 d 415
' 1
a, =p.a:=;—}.as=%= 1 x?=p
p
a; = a; = Sequence is periodic, order 2
1
500(,0 +5)

ay=k,a,=2k+6,a,=2(2k +6)+6 =4k + 18
< ay<ay=hk<2k+6<4k+18=k>-6
ay, =8k + 42

a; =8k + 42

i;a.,=k+2k+6+4k+13+8k+42

= 15k + 66 = 3(5k + 22)
therefore divisible by 3

a=130
5w ll% = 650 = 130 = 650 - 650r
-520 = —650r = r=—220 _4

2650 5
6.82

513.69 (2 d.p.)

1300 - (081 _ co0 . 1_ 0.8y >%

0.2
1 , -log13
0.8« —= - f —
).8)" < 13 nlogl0.8) < —log13 = n > log0.8
25000 x 1.02% = 26010
25000 x 1.027 > 50000
1.02"> 2 = nlog1.02 > log2 = n > log2
log 1.02
2047
214574

People may visit the doctor more frequently than
once a year, some may not visit at all, depends on
state of health

2n+1 b 150

§ 8= gfzm +lg-12)=2q+ ¢

S,;=p=¢*+2¢-p=0

ar=-3, 1“ =6.75

- 6.75=>—3_-6.75
1-r F-r?

6.75r - 6.75r2+3=0
27r*-27r-12=20

-1 series is convergent so |r| < 1
6.78

Challenge
& U= 5Hrh] == bh‘n’
= 5[p(3%1) + g(21)] - 6[p(37) + gl27)]

= 5[,0[%]{3"-4 4 q(%]{sz:}

Apfyfereafie

= (%p - gp)[.'i"‘zl - [gq - gq)lz*""l

= pl3™3) + g2
b u,= (g){li"l + (§)12"J ore.g. u, = 203" + 3(2"1)
" .3 2 "
€ iy = 3.436 x 107 (4 s.1.) so contains 48 digits.

CHAPTER 4

Prior knowledge 4
1 a 1+35x+525x% + 4375x°
b 9765625 - 39062500x + 70312 500x%

= 750000002?
¢ 64+ 128x + 48x% - 80x*
+ 3 12 13
2 a L b -
1+2x+1—5x 1+2x (1+2x)2
(: 8 " 56
3x-4" (3x-47
Exercise 4A
1 a i 1-4xr+10x%-202°%.. i |x<1
b i 1-6x+21x%-56x%.. ii |Jxv<1
- 2 3
L 1+§—%+-:i%,.. i jx|<1
2 43
d i 1+-53£+5%-%... i ojr <1
% 9x°  Thx3 7
e 11—~4— 32 " 128 i |x]<1
2 < 3
r11-32, 150 -3]5;’ i [x <1
2 a i 1-9x+54x2-2702".. i |of <1
) 2 Q5.3
b i 1_%+1f’; —-3%.,. i <2
3z 3x% 523 : 1
c 1 1+? —“g—‘f']—&' ii Ixi<§
- 5 2 5 3 s
d i ]—3%+—--—3"§x —L?—gijx .. i |rj<1
—
e 1 1-dxy 2052 32000 i Jxf <1
" 2 RRad
i 1+%+§i_ 2L i e <
3 a i 1-2x+3x2-4x,., ii |x|<1
b i 1-12x+ 902 - 540x%... i x| <
2 3 )
c i —%—EB——T—6 i |x]<1
. = 1
d i l-x—xf~%... i Jr] <1
X, 32 5x3 5
e i I_E 32 128 i |y|<2
s p B g 1
ri 1+‘;—"’+3‘3)I +.3f£-" i x <1

Answers

379




Answers

4 a Expansionof(l -2x)"'=1+2x + 42" + 82° +
Multiply by (1 + x) =1 + 3x + 62 + 122" +

b |xf <3
- 3. 9. 27
5 a l+Zo——x?+=—x?

2" 8" T16”
b May=as < (108 103
1100 = 700 10

¢ 3.1x10%%

6 a a=+8 b =160

7 For small values of x ignore powers of x* and higher.

Q+xp=1+2_% s 3x?
+ x) +2 8+ A1 = xl 2 3
.‘it':=1+§-£s+%+%+3T:‘2+...-1+x+%2
8 a 2-42x+ 1142
b 0.052%
¢ The expansion is only valid for |x| < i] |0.5] is not
less than 1. %
9 a 1—E.r+%‘rx +"12(7)
. (V97 97,97
b u.%:(-—) ===
10 1000
¢ 9.84886
Challenge
3
e
® 2r  8x?
1 1 .
_(10yZ_(9)2__3 _3/10
b hx) = | (10) ===
c 3.16
Exercise 4B
1 ai 2+-’2'5—_‘l“—;+g% i |x]<2
1 oz 2 ..
b]g-z T 16 ii jx|<2
1 g o Bt w2 .
' —+ +
¢ 1 167327256 " 256 B b=
d i 3+%-2f_‘ qggg i 1x<9
2__2 32 52 4 i lx <2
e i > 8.\: 64:( 256,: i |x] <
510,20, 40 3
f 3 _}x+2T.r T ii |.r1<.2
g i %+%x—%x2+i%x:’ i Jx] <2
. 5 3\§ 15\§ ]1\2 v
v == 1
hivZ+ 3 321 128 ii <
18,48, 256,
2 35 125 625" 3125
¥ xt
3 a 2»-4 7
[35 _v35 _J35
b mix) = '19_._1_3_ 3
¢ 5.91609 (correct to 5 decimal places),
% error = 1.38 x 107*%
2 5
4 a a=ib=-3% b 3%
380

5 For small values of x ignore powers of x* and higher.
1 a2
dox)l=c
(4 - x) 4+16+64
Multiply by (3 + 2x —#9) =3 + £ _ 22 32  x? 32
ply + 2x —x%) 159 4+ Rl gaae
3+£x——5-x"
4 16 64
& i _I_T_ - 3.1'2_ b _i_+ll£_23x_3
vd bvd bHOyY5 Vb BWvd  bBOV5
3 27 _a
7 I IV 2 (
a 32.\‘ 4096.1: b 1.991
5 a 3' =§-+1£+3x2_ 2 =g_l_[_]£+50)\'2
4-2x 4 8 16" 3+56x 3 9 27
T N
4-2x 3+5x 12 72 432
b 0.0980311
¢ 0.0032%
Exercise 4C
4 4 5
1 = . .
a e P b 2+5x+5%
¢ valid |x] <1
2 4 1 3
2 e =5 = -2
. 2+x+{2+x}z b B=g =3
c Jx]<2
D 2 3 4 9., 5.4
3 a 1+:r+___1—x s b 3+2x+2x +4I
¢ |x<1
4 a A:—?ﬂndB:% b -1+ 11x+ 52°
% 1 6 p 367, 407,
% RETELE a8 10 200" 4000
c |x|<4
T —— 5_19, 97,
6 a A=3B=-2andC=3 b A 363: T
7 a =—;,B=%and€=§ b 11+ 38x+ 116
¢ 0.33%

Mixed exercise &4

1

5

a
b

C

i 1-12x+48x* - 642°

2 3
o IR RS |

8 512 16384
i 1+2x+4x2+ 82
9x?  27x°
f 9= bl e L
2-3x+ > 2
i vk 3x2  5a
B g ey S
LEt g6 a2

i 1-2x+6x2-182*
i 1+4x+8x2+122°
i —3—8x-18x*- 382"

2 3
x x
I

a
b

432 zﬁéq

X X ) e

A N b
1+5-% %16
c=-9,d=36 b

ii allx
ii |x]<16
ii |x|~:%

i |v <3

ii |x]<4

i x| <3

x| <1

=+

el <3

1145
512
1.282

calculator = 1.28108713, approximation is correct

to 2 decimal places.
a=4ora=-4
coefficient of 27 =

@ Full worked solutions are available in SolutionBank. #

4, coefficient of x* = -4.




Answers

8 A=3,B=1,C=-2

¢ x=10.01, 0.98058

11 x>3orx<-5

6 a 1-3xr+9x2-27x° :
b (1+2)(1 - 3x+ 92— 2729 9 d=3,e=6,f=-14
=1-3x+9x% - 272" + x - 322 + 9x? g 3 5

=1-2x+ 62% - 1823 10 plx) =6 i T

o = -108
¢ 8 inlﬁ e b 12 a Range: plx) < 4
c |¥<i i
; . Y
8  For small values of x ignore powers of x* and higher. i
1 P = . 3xd 3 3 3 9 s
i e e =
Vizz 2 16 256 Jaiz 2 16° T 256 24 = 2 -
1, 8. 3 . 1,17, .35 , p---1-3
9 a §+E+E€-}x b 2+16I+256 / y:p{xl
1 _3..9., 27, 1 _ x .3, 9.4 - -
108 g 16 bt b a=-Zora=2/6
O A b 06914 13 a qplo)==5%-18
S Ly BET = .6¢ : plx) =
" a 5-16*256 2048 A Cus
. ==-5,b=-18,c=1,d=
1 _4,, 32, —— '
2 o7 37 a1 b x=-2
A - = _: 3 5L, AT, ) = 218 R, t%-5
13 a A=1,B=-4,C=3 b “3 ax+512.r ¢ rlifx i85 VERx=
14 a A=3andB=2 b 5-28x + 144 14 a YA
1~ [~
15 a 1()—2x+§x2—%x3,508=%andc=%
b Percent error = 0.0027% 1 Y =_ﬂx]
Challenge -‘\2 0 —%
132 27x%  135x6 -
2 8 16
Review exercise 1 (212 PR S
1 Assumption: there are finitely many prime numbers, b Txeoy s Tl ‘x )
PuPapsuptop,. Let X = (p, x p, x py x ... x P+ 1 (__x_)
None of the prime numbers Pis P ... p, can be a i a*+ 5
factor of X as they all leave a remainder of 1 when ¥ ¢ ini3 dg'@) =" reR
is divided by them. But X must have at least one prime ; 2
factor. This is a contradiction, 15a 30-204+b=1-2@x+6),b= 3
So there are infinitely many prime numbers. b pix) = 3x+2 Qi) = 1-x
2 Assumption: x = % is & solution to the equation, 9 2
where a and b are integers with no common factors, ¢ plg ) = g @p i) = _—d;g—!
] 2
(%]-2:0::-2—2:2::-(:?:2!)3 a=-3,b=7,c=18
2l 16 b
So a® is even, which implies that ¢ is even, 4 ¥ T Y
Write @ = 2n for some integer n.
(2n) = 2b° = 4p? = 202 = 2p2 = 2 2,7)
So b* is even, which implies that b is even, (2, 4)
This contradicts the assumption that a and b have no y=1Mx)+3 U = [flx)]
common factor,
Hence there are no rational solutions to the equation. g — = 0, X
, 4z-3 5 0 x 7 2
x(xr - 3)
u ﬂa_]:{x+2}"'—3(xl+2]+3=;t2+x+1 ¢ Ya
(x + 2)2 (x + 2)* -2.4) | (2,4)
b (x+%]’+%>0 y=flx])
¢ ¥+x+1>0fromband (x+2)>0as =2 T —
-1 4 _f o x
+
r-1 2x-3
P=2Q=-1,R=-1
= —2 o~ 2
A= e B = o C =g
381




Answers

17 a Ya 22 a SO[VE‘! a+3d=72, a+10d = 51 simultaneously to
y = hix) 104 obtain aﬂ: 81, d=-3
1125 = 5(162 +(n=1)(=3)
) / 2250 = 165n — 3n*
-5} -1 . Therefore 3n - 165n + 2250 =0
0 x b n=25.n=30
23 a a=19p-18,d =10~ 2p, 30th term = 272 - 39p
3.28) L
; o 24 a r0=22 :~1nr"—ll‘1(225]ﬁﬁlnr_lﬂ(gg‘]) 0
b i(-5,-24) i (3,-8) iii (-3.8) 64 64
¢ y 64
- yr= il .—::‘falnr+ln(225]
b r=1.23
25 a 60
b a=10,r=2
0 . g
-5 1 x Zil
) 1 5 10(1 ~ (é ) &
- =55=1- (é) >£
1.5 6/ 12
(-3,-8) (3,-8) 6
' 1 _(5\" 5 )
18 a i :}!23‘(6) :Ing >log(g
1
()
5 12
= log{lz) > klog[-ﬁ—) = = [é)
&\6)
¢ k=14
26 a 4+4r+4rr=T=4rP+4r-3=0
1 ;
b r=53 nrr:—% c 8
27 a x=1,r=3andx=-9.r=—%
b 243 c 18225
28 a a, =k a,=3k+5
b a,=3a,+5=9+20
¢ i40k+90 ii 10(4k+9)
29 a 2860
b 2400 x 1.06"! > 6000 = 1.06""' > 2.5
= log1.06%! > log2.5 = (N - 1)log 1.06 > log 2.5
¢ N=16.7..., therefore N =17
2400(1.06’“ - 1) :
g <UL = 2 31633.90... donations.
d S, 1061 316339 onations

Total value of donations is 5 times this, so £158,000
over the 10-year period.

30 a |x[<%

6 _ 24

— X =—

1+4x 5 16

4 1 1 .
31 a il-x]z_1+( 2]1 xa+——2——-l x)

F2)-3)-2)

FRLIN AR B

bi 6 ii 4 31
19 a b=-9 b A(9,-3).B(15,0) B 1..3,2, 5,3
o =15, % = =21 _l+2x+8x +16:c + .
20 a flx)=8 b |x|<1.Accept-1<x<l.
b The function is not one-to-one. 36 2
e —3‘%414—% 32 a a=9 n=—gy="3
d k>i_‘i b —1?60 ,
21 a k=0.6k=-4 b a=16,d=8 c —§<x4§

382 @ Full worked solutions are available in SolutionBank. #



Answers

33 a 1+46x+6x2-4x?
3

: 3 | \_.—-3
b (1ol - (08) - () - (58D

_112/112
~ 1000
¢ 10.58296 d 0.00039%
Dy x1
4 L _x 22" Bx'

27 27 81 729

i=2(1-9:\ 59, 81,
35 a (4- 92} =2(1 22| =2 &
| 1\ _ /391 391
'r4‘9(100) 1100 = 10
¢ Approximate: 1.97737 correct to 5 decimal places.

3 1
g ==, pEs b —
36 a a=2,b c 6
il P e &
a=-2,b=1,¢ 16
37 a A=1,B=2 b 3-x+1122-
38 a A:-%.B:% b -1-x+42°+
a _ . 25 25 ggz
39 a A=2,B8=10.C=1 9 2?x+9x+
40 a A=2,B=5(C=-2
b 2+5(4 + 2! - 2(3 + 29
s By o B S 24
—£+4(1 +4] g(ld-ng
=242y %, 2%\ 20, 2 4.,
_2+4(1 4+]6 3(1 3x+9x)
_31 19Jc 5?7
12 144 1728
Challenge
1 a (x+22+(y-32=25 b 15

2 ay=may=m+k ay=m+ 2k
6m+45k=4m+50k=:-2m=5k=¢»m=§-k

cw_ 19-/47 3 __1é e 19447
3 A,x————4 .B,:.t:-g.C..r-———‘jr
CHAPTER 5
Prior knowledge 5

1 v§ oY \.'i
1 = e v ——
a 5 b 5 ¢ V3 d >

2 a | b —tan?g ¢ [sing

3 a (sin20 + cos20)2 = sin? 26 + 25in 20 cos 26 + cos® 26
=1+ 25in 20 cos 2¢

b 2 _zbmg_z—?sinﬂzztl—.sirlzﬁ}:zcus?f»'
sin sind sin# sinf
b a 75.5° 284° b 15° 75° 195°, 255¢

¢ 19.7°,118% 200°, 298° d 75.5° 132, 228¢°, 284°

Xercise 5A

a 9° b 12° € 75° d 225°

e 270° I 540°

a 26.4° b 57.3° ¢ 65.0° d 99.2°
a 0479 b 0.156 ¢ 1.74 d 0.909
e -0.443

2 T T d o
4 a E b 18 ¢ 8 6
5 4 3= h 7n

; lir

6

5 a 0873rad b 13lrad ¢ 1.75rad d 2.79rad
e 40lrad f 5.59rad

6 a Ya

(7, 0) (27, 0)
(0, 0) x

7 a Ha

{m, O0) R
(0, 0) x

(~r, 0)

b ¥
0, 1)

| UJ /\51‘ ﬂ] /
\/ 3T ) {7T 0 *

c Ha

L0) (5.0)

BSE]
naf

d ¥

(0, 1) /

8 (0,-0.5)

-0} (-5 9) (o). (320)

383




Answers

Challenge

a 2Zmm,ne’Z b %ﬂ-+2m,nez c %+Tn‘nez
Exercise 5B
1 a sinfr-2 _2 ik _V3
[ 4) D) b sm() 5
¢ sinfer-T)=-1 Ty 1
(27-%)=2 d cos(w-3)=—3
7 1 3
e cos(2r-=)\== Ty ¥
s (2w 3) 3 f (‘0';[ +4].. >
tan(r-ZX)=- i I 2
g an[r 4) 1 h tau(r+4 1
w _\§
i tdn(..+6]_ 3
2 a i E _E
2 b 7% ¢ 3
d —‘—22— e —-\? f l,§
3 AC=sz_|=l;-‘,;i
sm[EJ ‘ - i
e _(2/6) 4/3\°
DCE-.“DE‘FAJ‘E—(—:Z—) +( 3) =8
DC=2/2
Exercise 5C
1 ai 27 ii 2.025 iii 7.57
b i i 1.8 iii 3.6
¢ci? i 0.8 iii 2
2 %r(‘m 3 2x 4 5/2 cm
5 a 104cm b 1.25rad
6 7.5 7 0.8
8 a l,_r b 6+%rrcm
9 6.8cm
10 a R-r
b sinH=R—r—r=>{R—risinﬂ:r:~{Rsh19-rsin0}=r
::-RSiIlU:r—t—TSill(f:-RSi.ﬂH:rﬂ+Sin9i.
¢ 243cm
11 2rad
12 a 36m b 13.6km/h
13 a 3.5m b 15.3m
14 a 2.59rad b 44mm
Exercise 5D
1 a 19.2cm? b Zrcm? ¢ JoEmem’
d 25.1cm? e 67-93em? f S+ 92Zom?
2 a Lrem® b 5cm?
3 a 447 b 3.96 c 1.98
4 12cm?
£ 10% + 10? - 18.65° ?
}:-—'—'—"—‘:_ <73 L
5 a cosf 5% 10 x 10 0.739
b 120em*
6 40%cm
7 a 12
b 4——!’9— 14122 x0.5=36cm?*
¢ 1.48cm*®
384

8 a I=rg=28 512
=12 "r
A= L{E] lmze-): 612
2 2 12~ 24\ 2
b 5mem ¢ 60

9 ACOB=jr?sinf

Shaded area = %rzln —f - Lr2sinlr - 6

1 o .
= oFim —gril — 3% sinf

Since ACOB = shaded area,

1

12 it B pee - 1pza 1p2 e
5T sinf pLi 20— 5T sinf

sinfl=m—# - sin#
B+ 2sinfl=m
10 38.7 cm?
11 8.88cm?
12 a 0AD = }r%, 0BC = jir + 8)%0
ABCD = 4ir + 8)%0 — §r%0 = 48
%{rz + 167 + 64)0 - %rzﬂ =48
(r2 + 16r + 6418 — r?6 = 96
1()r+64*%==-r_g—4
b 28cm
13 78.4(¢#=0.8)
14 a 142=122+10t-2x12x10cos A
196 = 144 + 100 - 240 cos A
—48 =-240cos A
0.2=cos A
A = cos1(0.2) = 1.369438406... = 1.37 (3 s.f)
b 34.1m’
15 a 18.1cm b 11.3c¢m?
16 a 98.79cm* b 33.24cm
17 4.62cm?
Challenge
Area = 1r26, arc length, [ =rf
Area:%n‘
Exercise 5E
1 a 0.795,549 b 3.34,6.08
¢ 1.37,4.51 d =
2 a 0(.848,2.29 b 0.142,3.28
¢ 1.08,4.22 d 0.886, 5.40
3 a 116,512 b 3.61,5.82
¢ 0.896,4.04 d 0.421,5.86
57 « "
4 - = b 0.201,2.94
766
¢ -5.39,-0.896, 0.896, 5.39
d -1.22,1.22,5.06,7.51
e 1.77,4.91,8.05,11.2
f 4.89
5 a 0.322,2.82, 3.46,596
b 1.18.1.96,3.28,4.05,5.37,6.15
o & Ir 13z 197 257 31r 37z 437
24' 24" 24’ 24’ 24" 247 24 24
d 0.232,2.91,3.37,6.05
T _5m @ s 3z 1=
6 & -1 e 4° 12
, _5m _2r _x _m o x2n5w Tx 4z Sx llr
€' 3' 3 66336 6'3°3" 6

m Full worked solutions are available in SolutionBank. #
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10
11

13

¢ -5.92,-4.35,-2.78, -1.21, 0.359, 1.93, 3.50, 5.07
d -2.46,-0.685, 0.685, 2.46, 3.83, 5.60, 6.97, 8.74
ag.%.%,zi b 0,2.82, 7 596, 2r
¢ % d 0.440,2.70, 3.58, 5.84
a b 0.501, 2.64, 3.64, 5.78
¢ No solutions d 1.10,5.18

x 1l 7x 1lr 197 23 31x
376 b 818 18 18" 18"
¢ —0.986,0.786 d 0,% 257 5,

2 g

a ;% 0.412,2.73 b 0,0.644. =, 5.64
0.3,0.5, 2.6, 2.9
0.7,2.4,3.9, 5.6

8sin‘x + 4sinx - 20 =4

8sin*x + 4sinx - 24 =0

2sin‘x +sinx - 6=0

LetY=sinx = 2Y?+¥Y-6=0
=2Y¥-3)Y+2)=0=SoY=150rY= -2
Since ¥=sin x, sinx = 1.5 — No Solutions,
sin x = -2 — No Solutions

14 a Using the quadratic formula with @ = 1, § = -2 and

15

¢ =-6 (can complete the square as well)

2+ 2F= 4x1x-6)
tanx =
2x1
224424 2428 242/7 5
té = = = = /7
anx 2 5 5 1xy
b 1.3,2.1,44,53,7.6,84

a sinx=0.599 (3 d.p.)
b 0.64, 2.50

Exercise 5F

1
2

2
a§ b 1 c 1

_sin3f _ 30 30 _ 3

Osindf Ox40 467 49
b2 02

b cosﬁ—lzl__zh_l_q?__g
tan2e 20 T 28 4
tan4d + 6% 40 + 62 4p + 62 _

© 30-sn2g 3-2— 5 =4+9

a 0.970379 b 0.970232

¢ -0.015% d -1.77%

e The larger the value of 0 the less accurate the
approximation is.

Q—_Mx1fJU=1=:-{:‘J-sin9i><100=sin9
sin#
=>IDOH—-TOOsinH:sin&:lDOG:ID] sinf.
/ i:—:mz) )
a 408302+ 5sing _ (1-5) -2+
1 -sin29 1-20
4( —-91) 2450 ,
I _4-186%-24 59
1-29 1-26

_ 112699 + 2)

1-29 =99+ 2

Challenge
1 a CD=ACYH
CD _ro
s —_— 8
b sind= AD-T
_CD_ré_
tan # = Ac = *'F' =8
2
2 a 1—52—
i 111 Ll R ;
b cosf=V1-sin?d=1- 5 ,if sin# = ¢ then this
82
becomes cos@ = 5
Mixed exercise 5
1 a % b 8.56cm?
2 a 120em?* b 161.07 cm?
3 a 1.839 b 11.03¢m
4 a ?
b Area= ;rda— ;rf‘f ;prcm~
¢ 12.206 em?
d 1.105<60<1.151 (3 d.p.)
5 a 1.28 b 16 ¢ 1:3.91
6 a Area of shape X = 2d2 + 3d2r
Area of shape ¥ = 1(2d)%)
2d* + Jdn = (2d)%
2d2 + ldzr—2d49:~ l+ir=4
b (r+12em e (18 S")cm d 12.9mm
7 a A, =%x62xﬂ—5x62xsm&'- 180 - sin gl
b A,=7x62-18- sin#) = 367 - 1806 — sing)
Since A, = 34,
36 - 18(f - sin@l = 3 x 18(0 - sind)
367 — 1800 - sin#) = 54(p — sindl
36m =720 - sin#)
37 =0 -sing
sinf=¢-=
8 a 102=524092_2,54« 9 cosA
100 = 25 + 81 - 90 cos A
~6=-90cosA
i = Ccos A
A = cos (%) = 1.504
i 6.77 em® ii 15.7cm? ifi 22.5em
9 a %ﬁx 1.5=15=r2=20
r= \E = 2\-'_5_
b 15.7ecm ¢ 5.025cm*
10 a 2/3¢m b 27rem? N
Perimeter = 23 + 2/3 + 2/3 « ;’ = _.3§ T+ 6)
11 a 70°= 447 + 447 - 2 x 44 x 44 cosC
257
cos ===t
2" 968
C = cos! —%:—;-) =1.84
b i 80.9m ii 26.7m iii 847 m?
12 a ArcAB=6x20= 126

Length DC = Chord AB
Chord AB = 2 x 6 sing = 12 sinf
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Answers

Perimeter ABCD = 126 + 4 + 12 sinfl + 4 = 2(7 + =)
120 + 12 sinf + 8 = 2(7 + w)
6# +6sinfl —3 =7

20+ 2sinf -1 =§
r i A= g o
b 2x6+25m(6) 1 3+2x‘2 1 5
¢ 20.7cm?
13 a 0,A = 0,A = 12, as they are radii of their respective
cireles.

0,0, =12, as 0, is on the circumference of €, and
hence is a radius (and vice versa).
Therefore,

0,A0, is an equilateral triangle = £A0,0, =

By symmetry, Z2B0,0, 15 2= LAOB= =

T T _ 2%
3733

o

167 ecm c 177 nm‘
Student has used an angle measured in degrees
— it needs to be measured in radians to use that

14 a

formula.
b %cm2
158 ~5 b 6+1
(1 _ (207 )
16 a 7+ 2c0820 _ 2
tan2f + 3 20+ 3
44
o 2(1 “2—) 9 — 46?
N 26+ 3 20+ 3
(3 + 2613 - 20)
saphouls - o7 328
20+ 3
b 3
17 a 32 cos5f + 203 tan 106 = 182
32(1 -‘_’;”—}+ 203 (100) = 182
32 — 16(2564) + 203060 = 182
0 = 40062 - 20306 + 150
0 =400 - 2036 + 15
5.5
¢ 5 isnot valid as it is not “small”. mlS “small” so is
valid.
18 1 - 26°
T 3%
19 a 0.730,2.41 b - A
¢ & 57 d -2.48,-0.666
4" 4
20 a y1
(0, 3)

b 2 solutions ¢ (.540,3.68
21 a 3sin# b 0.340,2.80
w57 13x 17x
2 13798 1 12
386

23

24

25

26

27

28

a Cosine can be negative so do not reject - —1; Cosine
V2
squared cannot be negative but the student has

already square rooted it so no need to reject —%

v
b Rearranged incorrectly - square rooted incorrectly
¢ -3n _mm 3w
4’ 414
a Not found all the solutions
b 0.595,2.17, 3.74, 5.31
a Ssinx=1+2cos*x = 5sinx =1+ 2(1 -sin*x) =
2sinfx + 5sinx-3=0
T B
b 6 6
a 4sinx+9cosx-6=0=
4(1 - cos?x) + 9cosxr - 6=0=
4cosfx - 9cosx+2=0
1.3, 5.0,7.6,11.2
sin2x

a tan2x=5sin2x = >——=>5sin2x =
cos2x

(1-5cos2x)sin2x =0

0, 0.7, % 25,7

N
N

s (0 DE 059

=

¢ 0.34,4.90

29 1 =0.54,1.90 or 2.64 (2 d.p)
Challenge
a f=% or §=-3

8== 15 small, so this value is valid. # = -3 is not small
S0 thl‘: value is not valid. Small in this context is “close
to 0",

h 0= -; orfd=z
Both # could be considered “small” in this case so both
are valid.
¢ No solutions
CHAPTER 6
Prior knowledge 6
1
a 53.1°,126.9°(1d.p.) b -23.6°,-156.4° (1 d.p
2 1 | 1 _cosx _ 1 —cos®x
sinx cosx fanr _ sinx cosx sinxy  sinx cosx
sinfx _ sinx _
= Sinx cosx  COSY e
2 (.308,1.26, 1.88, 2.83, 3.45, 4.40,5.02,5.98 (3 s.f.)

@ Full worked solutions are available in SolutionBank. #




Exercise 6A
1 a +ve b -ve ¢ -ve d +ve
e -ve
2 a -5.76 b -1.02 c -1.02 d 5.67
e 0.577 f -1.36 g -3.24 h 1.04
3 a1 b -1 ¢ -1 d -2
e —2}_}3 £ -1 g 2 h 2
IcY . ‘.§ 2v § oy
i -2 i 3 k 3 1 -2
4  cosec(r - x) = ; = —— = cosecx
sin(r - x) sinx
& 1 1 V3 2
. ¥ T 80e30 s — = =1%o
5 cot30° sec3 R X e = = 2
(27 (27 1 1
6 cnsec(—) 0 sec(—] = +
3 9, . 2 (2w
S]n[?) Cﬂh(?]
sl
BT
I 2
=B el 6 VB
v3 3
Challenge
a Using triangle OBP, OB cosf = 1
= (0f = L =secd
cosf
b Using triangle OAP, 0Asinf = 1
= 0A = L = cosecf!
sin @
¢ Using Pythagoras’ theorem, AP? = 0A? - OF?
So AP? = cosec?f — 1 = —— -
sin®@
_1-sin*0 _cos*d _ . .
T sin% smip N ?
Therefore AP = coté.
Exercise 6B
1 a y = sec
EUE : -”“ji EUE
NN
_5I40 i T i T i 0 :I T 540 >
-450 270 —9(}: 90 o 4@

o
et PR
=
NN
e i e

b y = cosecl
:' i\/i w\/s :\/:
L s 3 e BN
360 -180_0 " 180 360 5306

i
A——— < (-

3

b
a

Answers

a

Yy =cotx

=Y

2 solutions
A

Y =—cosf

0 _Ao 180 210\ 360 ¢

Yy =sech

The solutions of sec# = —cos @ are the @ values of the
points of intersection of y = sec# and y = —cos#é.
As they do not meet, there are no solutions.

i

}
"
[
1l
'
'
]
]
]
N

Y =tanf

i

oo
(e}

3
D_|
[#5]
o
=]

=Y

387




Answers

Ya

y = cot(# + 907)

O\ 90 180\ 270 360 ¢

L CRE R oloy T, RS

|
|
'
|
'
|
'
'
'
'

b cot(90° + #) = ~tan#

6 a i Thegraphofy= lan(H - g] is the same as that

of y = tan 8 translated by % to the left,

ii The graph of y = cot(-#) is the same as that of
y = cotd reflected in the y-axis.

iii The graph ofy = cnsnc(ﬁ s :) is the same as
that of y = cosec# translated by % to the left.

iv The graph of y = scc(H - ;) is the same as that
of y = sec# translated by i to the right.

b tan(f + %} = cot(-0); COHEC(I‘J + %) = sec(f} - %)

7 a UA ‘ . 'yzsecm’}l
14 : : :
! ! (180°, ]): '
n T T T T T | T -
3 abe 90° 135° 180° 245° 270° 315° 360° ¢
"(90°,-1) "(270°, 1)
b Y . Y =-cosech
4 b (270°,1) !
T f T —>
1”_ 90° 180° 270° 3G0° ¢
C A ’ ;
' y=1+secd
2 : ;
Lo180°
0 N TP
5 96) 270° 360
©o(180°,0)

T
' y = cosec(# - 30°)
1 :
Lo(120°,1) ! .
-lo_ 30° 210°  300° 360°7
0,-2)) i
\ '/ 300%,-1)
YA : ;
41 E :
2 : :
(605 2) | :
g 150°  330° ¢
' (240° -2)!
-2 : !
; y'= 2sec(f - 60°)
47 | i
o ; ) H
o155\ [+ [
Y AV
(15°,1) (195°:1) |
Of | 150° | 330° ¢
. (105°,+1) (285°, +1)
)

388 @ Full worked solutions are available in SolutionBank. #
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Exercise 6C

1

ne

a

mes 2w a

A :
yi: 1-2sect
| (180°%,3) |
L1807 1 360°
0(0°, -1) 5 o
i \ (360°, -1)
2w
= b 4r T d 2rn
3 [
| : ¥t | '
1y =3+ 5cosecx
i E 8- i E
{3 oz z i 3= |
: 2 ! 2 2 ! 2 .
-Zr ' W 240 T @ N 2f x
-2<k<8
" WA y i
: y= 1+ 2sect
- 0O = & 3z 25
2 4 2 2
f=-=0 7 2%
Max = 1, first occurs at 6 = 2
Min = -1, first occurs at # = 7
cosec’ b 4cot®d ¢ jsec’
cot®fl e sec’d f cosec?d
2cot' @ h sec'd
%' b —% C t\'?
cosf b 1 c sec2f
1 e 1 f cosA
cosx

10

R eSpmoap

-]

Answers

LHS. = ¢0s6 + sin az‘iﬁ - COE 0+ 570

0s f/ cosd
= 1 =sect = RH.S.
cos#
LHS, =080 , sind _ cos*d + sin*f

cosf  sind cosd
1 1 1

s
sinfl cosé sin#  cos#
= cosec ) sec# = R.H.S.
e 2
LHS.= -1 _sing=1=8in?0 _ cos®d
sinf sind sind

= cosfl x 59-5-§ = cosfl cotfl = R.H.S.
sinf

sin#

LHS. =(1- cnsx](] - ) =1-cosx+

1 -1
cosxy cosx

cosx
LHS = cosx +.[1 - 5in x)*
(1 -sinx)cosx
_cos’x+ 1 - 2sinx + sin®x
B (1 -sinx)cosx
2-2siny _ 2(1-sinx)
(1 -sinx)cosx ~ (1 -sinx)cosx
= 2secx = RH.S.
LHS. = cosH B cosf
T (tan0+ 1]
tan ¢ tanf

= sinx tanx = R.H.S.

Il
2.
=
=
x

_ costltand _  sinf
a T 1+tan#

tanfé + 1
45°, 315° 1997, 341°
30°, 150°

112°, 292°
30°, 150°, 210°, 330° 36.9°, 90°, 143°, 270°
45° 135",.225°, 315°

26.6°, 207°
90° £109°
2164°, 16.2° 41.8°, 138°
+45° +135° +60°
~173°, -97.2°, 7.24°, 82.8°
-152°, 36.5°, 28.4°, 143°

S5m 11=w T
S “ 33 Y
AB

——=c0sf = AD = b6sect
AD e o

=R.H.S.

- - - T

o

AC L .

AB- cos ) = AC = becosd

CD=AD - AC = CD = 6secl - 6eost
= b(sect — cosd)

2cm
_1 _cosx
cosecx —cotx _ sinx  sinx _ 1 « 1 - cosx
1-cosx 1-cosx  sinx  1-cosx
= cosecx

_T 57

"T6 6
sinytanx | _ siny
1-cosx cosx(l - cosx)
_ sin®x — cosx + cosZy _ 1-cosx

" cosx(l -cosx)  cosx(l - cosx)
T
cosx —

389




Answers

b Would need to solve secx = —%, which is equivalent

1o cosx = -2, which has no solutions.

11 x=11.3%,191.3° (1 d.p.) _ sec—tand _ sect - tand
Exercise 6D (sec?fl — tan®#) 1
1 a secz{éﬁ'] b tan®f c 1 b x4+ i +2= (r+ %)_ =(2sech) = 4sec?d
d tand e 1 £ 3 B . :
g sind ho1 i cosh 12 p=2(1 +tan*0) — tan*# = 2 + tan* @
] 1 k 4cosect26 — tan?f = p -2 = cot?f = 1
B e P -ns1_p-1
/3 24 = ot?f) = 1 _Pody o R
3 a :E b _}2_ cosec’f =1 + cot” ]+p—2 3 b2
_5 _4 3 .
85 b = € % Exercise 6E
5 - b -2 x - T -
23 7 1 a = i c -E d E
6 L.H.S. = (sec?d — tan®#)(sec’ # + tan®f) 2 2 4 6
= 1(sec?d + tan®¢) = R.H.S. e 3 £ -E g = h X
b L.HS.=(1+cot?x) - (1 - cos®x) 4 6 3 3
= cot’x + cos®*x = R.H.5. 2 a0 b _% c %
¢ LHS EL Fpﬁ—cosz,- = 1, -1 3 1 b -1 1 d o
cos? A \sin? A sin®A a 5 7 C
= cosec’A — 1 = cot’A = RHS. 4 2 3 b Y3 é =1 d 2
d RHS. = tan?6 x cos?g = S0 20 = sin?d 2 2
J1.a, = tan x COS =mxcﬂb = 5In e -1 £ 1
=1-cos’f = LHS. R
1 - tan?A in‘ A Bl & Jema
. = 1an° = 5 £
e LHS. = W = COSZA(] - (‘m] b i/1-22 ii = X .
2 P s m v _xd
= cos’A - sin?A = (1 - sinA) - sin*A ¢ i no change i no change
=1-2sin*A = R.H.S.
& L
f LHS =1 1 _ sin®# + cos’d L 3_'? y =75+ 2arcsinx
T cost@ sin?# 0 cos?d sin? g 7"'
=————— = sec?f cosec?# = R.H.S.
cos® fl sin* ¢
sinZA| el
g LHS. =cosecA(l +tan°A) = t'.usecA(l - ———w)
cos’ A
1 sinZA sin A 1 X
= cosecA + — . ——=cosecA + ——.—— g
coseea T sinAd  cos*A coseea T cosA  cosA Z
= cosecA + tan A secA = R.H.S.
h LHS. =sec?# — sin?fl = (1 + tan®#) - (1 — cos* )
B = tan®# + cos*# = R.H.S. 0 :.i:
/2
v -t
1 o
8 a 20.9°69.1° 201° 249° b+ s i
o i 37 3w I
. -153°, -135°, 26.6°, 45° R
¢ -153° -135° 26 5 d 54" 5" 4
: T b 41
e 120 f 0, Z.T 3
& Was mow B A iioiiiiaeedieies Ll (A ——
§ 0°.160 b 3333
9 a 1+2 B
TR I - - =v2 -1 T
1+/2 (2-10V2+1) Yy =m—arctanx
¢ 65.5° 294.5° %
s B e
10 a b=— )
b :_a 12 cos’x _ b (g)‘
CEON =ity T 1-0% . (4 0 %
1-(3)
a
16 At - 6 _x
= — N = n
az  (a?-16) a*-16 2
390 @ Full worked solutions are available in SolutionBank. #

11 a

1 1

sect —tand

X secO+tanf  (secd— tanf)(secd + tand)




Answers

yll
________________ 7
i = arccos(2x + 1)
! x]
i 2
_=1 0 %
y4
k.l 5
: .=
Yy = ~2arcsin (—x)
A 1 [
! _z]
"""""" i 7;‘1
A b y r
7 sl
27 2
T T > o
-1 ;X 4
3t
2
Range: -2 < flx) = 5

; 5 1
g: ¥ — arcsin 2x, 7 =r=y

i y I T T
ix—gsing, Z<yp<®
& 2 2 2

Let y = arccosx. x € [0,1] = ye [0, g]

cosy =x, sosiny = /1 - cosZy = V1 — 42

(Note, siny = ~y1 - 2 since y € [O ] so sin y = 0)
y = aresiny/1 — x2
Therefore, arccosx = aresin/1 — 2 for x € [0,1].

For x € [-1,0], arccos x e (ng but aresin only
zg

has range [~ 5 3"

Challenge
a yA , b yA
" e
: /1
i 2| .
11 /
0 =, L% ‘ , >
14 3 4 -10] 1 #

w
Range: 0 = arcsecx < r, arcsecx = 3

Mixed exercise 6

1
2
3

=2}

-125.3°, +54.7°
8
P=E
P*q* = sin*# x 4% cot*# = 16 sin?f x %S;:;
= 16cos®0 = 16(1 - sin?) = 16(1 - p?)
a i 60°
ii 30° 41.8° 138.2°,150°
b i 30° 165° 210°, 345°
ii 45° 116.6°, 225°, 296.6°
71z 101x
60" 60
i 'T .J?r 7?’ 1111
&6 E B
bl
5
a LHS.= (E“‘_"’ 4 “0“9)(51119 +cosf)
cosfl  sin#
= Mﬂ[sin& + cosf)
cosf sind
— _ Sing cos
" sinflcosd  cosf sind
= secf + cosecl = R.H.S.
ol
b LHS. =__sinx
_—1——sinx
sinx
iy
=_sinx _ 1 L Sinx =—1 —ces=Riis
1-sin’x ~ sinx cos’xr cos?
sinx
¢ LHS. =1-sinx + cosecr — 1 ——-1—-sm.r
sinx
— gin? 2
=1-sin®y _ cosx _ = cosx 95X _ cosx cotx
sin x sinx sinx
= R.H.S.
d LHS = cotx(1 + sinx) - cos x(cosecx — 1)

(cosecx — 1)(1 + sinx)

_ COtXx + cosx — cotx + cosx 2cosx
= _‘_-_‘“—‘——\— e — e,
cosecxr -1+ 1 —sinx cosecy — sinxy

—_ 2cosx —__2c0sx _ 2cosxsinx
=TT _'T_T—' = -_'T‘_
1 < (I sin xJ cos’x

sina sinx

=2tanx = R.H.S.
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Answers

e LHS. = cosecd + 1 + cosect =1 _ 2cosect
(cosec?d — 1) T cot?d

1

sinfl " cos?f  cos*f
= 2secf tanfl = R.H.S.

2 sin®d _ 2sinf 2 sin#
ol pasd

f LHS. =w_4

= ZHE ) v [ B
sec” sec = BES
7 a LHS _ sin? x + (1 + cosx)?
YT (1 + cosx)sinx
_sinfx+1 4+ 2005X + COs° X 2+ 2c08X

(1 + cosx)sinx ~ {1+ cosx)sinx

2(1 + cosx) 2
=" T T == _=2c0Secx
(1+cosx)sinxy sinx
p % _27 4r 5%
3 3% ahs
8 RHS. = '_:‘1_+£‘g_5ﬁ)2 K cos ) . (1+ cosf)?
.sinf sind sin’f 1 - cos*#
(1 +cosf)? _ 1 +cosf _
= —cosH)(1+cosh) 1- cosf IES
9 a —2\2
b cosec’A=1+cot?A= +
Ve

= cosecA = :ti =

2V2 + _
As A is obtuse, cosecA is +ve, = cosecA = 3—%

10 a L b k-1 e CO
k VEE-1 VEE -
v 17x% ™ © 5% 4m 1llm
I =T 12 Z 3 X2 2m 2N
= 12" 12 3 A= 3’63 6
14 a (secx — 1)(cosecx — 2) b 30° 150°
15 2-43
16 Yy
\T:
i = Arccosx
5 Y
l_
210 1 7 i x
2
Y = cosx
17 a -3 bi-3 ii—3 ¢ 126.9°
18 pg= {ecH—tanm[ch6+Lan&)-serzﬁ tan®#

19 a L.H.S.=(sec?d - tan® g)(sec?f + tan®f)
=1 x (sec?f + tan?#) = sec*d + tan?f = R.H.S
b -153.4°, -135°, 26.6°, 45°

20 a A

1_

nol=
5
7

¢ The regions A and B fit together to make a rectangle.

Ha
s
2
A
B .
(@} 1
Area=1xZ=X
ea )<2 2
21 cut60°‘se(;60"=_-1—x 1 :%,—_.ZL
tan60® cos60® 3 3
22 a ; v WA ' '
; ! 5 Py=2- 3ISP{'.‘£
—ZW;I:O:lizn+
i‘{-’_ o I S s T _3E X
2 . : .
b -1<k<5
23 a ij
e 1,7
s A T3
arcsmx—-iz‘_-
(-1, -27)

(3.0)
24 a Iety-arccosx Sucosy x,siny =1 - 2%

Wthh is valid for x € (0, 11

Thus tany =

i—%2
Therefore arccosx = arctan ! = * for0O<x<l.

b Letting y = arccosx, x € [-1.0) =¥ E( E ]

sing  /1-x?
cosy Tk
\1

tany =

arctan

gwes values in the range ( ; D] .

so for y E(% wl you need to add

1 —x*

y= W+arctan‘—x-—

V1 - x?
x

Therefore arccosx = 7 + arctan

392 @ Full worked solutions are available in SolutionBank. #



CHAPTER 7
Prior knowledge 7
1 a L._ b ﬁ c \'§
V2 2
2 a 194.2° 245.8° b 45° 165° 225° 345° ¢ 270°
3 a LHS=cosx+sinytanx = cosx + sin.r(_ f’,g;‘i)
— cos*x +siny _ 1 _ secx = RHS
- cO5x ~cosxy =
_ s~ FEREENT T sinx
b LHS = cotx secx sinx = ( — J[—"_cosx”_'] ]
= 1= RHS
¢ LH§= oStz +sin’y 1 = sinx = RHS
' T 1+ cotlx cosec’x

Exercise 7A

1

a i (a—3)+08=a SosFAB=aq.
it ZFAB = ZABD (alternate angles)
ZCBE =90~ 0,50 ZBCE =90~ (90 - ) = .
iii cos ;3= % = AB =cos 3

iv singd = %ﬂ = BC=sing3

b i sina=422 . Ap-sinag cos 9
cos 3

ii cosa=-82 = BD = cosa cos 4
cos 3
¢ i cosa= —(L = CF = cosa sin 3
sin 4
BE

il sina =22 — BE = sina sin /4
sin 4

d i sinla- 3= fig = FC=sinla - 4

il cosla- 4= il‘i = FA =cosla - 3
e i FC+CE=AD,soFC=AD - CE
sinfa - ) = sina cos 4 - cosn sin 3
ii AF=DB+BE
cos(a — 4 = cosa cos 3 + sina sin 7

tan(4 - p) = A =B) _sinA cosB - cosA sinB
cos(A - B)  cosA cosB + sinA sin B

sinA cosB _cosA sink

_ CosA cosB  cosA cosB _ tanA4 - tan B
cosA cosB  sinAsinB 1+ tanA tan B

cosA cosB  cosA cosB
sin{A + B) = sinA cos B + cosA sinB
sin(P + (-Q) = sin P €os (=) + cos P sin (-Q)
Sin(P - Q) = sin P cos Q - cos P sin 4]
Example: with A = 60°, B = 30°,
Sin(A + B) = sin90° = 1; sin A + sinf ‘—rzi " % 1
[You can find examples of A and B for which the
slatement is true, e.g. A = 30°, B = ~30°, but one
counter-example shows that it is not an identity.]
cos(f —#) = cosd cos @ + sing siné#

= sin*f + cos?’A = 1 as cos0 = |

a s:in(-;_l -6) = sin-%r cosf — cosé—_' sin @

= (1) cosf - (0) sinf = cosp

Answers

Z - 6)=cosT cos - sinZ sing
b cos[z H.}_coszcmﬁl si :

= (0) cos# — (1) sin# = sin@

T o V3 . .
7 sin(x - g) = sin.rcusa + cos.rsm(_—t: ‘7 sinx + Eumx
- . 5.
8 cos[:c+'§')=cosxc<1s§—sinxs1n‘§=%msx—\7su‘1x
a sin35° b sin35° ¢ c0s210° d tan31°
e cosd Fcos7o g sin3# h tan5¢
i sinA j cos3x
: T 5 T - Y
10 a bll’l(i’+z] or cos(r—z) b (,ns[.r+4l]
¢ sin{x+§)nrcos(1—g] d sin[.r—%]

11 cosy =sinx cosy + siny cos x
Divide by cosx cosy = secx = tanx + tan Y.
Sotany = secax — tanx

12 tanx - 3 13 2
3tanx + 1
" = 8+ 5/3
14 a ? b 3 ¢ - 24
16 BRED 1 60 Mitana st 25 i

1-y3tanx 2
1-23 _(1-23)02-V3) _, , =

tanxy = 8-5/3
2+43 1
% 2 2m 47 | 2\, 2n
16 Wnteﬁ'as(H+?)——3~andﬁ'+~3—as (.H+?)+?.

Use the addition formulae for cos and simplify,

Challenge
a i Area=labsing= ¥y cos Bi(sin A) = Jxy sin A cos B
ii Area=jabsing = 3lx cos Al(sin B) = 3xy cos A sin B
i Area = labsing = ¥y sin(4 + B)
b Area of large triangle = area Ty +areaT,
3y sin(A + B) = FXysinA cosB + 1xy cosA sinB

sin(A + B) = sinA cos B + cosA sin B

Exercise 7B

2(/3 +1) 2(3+1) V203 -1 i
1 et preWd+l) v2(B3-1 /3 -
a ) 3 c 3 dvi-=2
V3 V2 2
2 a1 b 0 y Y2 LE b
(i > d 5 © 5
£ -1 g 3 h % i1 J V2

tan (45° + 30°) = 4n45° + tan 30°
1 -tan45°tan 30°

3 _ 343 _B3+3)3+3)
B-v3)3+.3)
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Answers

5 a cos105% =cos(45° + 607)
= c0s45° cos 60° - sin 457 sin 60°
_ l_xl_i_xﬁ 1—\3:\2—\6
v2 2 42 2 22 +
b a=2.b=3
6 a 3+43 p 4+3/3 10(3/3 - 4)
10 10 11
7 at b ¢ § 2=48 d !
5 B ] ' 10 7
8 a -4 b -3 c £
36 2
9 a 375 b ;L_:.% C —%
10 a 45° b 225°
Exercise 7C

1 sin2A =sinAcosA + cosAsind = 2sinA cos A
2 a cos2A =cosAcosA—sinAsinA = cos?A - sin* A

b i c0s2A4 = cos?A — sin?A = cos?A - (1 - cos?A)
= 2c08°A - 1
ii cos2A = (1 —sinA) - sin?A =1 - 2sin*A
3 {an24 = tanA +tand _ 2tanA
1 —tanA tanA 1 —tan®A
4 a sin20° b cos50° ¢ cos80°
d tan10° e cosec49” f 3cos60”
g §sinl6° h cos(g)
Ve V3 |
5 a '? '? C 3 d 1
6 a (sinA +cosAl?=sinA + 2 sinA cosA + cos?A
=1+sin24
s 2 . /2 _2+42
nZscost) =1+sinT=1+5=272
b 518+(58) +sing =1+ 5
7 a cosbd b 3sin4d ¢ tant
d 2cosf e 2cosd f 4sin’2¢
g sindd h -jtan20 i cos?260
P
L |
=7
a y=2(1-2x b 2xy=1-2*
. 2(4 -
¢ yi=4x(1-3%) d y2=-(43 %)
10 —,1: 11 :i]
12ai% i 52 iii 5 b £
- s 7 2y E e W2
13 a 1 -5 ii == iii 5
si 42 9_42
g singd wa, I _He
T I T
14 -3 15 mn
324+62-52_20_5 V2
16 a cs2l=————"-=_>-T75 h =
e 2x3x6 36 9 3
ol
2(2
17 a 3 b m=tan2d= L4)3—§xm=E
4
18 a cos2A = cosAcosA - sinAsinA = cos® 2A - sin*A
= cos2A — (1 — cos2d) = 2cos*A -1
b 4cos2x=6cos’x — 3sin2x
cos 2t + 3cos 2x — 6eos’y + 3sin2x = 0
cos 2% + 3(2cos?x — 1) — beos*x + 3sin2xr=20
co52x — 3+ 3sin2x=0
cos2x + 3sin2x -3=0
394

19 tan 24 = sin 24 _ 2 sinA cosA

cos2A  cosfA - sin®A

2sinA cosA

= cos?A _ 2tanA
cos?A — sin4 1 -tan?A
cos2A
Exercise 7D
1 @& 51.7%231.7° b 170.1° 350.1°
¢ 56.5° 303.5° d 150° 330°

2 a

=

10

-]

= 0

s

b

@ Full worked solutions are available in SolutionBank. #

in(f+Z)=si g L in™
sm( +4) smﬁt'.m,T cos fsin

= -%sinﬂ + —l_—cosb' = Tl_—(sinﬁ + cost)
¥

V2 v
0.Z, 2; I 2x
5 2m c 0, 5" 2
30°, 270° b 30°, 270°

3(sinx cosy — cosx siny)
— (sinx cosy +cosx siny) =0
= 2sinx cosy —4cosxsiny =0
Divide throughout by 2 cosx cosy
= tanx — 2 tany = 0, so tanx = 2tany
Using atanx = 2tany = 2tan45° =2
so x = 63.4°, 243.4°

5J|
U T Zrn : - e
o“’. 50°, 210°, 330° @ 5t 3w
AR d 21123
60°, 300°, 443.6°, 636.4° f g;_%
T om
g 2% % 5
0°, 30°, 150°, 180°, 210°,330° 1 =55, o
150°, 180°, 2107, 33 L T
~104.0°, 0°, 76.0°

0°, 35.3°, 144.7°, 180°, 215.3°, 324.7°, 360°

e

5sin 26 = 10 sin # cos #, so equation becomes
10sin# cosf + 4sinf = 0, or 2sin#(5 cosf + 2)=
0°, 180°, 113.6°, 246.4°
25in# cosé + cos?f —sin*f =1
— 2sinf cosfl — 2sin?# =0
— 2sin# (cost —sinf) =0
0°, 180°, 45°, 225°
LH.S. = cos? 26 + sin? 26 — 2 sin 2 cos 20
=1 -sin40=R.HS.

x 1=
24’ 24 (ﬁ) [6‘) cusz(ﬁ]
i RHS.= j '; 1 -
sec? (E) cos (E)
= 2sin (g) cos (—g) =sinf
ii R.H.S. = - (,%) o i (g)
1 + tan? tg) sec? (%)
= cos’ (2] {1 - tan® (%)} = cos’ (%) - sin? (g]
=cosf = L.HS.

i 90°, 323.1° ii 13.3°, 240.4°

— m B a

T_-



1 - cos 2x)
" a LHS_S[1+(0&2I] (1 -co
2 2
=1+ 2cos2x
b ¥

12

13 a

14 a

na

- 2;\../1 o _7:\_/7‘— T X
T 3 -1 3 3

Crosses y-axis at (0, 3]

70).(-5:9) (5.9). (3~ 0)
2 cos? (SJ _idtRe (g) _ 2(1 +£()5 9) N 4(' —;os H)
=1+cosf—2+2cos#=3cosl -1

131.8°, 228.2°
(sin®A + cos2A) =

Crosses x-axis at (

sin'A + cos' A + 2sin* A cos?A
(2sin A cosA)?
2
= 2 = 2(sin*A + cos* A) + sin224
Sin*A + cos'A = 3(2 - sin? 24)
Using a: sin*A + cos'A = 1(2 - sin?24)

So 1 =sin*A + cos*A + =

_ _1{2 _a —cns4/‘1}} _ (4 -1+ cos44) _ 3+ cos44
=2 2 - 4 N 4
& 5w Im 1lx

ST EETY
cos 39 = €0s(26 + 0) = cos 20 cos @ - sin 20 sin §
(cos®f — sin®#) cos# — 2sin O cosd sin f
cos?f - 3sin?# cosd
cos'# — 3(1 - cos?d) cosd
4 cos*t) — 3cosh

I

T oW 7
g g g

Exercise 7E

1

4 a cosf-v3sint=Rcos(+a) gives R = 2. r_r=§‘

-y

R=13; :am.:% 2

35.3° 3 41.8°

=

b y:2(‘.05(9+§

T eor B e

Y
2
1 /\

OlaNz  7r 3z 2.0

o] 6 2

25cos(f + 73.79 b (D, 7)

25,-25 d i2 §io0 i
R=V10,a=71.6° b 6=69.2° 327.7°
VBeos (26 + 1.107) b 6=0.60,1.44
6.9°, 66.9° b 16.6°, 65.9°
8.0°,115.9° d -165.2°, 74.8°

5sin(34 - 53.1°)

Minimum value is -5,

when 360 - 53.1° = 270° = g = 107.7
21.6°,73.9° 141.6°

10

11

12

14
15

o e

]

- -

a

a
C

Answers

5(1- (30520] B 3(1 - [:20520) +3sin20
=1+3sin20-4cos20,s0a=3,b=-4,¢=1
Maximum = 6, minimum = -4 c 14.8° 128.4°
R=110,a=18.4° 6=69.2°, 327.7°
9ecos’f =4 — 4sind + sin?d
= 9(1 - sin*f) = 4 — 4sinf + sin?@

So 10sin*# - 4sinf-5=10
69.2°,110.8°, 212.3°, 327.7°
When you square you are also solving
3cosf = —(2 - sin#). The other two solutions are for
this equation.
cost

sinf
cosfl + 2sind =1
#=126.9°(1d.p.)
/2 cosd cos‘?I +/2sind sini— +/3sinfl - sinp =2

x sinf + 2sinf = _1 % §in# =
sinf

= 088 + sinfl — sinf +/3sinf = 2
= coSf + \"'-3Si1'19 =2
w

3

R=41,a=77.320° b il ii 77.320°
R=13,a=226° b #=48.7° 108.7°
a=12.b=-5,¢c=12 d minimum value = -1

Exercise 7F

1

a

LHS, = €08*A - sin’A _ (o5 + sinA)(cos A - sin A)
T cosA +sinA cos7 + s
=cosA -sind = RH.S.

RHS.= {sin B cos A - cos B sinA)

2
T.25inA cosA
_sink

__ 2sin®*d
2sinf cos#

- - 2gin?
LS - 1=(1~2sin?g)

= = 3
T sind cos? tan#=R.H.S.

sin*#
cos?f
sin®#
cos’d

1 +tan®f _

LHS. = A
1 —tanZg 1-

_ tos’f +sin?g
cos’# —sin?é  cos 26

=sec20=RH.S.

L.H.S. = 2sin# cos#(sin? ¢ + cos’ )

=2sinf cosf = sin 20 = R.H.S.
sin (3¢ - f)
sind cos#
2=RHS.

LHS. = sin 36 cos f - cos 30 sin »

siné cos#
_ 2sinf cosd
‘sinf cosf

sin 260
sinf cosf

LHS. =1 __2cos20cosd _ 1 _
sinfl sin 24 sin#
_1-cos26 _1-(1-2sin%p)

proy- —E-‘?—__ =2sinf = R.H.S.

_2cos 20 cost
2Zsinf cosd

1 o]
=1 ={1=9%in2E
cos fl _ 1 -cosg e (1 et 2)
———=—8v_ \ 2/

L.HS. = i >
+1 + Cos 2 f
1+ (2(03 5 1)

cosf
2sinz?

~HHS
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Answers

-

h

3 a

1-tanx _ cosx —sinx
1+tanx cosx+sinx

L.HS.=

_lcosx - sinx)(cosx - sinx)
cos?x — sin®x

_cosfx +sin’x — 2sinx cosx _ 1 —si

B cos?x — sin?x - cozlgxzx =RHS
L.H.S. = sin(4 + 60° + sinlA — 60°) = sin A cos 60°
+ cos A sin 60° + sinA cos 60° — cos A sin 60°

=2 sinA cos60° = sinA = R.H.S.

LHS, < C0sA _sind _ cosA cosB - sinA sinB

sinB  cosB sinB cos B
cos(A + B)
=——— =RHS
sinB cos B
LHS. = sin(x +y) _sinx cosy +cosx siny
2T Cosx cosy COSX COSY
_sinx |, Siny _
= Cosx & Es—y =tanx + tany = R.H.S.
cosix + y) COSX COS Y — Sinx sin
{35 SEENR oy EF R
sinx siny sinx siny
_cosxcosy sinxsiny COSX COS Y
sinysiny sinxsinyg  sinxsiny

= cotx coty = R.H.S,

3

- sinh‘sin’—; +43 sind =%cos€—%~ sinfl + 13 sind

L.H.S. = cos [n‘) + %] + 3 sinfl = cos ¥ cos

_1 i JT—— T .

=3 cosfl + 5 sinf = 51n(9+6)_R.H.S,
cos (A + B)

H.S. = cot (£ Lol )

L ook +8) sin(A + B)

_ cosA cosB —sinA sinB

sinA cosB + cosA sinB

cosA cosB _sinA sinB
5 sinAsinB  sinAsinB EcotA cotB -1 —R.HS.
sinA cosB _ cosA sinB cotA + cotB
sinA sinB  sinAsinB
L.H.S. = sin®45° + 0 + sin245° - 6) = (sin (45° + gl
+ (sin(45° — )7 = (sin 45° cos @ + cos 45° sin 6

+ lsin 45° cos #l — cos 45° sin 0
= = 2 = P \ 2
= (‘—22- cos +l§2—sin 9) - (‘—22— cosf — "—zg—sinf))

= %(‘.0529 + cos# sinf + -é—sinzH + —124:0539

- cosf sinfl + %sirﬁﬁ = cos? +sin20 = 1 =R.HS.

L.H.S. = cos(A + B) cos (4 - B)

— (cosA cosB — sinA sin B) x fcosA cosB + sinA sinB)
— (cos2A cos?B) — (sin?Asin® B = (cos* All - sin®B))

_ (1 — coszAlsin? B} = cos? A — cos*A sin?B

_ sin?B + costAsin?B = cos?A - sin?B = R.H.S.

sinf cos# _ sin®d + cos*f

H.S.= — =

LH5 cosfl sinf sinfé cosé
-1 _2cosec20=RHS.
(%] sin 26

4

@ Full worked solutions are available in SolutionBank.

10

L.H.S. = cos*# = (cos?a)?

+ IIf
e

=

Ml

ool

Use sin 3# = sin(26 + #) and substitute
cos 26 = cos*f — sin®#.

Use cos 3¢ = cos(20 + #) and substitute
cos 26 = cos®f — sin® 4.

sin 3¢ _ 3sin# cos®f — sin®*f

tan 36 = =
cos 38  cos'f - 3sin“d cosf

_ 3tand - tan*f
1 - 3tan®*#

3
2/2 tanf = 2,2

1
oot 3p < OE =162 10/ _10/Z
1-24 -23 23

i cr;s.tchos’-’E-l
2
2 X _ 3
= 2 cos 5= 1 + cosx = cos®

ii cosx=1-2si cd
in’s

1 — cosx = sin? .1
2 2

=
=
Bl

2+4cosA+ 1+cos2A _ 3+ 4cosA + cos2A
8 = 8
= (1 +c.052f9)‘
2

(1 + 2cos 28 + cos26) Ei+%{50529

1+cosdf) _ 1. 1 1 =
%2—’)=E+ 2(:0523+ 3 - 3 cos 44

+ %cos 20 + é cos 46 = R.H.S.

[sin (x + y) + sin (x — y)sin (x + y) - sin(x — y)l

= [2sinx cosyl(2 cosx siny]

[2sinx cosx][2 cosy siny]

= sin 2x sin 2y

2 cos (29 & ::;] = Z(CUS 26 cns% - sin 26 sin 5)

3
V3

= 2(cos 26% - sin 29—5—) = c0s 26 — v 3 sin 20

4cos(26 - %) = 4cos 20 ccs% + 4sin 26 sin%

— 9.3 cos 20+ 2sin 20 = 2/3(1 — 2sin*f) + 4sinéd cos
= 23 - 4/3sin2f + 4sin#d cost

a RHS. =2 {sinﬂcosi + cosfsin f-}

4

=2 {sin HL_Z_ + €08 H%} = sinf + cos# = L.H.S.

¥ ¥

b RHS.= 2{5111 26‘{'.05«2- — cos 2 sin %}

a 2{sin 23‘—231 - cosZH—é-} — /3 5in 20— cos20 = LH.S

— —— pl—
& B



Challenge
1 a cos(A+ B) - cos(A - B) .
= c0sA cosB —sinA sinB - (cosA cosB + sinA sinB)

= -2sinA sinB
P+Q
b LetA+B=PandA-B=0Q.Solve to get A =g

and B = f_;_() Then use result from part a to get
. (P+ o
co5P - cos() =- 2 sin (TQ) sin (—22)

-Z(cos 8x — cos 6x)

sin(A + B) + sin(A - B)

=sinA cosB + cosA sinB + sinA cosB - cosA sin B

=2sinA cosB

LetA+B=PandA-B=0

. P+Q _P-

...4-—2-— and B = 5

29 (59
5 ) cos 5

c.sinP + sin) = 2 sin (

lr_P+Q5r_P-Q
24 2 24 2

Exercise 7G

1 a 025m b 0.013 minutes, 0.8 seconds
¢ 0.2 minutes or 12 seconds
2 a 0.03 radians b 0.0085 radians
¢ 0.251 seconds
d 0.0492, 0.2021, 0.3006, 0.4534 seconds
3 a £17.12, £17.08
b £19.40, 6.53 hours or 6 h 32 min
¢ After 4.37 hours (4 h 22 min after market opens)
4 a 224.7°C
b 2m17s,5m 265, 8m 345
¢ 17.6 seconds.
5 a R=0.5,a=53.13°
b i0.5 ii #=143.1°
¢ Minimum value is 22.5, oceurs at 17.95 minutes
d 3,13, 23, 33,43, 53 minutes
b a R=68.0074,a = 0.2985 b 138.0m
¢ 31.4 minutes d 11.1 minutes
7 a R=250,a=06435
b i 1950 V/m ii x=441cm, xr=1691cm
¢ 210=x<=671,1460 <1< 19.21
‘hallenge

L Ocm =x < 0.39cm, §.42cm < & < 12.89 ¢m,
20.92em < x < 25¢m

' Identifying the exact point of maximum field strength;
microwave oven would not work exactly the same every
time it is used.

lixed exercise 7

1
a:g hE C

=

10
11

12

13

14

15

sin.rzl_.sncos.r=i_
Vad \5
5 2 B} : . =i
ms(.r—yl=smy=:-—5—_cot,y+—:smy-smj
¥ Va
= 2 V8 41
= (5 ~1)siny=2cosy = tany = — =
va -1 2
a tanA=2 tanB =1 b 45¢

Use the sine rule and addition formulae to get

] = v3 9 2 1
Esmﬁ % 5 = E{:n)s.a' x5

Then rearrage to get tanf = 3,3,
75"

a i i

65 119
b Use cos[180° - (4 + B)} = —cos (4 + B) and expand.
You can work out all the required trig. ratios (4 and
B are acute),
Use cos2r = 1 — 2sin’y bt
i Usetanx = 2, tany = L in the expansion of
tan (v + y). '
ii Find tan(x - y) = 1 and note that x — y has to be
acute.
a Show that both sides are equal to
3k e 12k
2 4 -9k
a V3sin20=1- 2sin?6 = cos 2¢
1

=3tan20=1 = ta1129:—§
¥

5
2.

. 12' 12
a a=2,b=5,¢c=-1 b 0.187,2.95
a cosl(r—60°) =cosx cos 69“ + sinx sin 60°

-1
3

[EC

1 V3
== oSy +?smx

1
So (2 —gjsimﬁ %cosx = lanx= 2

b 23.8° 203.8°
a Using addition formulae:
cos x cos 20° — sin x sin 20°
=sin70°cosx — cos 70° sin x
Rearrange to get: sinx (5 cos 70°) + cos x(3sin70°) =0
sinax 3sin70° 3 —
= tanx = Ebﬁ =—m=‘-gtﬂn(0
b 121.2°
a Findsina = £ and cosa = % and insert in
expansions on L.H.S, Result follows.
b 0.6,0.8
a Example: 4 = 60°, B = 0°; sec (A+B) =2,
secA +secB=2+1=3
b LHS =5N¢  cosé _ sin®f + cos?p

cosé  sind —  sinf cos@
= T_]'_ = 2cosec 26 = R.H.S,
3 8in 26

a Sefting ¢ = g gives resulting quadratic equation in ¢,
#+2t-1=0, where t = tan [g)
Solving this and taking +ve value for ¢ gives result.

b Expanding tan & + g) gives answer: /2 + 1
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Answers

16 a
b

17 a
18 a
19 a
20 a

22 a

23 a

24

25
26

27

amEopERESTE D

2sin(x - 60)°

3604300 -120
69/ 120\ 3

-2

o e

Graph crosses y-axis at (0, —/3)

Graph crosses x-axis at (-300°, =0), (=120°, 0),

(60°, 0), (2407, 0)

R=25,0=129 b 32 c 6=012,1.17

2.5sin(2x +0.927) b 3sin2x+2cos2x+2 ¢ 4.5

o =14.0° b 0° 151.9°, 360°

R=113 ,a=>56.3° b #=17.6°,229.8°

LHS. = 1 1 1
§sin 26

"~ Cosh sinf = 2cosec2f = R.H.S.

LHSG = l+tanx 1-tlanx
1-tanx 1+tanx
_ (1 +tanxp-(1 - tan x)?
(1 +tanx)(1 - tanx)

(1 +2tanx + tan?x) — (1- 2tanx + tan®x)
1 -tan®x

_ _dtanx _2QW@NY) _, ;00 - RHS.
1-tan‘x 1-tan’x
L.H.S. = (sinx cosy + cosx siny) (sinx cosy — cosx sin i)
= sin’x cos?y — cos’x sin’y
= (1 - cos?x)cos?y — cos?x(1 — sin’y) = RH.S.
LHS. =2c0s20+ 1+ (2cos*26 - 1)
= 205 20(1 + cos 26) = 2 cos 20(2 cos*6)
= 4cos®f cos 26 = R.H.S.

1-(1-2sin*x) _ 2sin°x

1+(2cos?x—1) 2cos’x

= tan’x

H
[
=

ool

H
|

meowomon e

.-

S. = cos* 26l — sin* 20

(cos? 26 — sin? 26)(cos® 26 + sin® 26)

(cos? 26 — sin® 26) (1)

cos 4 = R.H.S.

15°, 75°, 105°, 165°

Use cos 26 = 1 — 2sin?¢ and sin 26 = 2sin# cos#.
sin 360° =0, 2 - 2cos(360°) =2 - 2=0

26.6°, 206.6°

R=3 a=0.2841
R=5.772, a = 75.964°
6.228 hours

13 sin (x + 22.6°)
168.5 minutes

b r=1.07,353

b 5.772 when # = 166.0°
d 350.8 days

b 3.8m/s

Challenge

1
b

398

c0s 20 + cos4f _ 2¢08 30c0s0 _ _.otp
sin 20 —sind4f -2 cos 30 sind

¢08 5% + COSX + 2 C08 3X

= 208 3x cos 2x + 2cos 3x

2 cos3x(cos2x + 1)

= 2¢os3x(2cos’x)

= 4 ¢os’x cos 3x

@ Full worked solutions are available in SolutionBank.

2 a 0= 0AB=Z0BA = ZAOB == - 20, s0 ZBOD = 26
0B =1, 0D = cos 20
BD =sin 26, AB = 2 cos
z BD BD
sinfl=—=——
AB  Z2cosf
So BD = 2sin# cos#
But BD = sin 2¢
So sin 26 = 2sind cosf
b AB=2cos#
AD = (2 cosf) cost = 2 cos®
0D = 2cos* -1
From part a, 0D = cos 26, so cos 20 = 2cos* 6 - 1.
CHAPTER 8
Prior knowledge 8
1 a t=-—2_ o
-k V3
R _ 1y (x-1
¢ t=e d t= 3ln( - ]
2 a 7-3cos’x b 2cosx/1— cos’x
¢ —S0F d 2cosx+ 2cosix -1
V1 —cos®x
3 a y>0 b D<y<2
¢ b=sy<3 d 0D<y<l
(4,7) and (-4.8,2.6)
Exercise 8A
1 a y=(@x+2P+1,-6=<x<2, 1=y=17
b y=G5-x¢-1xeR y=-1
c y=3—%.x=0. y=3
2
d = o 1 >0
¥=2_1 > L}
2
e y= 1+x21).r>0. y>4
L) Cer =) >0
SF el 4
2 aiy=20-10e"+ef x>0 i y=-5
1 g5 i 1
b i y:e:+2.x>ﬂ ii O<y<sg
¢ i y=x2>0 ii y=>0
3 a y=9x2-2, 0=x=V5 o=sy<i
b
20)
4 ai y=-3= i x>-3,y<9




Answers

bi y=Mtr-2x+7
i ~13<x<11,-§<y<18

iii Y
18

y=3x-2)x+7)

=7 *—"lr-?l
1

x-2

ii xeR 222, ycR, y=0

¢ i y=

y=2-¢*

-1
2
Sub tinto y =2 + 3¢

-

> a Ciox=1+2t1t=

_:,f=:=‘+3(‘t£1J=2+§x—§=§x+l

b= q _ 1+ 3x
Crz=ggt="3
oty t
1 = .
Sub into y 57 —3
1+ 3x 1 + 3x
| 2x _2x ~1+3x_3 i
oledr) 3~ 1 2 "Z'*2
: x

Therefore C,and €, represent a segment of the
same straight line.
b Length of C, = 3/13, length of =434
a x=x2iy=-2yz-3

_3 -3
b .1-_r+2'.f_x_)2

._
|

Subintoy =2t-3 - ¢

3 ) 3V\V_ 6 o 9
yzz[x—z)'3‘(x—2) “z-2 3G
_blr-2-3x-22-9
N (x-2)2
_6x—12—3x2+12x—12—9=—3x2+18x—33
- (x - 22 - 2)2

LBl A 3 b o= 11
fx-2)2

7 a x=Inlt+3 t=e*-3 Subintoyz%

o

1 1

———=— x>{)
ef—-3+5 e +2

y‘:
b 0<y<l
3

xb 2x2 o3
sEe—=-"—0=sx=<3/2
8 ay=75-5 '
dy
= -2t,—=312-2
b y=£3-2¢ =
4 5 2 2
— Hg Py [ = =
0=312-2 t 3 r‘;‘3
¢ -4:—')(‘sﬂxls4
9 a y=4-32:-x=\.-1~?
Sub into x = 3 — t = t{12 - 1)
T=d-yd-y-1)=/A-y3-y)
2% =4 - y|i3 - y)?
a=4,b=3
b Maxyis 4

Challenge
1-g2R ., _ 4
(1 +¢22" (1 + 122
(1 SE L 42 1-204 412
(141222 (1+¢22 (1 + ¢2)2 (1 + 22
120 +et (14022
(1 + ¢2)2 (1 +¢2)2
Sox?+yi=1
b Circle, centre (0,0), radius 1.

a 2=

x4yt =

Exercise 8B

1 a 25(x+ 1P+ 4y -42=100 b y*=4x1 -y

2.‘\?\"1_—?
1 - 222

r .=‘)'z=]~+—(%)E

C y=4:r'-’—2 d y=
4

e y=—2_

x-2

2 a (@+5P+(y-20=1

b Centre (-5, 2), radius 1
¢ OD=t<2;

3 Centre (3,-1), radius 4
4 (x+2P+(y-32=1 A

=Y
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Answers

V2 2001 -2
5 a FJ=?I+%.—1<.\‘<]
3. V9-273
b t=\—'—\ i
L) 3-1 3 '2<.rc3

¢c y=-3xr,-1=zx=1
6 a y=l—e,ﬂ~:.r58
P

b ¥

0! é x

L#
7 y=-i Domain: x >0
J+x
8 a y=9x1 —12.1"l=:-a=9 b=12
b Domain: (]<x< .Range: -1 <y =1

9 y=sintcos ((—1] - cost sin (E]

=l~2'isinr-,1§c05t=.——-_—x

= l(g‘q_—%rz ) %l 12-32%Z -

4170
t=0=x=2,t=n=x=-2,50-2<x<2
10 a y?=2:':[_1—xlﬁ) b x>50<y<5
11 x=-_—y=:.x>0
V9 -y
Challenge

(4y? — 2+ 2x) + 122" -3 =0

t 4|83 | 2|10
x=£ | 16 | 9 4 1 0
3
y:% -12.8| -54 | -1.6 | =02 | ©
t 1 2 3 4
x= | 1 4 9 | 16
3
y:% 02 | 16 | 54 | 128
Wa
144
124
104
8_
6_
4
i

6 810121416~

4
-6
_84
~104
12
m w m™
¢ 2 | 76 iz | °
r=tant+1 0 0.423 | 0.732 1
y =sint _0.707| -0.5 [-0.259| ©
t &, r =, s
12 6 4 3
r=tant+1 | 1.268 | 1.577 2 2.732
y=sinl 0.259 0.5 0.707 | 0.866

y{ m

Exercise 8C

1 |t 5] 4| 3| -2 | -1]-05
x=2t| 10| 8 | 6 | -4 | -2 |
y=3 | -1 |-125]-167|-25| -5 | -10
t 05 | 1 2 4 | 5
x=2t] 1 2 | 4 | 6 | 8 | 10
y=3 | 10 | 5 |25 |167]125] 1

W 12141618 2 2224267

a y
17

et

|
=
]
™
=
I'.
P
-
=Y

LY YA

T~ N

-244

400 @ Full worked solutions are available in SolutionBank. #



Answers

d Y [ Ua
; ' ‘;
0]
f y
3
T [ _;
=3 ?_‘ \_/ X
5 a y=(B3-x2-2
b y
7
-2-’0 N~ 5 7
6 a (x+2°+(y-1)2=81

As t approaches -1 from the
positive direction, the curve
heads off to infinity in the
2nd quadrant.

As t approaches -1 from the
negative direction, the curve
heads off to infinity in the 4th

=51 quadrant.
Exercise 8D
1 a (11,0) b (7,0 ¢ (1,0)(9.0)
d (1,0)(2,0) e (2.0)
2 a (0,-5) b (0.53) ¢ (0,000, 12)
d (0,1 e (0,1
3 4 4 4 5 (53

. a (—4- lUJ (0, cos 1)
3
b (? U) 0, 1)
c (1,0)

a (e+50) b (In8, 0), (0, -63) ¢ (3,0

10 t=%1=-1,(3%.0,-1
11 t=% (In?,nd)

12 a
b

C

13 y=2x-5=4tt-1) =220
Discriminant = 87 —

(6(:05( U).(f)('.()& 3"] U}
4sin2t+2=4=4sin2t=2 = sin2t = 0.5
- ST 4. & 57

H=fg Hi=p s

(.6(:05 (%J 4} (fnzﬂs (%J 4]
-5 =4t*-8t+5=0
4x4x5=64-80=-16<0

Since the discriminant is less than 0, the quadratic
has no solutions, therefore the two equations do not
intersect.

14 a

cos2t+ 1=k
maxofcos2t=1,s0k=1+1=2
minof cos2t=-1,50k=-1+1=0
Therefore, 0 = k < 2

b y=1-2sin?t+1=2-2sin2t=2- 2¢?
k=2-2x=2¢+k-2=0
Tangent when discriminant = 0
Discriminant =02 - 4 x 2 x (k- 2)= 0
Bk-2)=0=k-2=0= k=2
Therefore, y = kis a tangent to the curve when k = 2.
15 a A1), B9, 2) b Gradient of / = g_:_l %
c x-5y+1=0
16 y+3x-V3=0

17 a A(0,-3). B3, 0)

b

c

Gradient of /| = 4
Equation of I, and £: y = 4x + ¢

. 4e-1)
-4

=2 F-(8+0t+4=0

Tangent when discriminant = 0

(~(8+e))* =4 x1x4=0

64+ 16c +¢*- 16 =

c+16c+48=0
e+d)c+12)=0=¢=-dorec=_12

So, two possible equations for L. and {, are
J dr -4 and y = 4x -12

3 -2? I:Z -6

te=t-4t=4t-4+¢t

Challenge
(1, 1), (e, 2)

Exercise 8E

1 a
c
d

2 a
b
{ ]

3 a
b
¢

4 a

83.3 seconds b 267Tm

f_ﬁ—q—z:-y:—?).zﬁ:y:—%éx

which is in the form, Y =mx + cand is therefore a
straight line.

3.32ms!

3000m

Initial point is when ¢ = 0, For ¢ = 330, y is negative
ie. the plane is underground or below sea level.
26400m (3 s.f))

35.3m

Between 1.75 and 1.88 seconds (3 s.f)

30.3 (3 5.£).

1 seconds b 2m .
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Answers

¢ = -;- =y = —4.9(%)3 + w(%) =492, 5z

Therefore, the dolphin’s path is a quadratic curve
d 250

o i3
5 fi= i OSE = -
B sit=qg W=Tx
2
= 2 _19)2 =
(_12) 1=x%+{y-12)2=144
Therefm_'e._ motion is a circle with centre (0,12) and
radius v144 = 12,
b 24m ¢ 27 minutes, 12 m/min
6 a 486(3sf) b Depth=2
7 a2 b (0.2),(0,4)
o(tE-3t+2
¢ 2;“2[4..f J+10
22=20-6t+4+10t=0=4t+4=1=-1
Since, ¢ > 0, the paths do not intersect.
8 a 10m
b k=1.89 (3 s.f). Therefore, time taken is 1.89 seconds.
¢ 34.1m(3s.)
4
t=
d 18
49
=- = = )
y 49(18} +4(18)+10 ~ipapk +9x+1[
Therefore, the ski jumper’s path is a quadratic
equation. Maximum height = 10.8 m (3 s.f)
9 a r:% b (50, 20)
¢ (77.87,18.19)
"3: <1< % which is when sin 2¢ is decreasing,
hence when y is decreasing, hence the cyclist is
descending.
10 a (4.35,4.33)(3sf) b 25m
¢ 3.47m(3s.f) d -7.21
Mixed exercise 8 T
= x y\* _
1 a AG4.0.B0.3) bc23.3 e(3)+ ) =1
2
3 a y=lhZx- 1}-%.x> el +1
b J >1+In2
4 - Inl4) - 2. 0<x<ty>0
1o 2 2
5 ay=1-2x b 5 T3
1
6 E = 'J_: -
Sub intoy = asmaci
) 1 .
- 1 ) 1 1 1
(1+2-1)(1-%+1) (Hz-3)
x¢ X
y= y
1 VL e |
#(L)2-3)
402

7

8

a (x+3)PF+(y-5F=16 b

e (0,5+V7)(0,5-7)

a ¥(l+0)=2-3t=xt+3t=2-x=1txr+3)=2-

2-x
r+3
Sub into y =

==

342t
1+t

3+2(2 ¥

x

x

2x

¥= r+3+2-x 5

2-x\
L+ [J: + 3)
_x+13 =l E
S =y 5x+ 3
This is in the form y =
is a straight line.
4/26

jy el
5

9 a y=2/x+2

b Domain: -2 <x =2, Range: 0sy<+4

'41/

L
-2 0 -

5

10 a cost:%,sinr.:y;

b 7] ¢ 2w
5 0 5 %
H1t
G
11 a y=2"+4x"+4x b
) 0

; 2
(§)£+(y;5) =1=ax2+[y+57°=4

Since 0 = ¢ = , the curve € forms half of a circle.

x+‘%] Jr+3+22-2x_3x+9+4-

mx + ¢, therefore the curve €

@ Full worked solutions are available in SolutionBank. #




Answers

] [
12 4 - =4(t-3)+20= 0=+ 4t +4 U:(P—Z-)-&‘? A B
Discriminant=4*-4x 1l x4=16-16=0 = B w\,
So, the line and the curve only intersect once. (1 5 14 Tt {,)r
Therefore, y = 4x + 20 is a tangent to the curve. 5 .
13 a (5.e°-1) b k>-1 ”z(\T‘{_}g)
14 a A(0,-3), B(1,0) b x-2y-1=0
15 x+yln 2 n2=0 .. Shaded area )
oo U
= )= 30¢ =—(3v3 —m)
16 a = 8(] sub into y = 3000 - 30 . g & > i
R - s D A
¥ = 3000 - 30(@) =y =3000 - 2x

9 a 3sin*x+7cosx+3=31-cos2x)+7cosx+3
=-3cosx+T7cosx+6=0
Therelore 0 =3 cos?x - 7 cosx - 6

This is in the form y = mx + ¢, therefore the plane’s
descent is a straight line.

b k=99 ¢ 8458.56m b x=230 3.98
17 a 1022m o crmall
5 5 10 a For small values of #:
b 1000 =50/2¢ = t=10/2 : G .
; = 3 =4, cos4f = 1 - 2462 tan 30 = 30
Sub into y = 1.5 - 4.9¢* + 50/2¢ _ SR . e
Y =1.5-49(10/2)* + 50V2(10/2) sin4df — cos 46 + tan 30 = 46 — (1 - __Z_) + 30
§ =2l =802+70-1
21.5 > 10, therefore, the arrow will be too high
¢ 11.8m (3s.f) b
18 a 976m, 2 hours b 600m 11 a . ' . y=4 —‘2cusecx
19 a 10m b 80m 4 ! U ! ]
20 a 10m b 1 second ¢ 0.9m : ' 6 ' :'
] ] 2 ) 'I
Challer_lge i _2-r:| = E—r 0 -JI ZTE_;
a k=3 b (4.3 [\ T
Review exercise 2 b Bk '
: Tn 3r (T o\ (57 T 117 5«
1 xeaxis: (-4Z 0], (=27 o), (T, 12 a = b k=2 € — —=
zaxis: (~F, 0). 4“)(4()”4 o) 3 12" 12
ey, B 13 cosx  1-sinx _ cos’x + (1 - sina)?
Y-axis: (0- \.'2') & T sinz 7 cosx cosxil - sinx)
2 a y _ tos®r + 1 —25inx+sin2x= 2-2sinx
1 y = cos(x "%) , cosxl1 - sinx cosxfl — sinx)
/ = CosE = 2 secx
0 P | o X 37 5x 11w 137
4 3n 27 X h p=2%27 .7 lomw
5 *SEE
=1 14 a Sinf  cosd _sin?6 + cos?
cosé  sind cosf sinfl
b y-axis at (0, 0.5), x-axis at ( U) and ( ) 1 2
¢ x=289 xr=549 T =szﬂ=2(:usec29
3 a 1.287 radians b 6.44cm 9 sin 26
4 12+ 2rem by
> a —[r + 10129 - ~r‘9 40 = 20rd + 1000 = 80 rU.’ :U.’ i
" i H h ;
=~rﬁ+56=4=>r=5-:.~ 2 :' ; ' ;
b 28cm : : "
» a 6em b 6.7 cm? 0 F6 a(io 2 .;e_ﬁ
7 a 119.7 em? b 40.3 em ki 9:0 ]3;0 2-{“ 3?“
3 Split each half of the rectangle Im: :/\:
as shown. ; i ' :
T Y = 2cosec 26
g BT ¢ 20.9°,69.1°% 200.9°, 249.1°
73 15 a Note the angle BDC = ¢
Area?:—g—r- cosﬁ_%:BC_IUmsﬂ
1 V3 w
= Area R (__-8_— E)’z -:m{!—EﬁBD_ 10cotd
b 10cotd=10 5 cotp= L g_x
y 3 V3 3
DC =10 cosé cotd = 10[,1)( 1:) 2.8
2/\y3 v3
403




16 a sin?# +cos*f=1
sin®fl | cos?d 1 'y I
cos2f  cos?f cosZf Y1 S 5eey
b 0.0° 131.8° 228.2°
17 a ab=2,a=2
b
b 4_,-b~’= 4—1)?:4—[)3:[.)._,
at-1 4 4 4-¥¢
b2 b2
18 a I - y=arccos z
a 3 I = arccosx b 5
19 a arcuns%: p = cosp= %,-

Use Pythagorean Theorem to show that opposite
side of right triangle is vx? - 1

i T . VxE-1
sinp = = p = aresin

b Possible answer: cannot take the square root of
a negative number and for0 = x < 1,2*-11s

lli:‘g,ﬂtl\ e.
20 a 3_ Y
(-1, 2}

g
i
(1.-21
(1
b [—.0
(L0) _
tana + —
| 3 _ 1
21 t11‘1(1+6)_6=> 3 o
1-—tanx
Ty .;
6tanx+2-§=1—%mnx
(18;"3)mnx=1—r_’\?
tanr—qdﬁ"g 18—\3 _72-111V3
18+.3 18-v3 321
22 a sin(x + 30°%) = 2sin(x - 60°)

sinx cos 30° + cosx sin 307
= 2(sin x cos 60° — cos x sin 60°)

\3
2

/3 ginx + cosx = 2 sinx — 2/3 cosx

sinx +—é co5X = 2(l sinxy = ; ('m.r]

(L2 4+ /3) sinx = (-1 - 23) cosx

sinx l1_2ﬁ_=—_1—2\ _2_‘3
cOSX _2.4,3 -2+43 -2—\3
_2+43+3+46 g, 53
4+2\3"2\3—3
b 8-573

404

24

28

29

30

31

s oe T

b

sin*f

cos26 =1 - 2sin?f = sin?f =

sin 165° = sin(120° + 457

=5in120° cos 457 + cos 120°sin 45°
o E] " __1: _—_‘]xl__ V3 =1 _ V6 -2

2 272 4

2722 B

1

sin 165°

- 4 iz !\g + \2] -
V6 -v2) 6 +2)

cosec 165° =

4/6 + 2] =il
6-2

i~

3 . —y
054 == 5 =
cos 3 = s5inA4 y

sin24 = 2sinA cosA = g(%f)[

cos24 =2cos*A -1 =

si_n_ziz(s)

tan24 = A [1 )

~180°, 0°, 30°, 150°, 180°
~148.3°,-58.3° 31.7°,121.7° (1 d.p.)
3sinx + 2cosx =13 sin(x + 0.588...)
169

— 1 =2.273.5.976 (3d.p.)

cosfl _ sind _
sm& coséd

_ cos%A — sin?f
sin# cost

cotf —tant =

i cos 2
i
— sin 26
2-;

#=-2.95 -1.38,0.190, 1.76 (3 s.f.)

29032& ~ 9 cot28
sin 26

c0s 38 = cos (26 + 0) = cos 20 cos B — sin 20 sinf
= (cosf — sin?#) cosf — (2sind cos#) sinf
= cos? ) — 3sin?# cosd
=cos?f — 3(1 — cos? ) costl
= 4cos?f — 3 cosfl
=27 _-212
1942 38
= (sin? Allsin® 6

sec 34 =

1-c0s20
2

sintf = (1_—%%_2”}{1;3@)

sintfl = %H - 2 cos 20 + cos® 26)

sintfl = %[1 —2cos 26 +

>
1

sintfl = % - Ecnsz{i + -;Ecos%'

a

b
c

d
a

@ Full worked solutions are available in SolutionBank. #

/40 sin (4 + 0.32)
i V40 it ¢=1.25
Minimum of 2.68°C, occurs 16.77 hours after
9am = 1:46am
{ =225 t=7.29.%0 11:15am and 4:17 pm
rz1,y=-125

-4 4

t= = —

-1 1-x




Answers

92(1:]2‘3(1:)”

16 121-2a (1-x?

Y=-2 -27 1-22
_16-12+12x+1 - 2x + 22
y= 1-x2
y=22r102+5 o 4 b_10,0=5
1—x9
32 a t=e -2
3t Je* -6
¥= =

t+3 er+1
t>4d=p"-2>4=¢">6=2x>In6

b r=4:>y_r1-g.r—’00_;—-372<y<'3
_ _1-x
33 x= Ir::-i‘f--v P
y= 1 = x :—"-:—
: 1 x=-(1-x) 2x-1

=
34 a y=cos3t=cos(2¢+ ) = cos2f cost — sin 2t sin ¢
=(2cos’t - 1) cost - 2sint cost
=2cos’t - cost — 21 - cos?t) cost
=4cos*t - 3 cost

x=2cost= cost=2=

e

y= 4()—3[) —u =3
b 05x¢2,-1<,~i1

35 a y= sin(r+EJ = Si]h’.l‘.(‘ls'{—_"+{‘.osfsill-?
3 b

51[1£+%[‘.t)‘if
E-ll']f+—;-\]—blnt
=*_2x+%\?ﬁ
-l<sintsl=-1<zx=1
b A=(-05,0),B=(0,0.5)
= £ = 3= =
36 a y_2(3J 1,-3szx<3
b
Yy 5
—ofX)_
! ,”‘2[3] :
1 |
| :
o R
-3 3N 73 3¢
V2 -1 2

37 y=3x+c= 842t - D=34t+c=162-20t-¢=0

(=20)% - 4(16)(~c) < 0 50 64c < -400 = ¢ < -%-1
3y '3 33
38 a (—— 5 ) and ( U)

b 3sin2t=15 :w;ng:%

]
&
1
|
o
3
i
£
5
-
~
3
1

37 17

E

==L

676" § T V=g
1

:;I:{

12" 1%

39 a 49+ 25t+50=0

=25 + 25% - 4(-4.9)(50)

2(-4.9)
t2-154,t=0664s = k=664
b ot==%
25/3
, 2
=25(—2% - 4.9(—%_\"+50
# (25\'3_ (25\3_]
X 49 0
=3 187500 T

1=6.64 x = 25/3t = 25.3(6.64) = 287.5
Domain of flx)is 0 = x = 287.5

Challenge
=2
—:1

i 2+ 3r

2 a sinx b cosx € Ccosecxy
d cotx e tanxy f secx

3 a sin? +cos¥=1

e 2
(‘;3 +(y+1) =1=(r-32+(y+1)2=16

4
Y
(V2 +3,242-1)
0 >
-1, —I}L ‘ *
b 227 x4)=3rx
CHAPTER 9
Prior knowledge 9
1 a 6x-5 2 ¢ 8x-162°
X= Z\
2 y=-6x+17 3 (0,2),(0,42),(11.1,0)
4 0.588,3.73
Exercise 9A
1 a f'm= Iim(——-—ﬂx b= ﬁx')
h—0 h
= “m(&s{x + hl - cos ;r)
frat) h
_ Iim(ms rcosh - sinx sinh - cns.r)
A= h
_ “m(ms Xlcos it — 1) - sin x sin IJ)
=0 h

= !‘ma([(ls';le—J cosx — (5“%?) sin,r.)
b Ash —‘[J‘ cos i — I,so(gm—z‘-—]) — 0

and (ﬂzj) — 1

So f'ix) = }rmllj([ms’:: 1] cosx — (%J siu;r)

=0 cosx —sinx = —sinx

2 a -Zsinx b cos (x|
¢ 8cos8x d 4cos(x)
3 a -2Zsinx b -5sin (x)
¢ -2sin (x| d —6sin2x

405
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Answers

4 a 2cos2x-3sin3x b -8sindx +4sinx - 14sin7x
¢ 2xr-—12sin3x d "}E"' 10 cos Hx
X
5 (0.41,-0.532), (1.68, 2.63), (2.50, 1.56)
6 8 7 (0.554,2.24),(2.12, -2.24)
8 y=-5x+5m-1
d
9 Y _4x—cosx
dz dy,
Atr:;T‘y:erz.—J=4rr—cosrr=4w+l
dx
Gradient of normal = - ———
47+ 1
Equation of normal:
5y 1
y— 2rt=———x-m
y rr
dr+l)y-2rdr+ )=-x+m
x4 dr+ 1)y -8t -27"-7=0
44+ Dy -787*+ 27+ 1)=0
10 Let flx) = sinx
i Iimﬂx + ) - fix) _sinlr+ hl — sinx
) h h
— lim SnX cosh + cosx sin /2 — sinx
T xS0 h
_u[fcosh—1) sinh) .
= le“ — % ] sinx + [ A ] cos :r]
Since (K‘;::—l — D and % — 1 the expression
inside the limit — (0 x sinx + 1 x cosx)
So |IIHM = COSY
fi—0 h
Hence the derivative of sinx is cosx.
Challenge

Let f{x) = sin (kx)

. C flx+ B -t . (sinlkx + kh) - sinkx’
f'ix) = lim| —————] = lim )
h—0) h h—0 h
_ lim[sin kx coskh + cos kx sin kh — sin kx)
hs0) h

As h—O,(’%I] —kand(

= lim(((‘;-—-—03 k;: — ll] sin kx + [S’%) coskx)

coskh -1\ acai
i ) » 0 as given,

So ['(x) = 0 sinkx + k cos kx = k coskx

Exercise 9B .
7 x 1y, 1 1
1 oa 28" b 3In3 ¢ [E]mz d o
e 4(5) Ing r < g 3e¥+3e™ h -e'+e
Ay 3
ix 9 2
2 a 3%4In3 b [2] 2in
¢ 2%8In2 d 2%3In2-2*In2
3 32395(2dp) 4 4y=15In2(x-2)+17
, d ;
5 %:2(32‘—% Atx:]._r;:e{ﬁ:Zei—'i
Equation of tangent: y — e* = (2e2 - 1)x-1)
=y ={2e*-1)x - 2e?+1 +ezwy=[2e"—ﬂx—c3+ 1
6 -9.07 millicuries/day
7 a P,=37000,k=101(2 d.p.) b 1178
¢ The rate of change of the population in the year 2000
406

8 The student has treated “In kx” as if it is “e**" — they
have applied the incorreet standard differential.
Correct differential is: %

9 let y= ks = y= plna™ = pkrinag
d_y = kIng etxne = L |n Ina's — gkl |
P ) = a e = gtk lna

10 a 2e=-2

x
b 292“--é=2 = 2ae* - 2=2a=ale*-1)=1
11 a 5sin(3x0)+2cos(3x0=0+2=2=y
When x = 0, y = 2, therefore (0, 2) lies on C.
b y=—1%x+2

12 y=- 1 X+ = 1 + 162
3 648In3  6481In3

Challenge

y=3x-2In2+2

Exercise 9C

1 a 8(1+2x)° b 20x(3-2x%)"
¢ 203 +4u)* d 7(6 + 2x)(6x + x*)°
e ——lé—. f - 1_—

(3 + 2x)? HNT—x
g 128(2 + 8x)° h 18(8 - x)7
2 a -sinxe™™ b -2sin(2x-1) 1_
2x/Inx
d 5(cosx — sinx)(sinx + cosx)
e (6x—2)cos(3x*-2x+1)
f cotx g —8sindx e h —2e* sin(e* + 3)
3 -1 4 y=-54x+ 8l 5 12e3 z
1 1 1 4y

il 2y+ 1 et +4 czsecz_y 4 1+ 3y°

7 L ; g 1L

9 =X
a e ay
b y=lhxe'=x

Differentiate with respect to y using part a
ey 1.9
dy ey dx
d
Since x = e, (% =%
10 a 4cos2(F)=4 (3)=2
6 2
When y = 7, x = 2, therefore (2, %) lies on C.
6 6/
b gi - _8sin2y )
At 0f2 7). 9% - 8 sin2(E) = - (ﬁ)z_mi
ALQ(2, 6.)' e 8 s1n&(6) =815
. dy 1
e R
dx 443
I 4\-§r—y—8y'§+~g:0
11 a 6sin3x cos3x b 2(x + 1e=1" ¢ -2tanx

2sin2x 1 (_1_]

e ——Co0s
x2 X

(3 + cos 2x)2
12 3125x - 100y -9371=0 13 9In3
Challenge
- OO . b 9esindrd cos(3x + 4)sin?(3x + 4)
4y/x sin/x

@ Full worked solutions are available in SolutionBank.
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Exercise 9D
1 a (Bx+DY18x+1) b 2(3x% + 1)421x* + 1)

¢ 16x%x + 3)37x+9) d 3x(5x - 2)(5x-1)°
2 a -Hx-3)2x-1) e

b 2cos2x cos3x — 3sin 2x sin 3x

¢ e‘(sinx + cosx) d 5cos5xIn(cosx) - tanx sin5x
3 a 52 b 13 e 5

1 343 ﬁ‘

4 (2'{”' 'I 3 27 256

6 V2mir—-4kx+ 8y~ W\J"_Z_(%z) =0

7 6x(5x — 30 + 323(5x — 3)(5)] = 6x(5x — 3 + 452%(5x — 3)°
= 3x(5x — 3)42(5x — 3) + 15x) = 3x(5x — 3P(10x — 6 + 15x)
=3x5x-3)25x-6)=n=2,A=3,B=25,C=-6

8 a (r+3)3x+11)e* b 85e°

9 a {351nx+2cnsx]h1[3x]+w
b x}(Tx + 4)e™ 3

10 21.25

Challenge

a -e'sinx (sin®x — cosx sinx — 2 cos®x)
b —(4x - 3)%(4x - 1)4(256x° — 148x + 3)

Exercise 9E
5 4 5
x+1)2 (3x - 2)2 (2x+ 1)2
d - 6% 152+ 18
2x - 1) (52 + 3)}
2 a e¥sinx + 4 cosx/ 1 Inx
cosy xle+ 1) (x+1)2
. e (2x(e* - 1) Inx —e™ - 1)
x(lnx)?
d (e + 3)2%le* + 3) sinx + 3e* cosx)
cos?x
2sinx cosx  sin‘x
Inx xlln x)2
3 L g 5 5 (0.5, 2e)
16 25
Y
; 6\'3‘2.& ]l’l(q)
6 y=ge ) ———
8 a (10 b y=-4x+5
9 1¥3x sin 3x + 4 cos 3x)
cos?® 3x
10 a %= 2P2e%) — e*2(x — 2)] _ 2(x - 2)%e® — 2ex — 2)
[x - 2% x -2
_2lx -2 - 2% _ 2eMlx-2-1) _ 2e*x -3
(x - 2)3 (x—2)% (x-2)%

A=2,B=1,0=3
b y=4e%x - 3e?

11

12

a

Answers

2x & 6x = 2xilx + 2) bx
x+5 (x+5Mx+2 (x+5lx+2 (x+5lx+2
_2x(x+2+3) _  2xx+5 _ 2x
Tlx+5Me+2  +bx+2 +2

&

25

f'(x) = =2e" % (2sin 2x — cos 2x) = 0

2sin2x - cos2x=0=tan2x=1

-1.47 < f(x) < 6.26

Exercise 9F

1

a

T B o0 B DR O O OR R

-

dy

dx

2xsec?2xy — tan 2x

3 sec’ 3x b 12tan®x sec*x ¢ sect(x-1)
1,2 app? 1 . 1 ; 1

3¥°sec? 3% + 2x tan;x + sec?(x —

b 5secb5xtanbx

d 6sec’3x tan3x

r sec’y (2xtanx - 1)

12

—4 cosec® 4x

—4 cosec 4x cot4x

cot3x — 3x cosec” 3x

-6 cosec® 2x cot 2x

—4cot(2x - 1) cosec?(2x — 1)
1 -1 "

J(secx) tanx ~Licotx) ™ cosec?x

2tanx sec’x

-3 cot* x cosec’ x

-2 cosec’x cotx
3 sec’x tanx
2xsec 3x + 3x?sec 3x tan 3x

L I - P —

[I%]

2x tanx — x%sec’x

x? tanx
ersec 3x(1 + 3tan 3x) w
xtan®x

e rsacx (tanx + sec’x)

1 _ - .1'J b 2
cos’x sin®x
24y -9y +12/3 - 87 =0

1 dy _ cosxx0-1x-sinx _ sinx

cosx’ dy cosZx cosZx
1 =secx tanx
Y S
Y tfanx
L
nyx0-1xsec’x sec’y C0os”x y
= B8 - R e o= = = C0Sec’x
tanZx tan®x sin®x
cos°x

a

b

Let y = arccos x = cos y =x :g—xz—siny
Y

dy_ 1 __ 1 _ 1
de  siny  T—-cos?y V1-x%
Let y = arctan x

Then, tan y = x

4% _ coe2
iy secty
a7 1 1 1

dr “secly 1+tan’y 1+x2

407



Answers

9 % T S
5 cot 3y cosec by Srvxi-1
Exercise 9G
2t-3 6t Bl 15¢t*
1 a b —=t ¢ d
2 61 1+ 6t 2
g 2t 2
e -3t fo1-t . __a
R @+ 20)e
: 2 sin 2t
i —2tan3t j 4tant k cosect e
% s 2 -2 cos 2t
m n 2 o L
te! et
2 a :;:—1.r+§—: b 2y + 5x =57
’ P 2
3 a x=1 b y+v3x=\3
4 (0,0)and (-2, -4)
5 a y=1x
dy 1,
t=0=et=0
i 29 e (
No solution, therefore no stationary points.
6 y=x+7
7 a —% sect cosec't b 8xr+3y-10=0
8 X
%3
d
b o —4 cot 2t cosec 2t, dx _ 4cost
dt dt
dy _ —4cot2t cosec2t _ ~cot 2t cosec2t
dax 4cost cost
= dy 4
Att==,—==
3 dr 3
Gradient of normal: —%
Equation of normal:
;-i§ -4x 2/3) = 9r + 12y - 343 =0
9 a (30,101) b y=2x+41
c F-10t+5=2(+1) +41
=10t +5=2t"+ 2t + 41
0=¢+12t+36
Discriminant =12 -4 x 1 x 36 =144 - 144 =0
Therefore the curve and the line only intersects once.
Therefore it does not intersect the curve again.
10 a -2/2sint b x-/6y-2/3=0
¢ 2sinf-+v12cos2t-2/3=0
sint —3cos2t -3 =0
2¢3sin*t +sint - 2/3 =0
(2sint -3)(v3sint+2)=0
sing =12 (biilli - —?:3) »t:%or%
B is when ¢ -& (dsmz,—;, V2 cns%) = (\3_. - %)
Same point as A, so [ only intersects € once.
408

m Full worked solutions are available in SolutionBank. #

_cos2( 33
1ha sint b y=-x+ 4
c y=—41'and_a',:=—.r~ﬁ
4
Exercise 9H
Letting u = y", j= ny"!
d
d dom - du _ d!( ¥ _ ny”-‘—y
dx dr d_j dx dx
2 E;]—I[ny] = .1‘5;;3] + %u’]y = ,rday +1lxy= xg—i{ +y
2x x -3-x
3 = s
b Ty s © By-a
4 - bay . 3x% -2y 3xt -y
3x2 + 3y* by — 2+ 2x 2+2x
4r—yP-1 ey — e¥ —2/x§ -y
1+ 4o -y xe¥ —ef 4y, 3y +x
4 y——~9~x+% 5 y=2xr-2
6 (3,1)and(3, 3) 7 3x+2y+1=0
8 2-3In3 9 1i4+3In3l
cosx T 27 T _2n
10 a i b(2 SJand( ]
1 ! -3x
1 i 3+ 3ye
e~ —2y
b Ato, 3 3+0 _
dr e'-0
So the tangent is y — 0 = 3{x — 0), or y = 3x.
Challenge
dy dy dy z-y-3
a ‘}+2g&+2y +2xa=2x$a=ﬁ

So ﬂ =0er-y=3
dx
Substitute: 6x + (x — 3 + 2x(x - 3) =
So2x*-b6x+9=0
Discriminant = —-36, so no real solutions to quadratic.

d
Therefore no points on C s.1. d—y =0

X
b (0, 0)and (3, -3)

Exercise 91
1 a i [1,=) ii (-o0, 1]
3 55 3

b i unnume] ul&ﬂ
¢ i [m 2n) ii (0, 7]
d i nowhere ii (-o0, =)
e i [In2, ) ii (~eo, In2]
f i nowhere i (0, e9)




10

11

a Lety = flx). Then x = sin y.

dx L. SR
' Tocosy

__ X
v1-—x2 (1-2x%:
f'(x) = 0 = x = 0, so flx) concave for x € (-1, 0)
¢ f'x) =0 = x=0,soflx) convex for x £ (0, 1)
d (0,0)

T e

b (1,-1) c (0,0

fllx)=2xr+ 4xInxr=2x(1 + 2Inx), "x) =6 + 4Inx
fx)=0=4lnx=-6=r=-2=x=¢"
There is one point of inflection where x = e

b (-2 F?]

b (—2.—5)

a (0, 2), point of inflection

a (—1. —%]. minimum
c
y = xe*

P

1
'E)

2,-5) 1,
i negative ii
B i zero ii
i positive ii negative
D i zero ii zero
f'(x) = sec®x, f"(x) = 2sin x sec’x
flx) =0 = sinx=0(assecx=0) = x=0
So there is one point of inflection at (0, tan 0) =

positive
positive

(0, 0).
dy

a i -13xl$x—ll“+{'h—1}’

d ’

d =30(3x - 1)* + 180x(3x - 1)*

218! ) ( 0]
dz
a Although F 0, the sign does not change, so there

is not a point of inflection when x = 5
b (5. 0); minimum
2y
% %rlnx+%x— 2 % 3 Inx+1

d ;
dx"ikﬂu%lnxa—iﬁx;e‘?

Challenge

1

A general cubic can be written as flx) =
flx) = 6ax + 2b.fx) =0 = x = - %"E
Letz>R,=>0: '

i". ~-~-+ ]—(m >01[———z)——6az<0

So l.he sign of "(x) changes either side of x = —i. and

this is a point of inflection. 3a

a f"(x) = 12ax® + 6bx + 2¢ is quadratic, so there are at
most two values of x at which "(x) =

b dy_]2ax 2 4 bbx + 2¢
dx?

ax® + bx® + cx + d.

Answers

Discriminant = 36b* — 96ac < 0 < 3b° < 8ac

d?y i
So when 3b° < 8ac, FPe = 0 has no solutions.

Therefore € has no points of inflection.

Exercise 9)

1
6

10

11
12

13

14

6r 2 15¢¢ 3 -2 4% 5 L=kp
dy dy 1 ) 1
—'=k:t42—_— 8k=",k=—
ar Y ‘Z ( x’ 2 2"~ 16
Therefore % l_é
Lé:— rate in — rate out = 30 — %V lscsi1 =450 -2V
s0-159Y = 2v_ 450
dQ ' dr _ &
e S oxr _ K
dt Q : dr ~ x?
a Circumference, €, = 27r, so dc _ 2m = 0.4
det
=0.87ems!
Rate of increase of circumference with respect to time.
b 8mcmis ! C %_?-cm
a 0,070 cm per second b 20.5 em?
ﬁ‘;mv:%——kl\?,vm = h=kV
dh df.- dv f -
L e -k V] ==
A a4 =k, x (k' V) ==k, MH
s S
YKz
A\2 1/A)2
a v=(g) b z(a)
1
dv _ CH/ 1 2 11 11
i V -/
dt dA dx ( ) ‘] 27
V= '—rfh = —(h tan 30°)2h = Ih-
dh _ dh Q 1 db 1 x (=6) = _18
dt v’ de dh The wh*
bl W P
dt  h?

Mixed exercise 9

1
2

-

[=p & |

a % b Z2xsin3x + 3x*cos 3x
dy d d
a JE =1-sin xd—lcos X — d—(sm x)cosx
=1+sin®x —cos?x = 2sin“x
dy

So — = sin?x
s

b (25 (»5) (2

g (ECubE - sinx b - 029:
x? x*+9 -
a k=2 b (0.0 (26,22
S 42
a x>0 b (V256,32In2 + 16)

) (.)'r 5 (3,. —l]

Maxm]um is when —J =0
2sinxy +xcosx =0

4 dx
—E =sinx + x(msx ® 1_) = — =
dx 2/sinx 2ysinx
So2sinx+ xcosx=0= 2sinx = -xcosx = 2tanx = -x
s2tanxy +x =0
a f'(x)=0.5e"" - 2x
b (6)=-1.957...<0,{"(7) =2.557... >0
So there exists p < (6, 7) such that "(p) = 0.
. there is a stationary point for some x = pe (6, 7).

409




10
11
12

13
14

16
17
19

20 a

21

24

26

27

28

30

410

Answers

a

3x e_) (7__5)
.S.LIE‘ 8. \.E

b f'(x) = 2e*(-25sin 2x + 2 cos 2x) + 4e**(cos 2x + sin 2x)
= 4e**(—sin 2x + cos 2x + cos 2x + sin 2x)
= Be* cos 2x

3= ™
ot
(3“. e_’) is a maximum; (T—T = —*) is a minimum.
X 8 V2 8 Ve

d (5¢) (F-e?)

x+2y-8=0
a x=1 b y=—Jx+13
a f'(x)=e*(2cosx - sinx) b y=2xr+1
2cosx —siny =0 =tanx =2
1
a y+2ylny b 30
a e*(—x*+3x°+2x-2)
b '(0) = -2 = gradient of normal = 5
Equation of normal is y = l.r
(x% - 2x)e~ = Jx = 22 - 41 rer = 2x% =
a l+x+(1+2x)nx _
b 1+x+(1+2x)lnx=0=x=0e"7%
dy 4
AT
3y +x =33

dx i dy
a ——=-2sint+2cos2f; —=
dt i dt

e+ 4

b y=2xr-8
18 y=32x+3

—sint —4cos 2t
5/2

b ] ¢ y+2r=

G U de , dy 3¢ -
.V (L R
dt dt dx 2

T T AOW R
Atr-—1.§——§,x_].y—3.

Equation of /is 2y + x =7,

b 2

dv ; dM dpP
=—kV 22 —=-kM 23 —

di df dt

dr _k 40 _ k-0,

=kP-0Q

L g B0
di r dt

b —cosect
T

__B . w8
T gradient of normal = 3

y—%:%{x-zl:ﬁy-lﬁxq-ZB:(]

123
d 64
a —isect b 4y+d4x=5

Tangent crosses the x-axis at x =

o

a

5

Ia and crosses
the y-axis at y = %ﬂ

2505 o 25

_1(5,)°
So areaAOB—2(4a] 32 22
y+x=16 29
y - 2e*

2e% —x

31 (1,1)and (-/=3, V=3).

2x-2-y 4 _1
32 a m b T 7F
(5+2\13 4+»]3) ( -»13)
3 5
dy dy dy —-7Tx-24y
33 I4x+48y+48xd——14ya 0= a m
. —-Tx-24y 2
BTy 11
= -T7x—264y=48x—14y=2x+2y=0
34 Iny= .rln.r=;--1><dy—x—— (Inﬂ+~d—llenx-1+lnx
¥ odr dx dx

35

36

37

38

39

So g-ic yll+Inx) =241+ Inx)

a Inag*=Ine* = xna=kxlne=kxr=k=Ina

b Y= pllndlr —, g_i_ In 2 pln2ix = 91 2

c %:22m2=4h12=ln24=ln16

InP-1Ink,
a 109 b 8.04 years

T
a (3.0)
d?y
de? " dy

hence -cosec’zx < 0, so T 0 for all x.

¢ 0.172P,

= —cosec®x. cosec’xy > 0 for all x,

Thus C is concave for all values of x.
a 40e %' =33.31.. b -9.76e 0%
¢ The mass is decrea:.ing

a Pi)e= 2 sin 2xe:r cos 2x
f'lx) =0« 2sin2x + cos2x = 0 & tan 2x = -0.5
A(1.34, -0.234), B(2.91, 0.0487)
b Maximum (6.91, 2.19); minimum (5.34, 1.06) to 3 s.f.
¢ 0<x=0.322,1.89 = x < 7 (decimals to 3 s.[))

Challenge

A =

=

m Full worked solutions are available in SolutionBank. #

4 cos 2t

.:sm(r + ﬁ]

EAE EILEN.

Cuts the x—axis at:

{(4.83, 0) gradient -3.09; (-1.29, 0) gradient 0.828
(-4.83, 0) gradient 3.09; (1.29, 0) gradient —-0.828

Cuts the y—axis twice at (0, 1) gradients 0.693 and -0.693
(=5,-1) and (5, -1)

(4.2)




CHAPTER 10 9
Prior knowledge 10

1 a
2 a

c

3.25 b 11.24
ey e B 15
f'{x) = 5

+ 8r+—
1

T BT T
b f(x}——x+2 Te

",

{'lx)=x?cosx+ 2xsinx + 4 sinx

3 =2, 8,=25 =29

Exercise 10A

1 a

b

C

f(-2) = -1 < 0, fl-1) = 5 > 0. Sign change implies 10
root.

f{3) =-2.732 < 0, f{(4) = 4 > 0. Sign change implies

root.

fi-0.5) = -0.125 < 0, f(-0.2) = 2.992 > 0.

Sign change implies root.

f1.65) = -0.294 < 0, f{1.75) = 0.195 > 0.

Sign change implies root. 1
f(1.8) = 0.408 > 0, f(1.9) = -0.249. Sign change

implies root.

f(1.8635) = 0.00138... > 0, {{1.8645) = -0.00531...

< 0. Sign change implies root.

h(1.4) = -0.0512... <0, h(1.5) = 0.0739....> 0.

Sign change implies root.

h(1.4405) = -0.00055... < 0, h(1.4415) = 0.00069...

> 0. Sign change implies root.

f2.2) = 0.020 > 0, f{2.3) = -0.087. Sign change

implies root.

f(2.2185) = 0.00064... > 0, f{2.2195) = -0.00041...

< 0. There is a sign change in the interval 12
2.2185 <x < 2.2195, so o = 2.219 correct to

3 decimal places.

f{1.5) =16.10... > 0, f{1.6) = -32.2... < 0.

Sign change implies root.
There is an asymptote in the graph of y = flx) at

= % = 1.57. So there is not a root in this interval.

Alternatively: % +2=0= i

7 a
b

c

tr ]

1

1
==2=x= -3
fl0.2) = -0.4421..., fi0.8) = -0.1471...
There are either no roots or an even numbers of

roots in the interval 0.2 < x < 0.8.

f(0.3) = 0.01238... > 0, f{l0.4) = -0.1114... < 0, {{0.5)
=-0.2026... <0, f{0.6) = 0, f{0.7) = 0.2710... > 0

There exists at least one root in the interval
02<x<03,03<x<04and 0.7 <x<0.8. 3
Additionally x = 0.6 is a root. Therefore there are at

least four roots in the interval 0.2 < x < 0.8.

One point of intersection, so one root.
f{0.7) = 0.0065... > 0, f{0.71) = -0.0124... < 0.
Sign change implies root.

=8 o

a

-]

Ll —

b,

Answers

b 2

=Y

0

H=e"—4/

flx)=In x —e* + 4. f{1.4) = 0.2812... < 0,

f(1.5) = -0.0762... < 0. Sign change implies root.
h'(x) = 2cos2x + 4e*. h'(-0.9) = -0.3451... < 0.
h'(-0.8) = 0.1046... > 0. Sign change implies

slope changes from decreasing to increasing over
interval, which implies turning point.

h'(-0.8235) = -0.003839.... < 0,

h'(-0.8225) = 0.00074... = 0. Sign change implies a
lies in the range —0.8235 < o < -0.8225,

s0 o = —0.823 correct to 3 decimal places.

¥

y=Inx

1 point of intersection = 1 root

1) = -1, f{2) = 0.414... dp=3.¢g=4
f(=0.9) = 1.5561 > 0, f(-0.8) = -0.7904 < 0.
There is a change of sign in the interval [-0.9, -0.8],
so there is at least one root in this interval.

(1.74, -45.37) to 2 d.p. ¢ a=3.b=9%andc=6

\

0.9\ |° 3 x

e 4

(1.74,-45.37)

Exercise 10B

i x3—6x+2=U:>61=.r3+2=-.r=x26+—2
il 22-6x+2=0=2x2=6x-2=x=\Vbxr-2
iii r“—6):+2:0=>x-6+%=0=:-;r=6—%
i r=0.354 ii x=>5.646 iii x = 5.646
a=3,b=7

i ¥-5x-3=0=2>2*=0x+3=>x=vdx+3

I3 -5%~3=0 4 -F=Srsa=5_3

J
i 55(1d.p) ii -05(1dp)
2-6r+1=0=2=6x-1=2x=/6x-1
The graph shows there are two roots of flx) = 0

W

y=x

y=yoxr-1

411



10

o

412

Answers

Wa 1
X2+
y= 6 y=x
A
0 16 ¥
.re"—.r+2=0:>e*-’=x_2=:-e’= .rz
=In|-%
T 1‘.‘1’-—2

x,=-110, x, =-1.04, 2, = -1.07
i 294+5x2-2=0=23=2-522=x=12 bx

[

ii ,t'3+5Ar3—2=0=-x+5—£,={):>x=%—5
x4 x*
T = Ead 3 2228
ili ¥ +527-2=0=5x2=2-33=x2=""_
_ 2=
:-I—l'. 5
xr=-4.917 ¢ xr=0.598

It is not possible to take the square root of a

negative number over R.

.t4—3x“—6:ﬂ=;-%—x4-.r3—2=0

s oyl
{aF “Bemegee=e

- l + - =x = x=
3% 2=x*=2x

x, =-1.260,x,=-1.051,x,=-1.168

fi-1.1315) = -0.014... < 0, f(-1.1325) = 0.0024... > 0

There is a sign change in this interval, which

implies o = -1.132 correct to 3 decimal places.

3coslx)+x-2=0= coslx? =22

2 ; x) 3 g [an:r.ns(z ; t‘]]

xy,=1.109, 2, =1.127, x4 = 1.129

f{1.12975) = 0.000423... > 0,

f(1.12985) = -0.0001256... < 0. There is a sign
change in this interval, which implies o = 1.1298
correct to 4 decimal places.

fl0.8) = 0.484..., fl0.9) = -1.025.... There is a
change of sign in the interval, so there must exist
a root in the interval, since f is continuous over the
interval.

= 32 = arcr.os(

ACOSY _ gy 3=0= 8r=4905% 4
sinx simx
- Losx 3

7 2sinx 8

x=0.8142, x, =0.8470, x5 = 0.8169
f{0.8305) = 0.0105... > 0, f{0.8315) = -0.0047... < 0.
There is a change of sign in the interval, so there
must exist a root in the interval.
14+ 22-15=0=ex1=15-22
=x-1=In(15 - 2x)
= x=In(15- 22) + 1 where x <
x;,=3.1972, x, = 3.1524, x4 = 3.1628
f{3.155) = -0.062... < 0, f(3.165) = 0.044... > 0.
There is a sign change in this interval, which
implies o = 3.16 correct to 2 decimal places.
A(D, 0) and B(ln4, 0)
fllx)=xe"+e*-d=ef(x+1)-4

15
2

¢ 1'(0.7)=-0.5766... <0, "(0.8) = 0.0059... > 0.
There is a sign change in this interval, which
implies f'(x) = 0 in this range. {'(x) = 0 at a turning

point.

d er+)-4=0=er=—2 syr=mn(-2)
v+1 \x+1

e x,=12386,x,=0517,2,=0.970,2,=0.708

Exercise 10C

1 a f(1)=-2, f{2) = 3. There is a sign change in the
interval 1 < o < 2, so there is a root in this interval.
b x,=1.632
a f'(x)=2x+ Ii +6 b -0.326
a It's a turning point, so {'(x) = 0, and you cannot
divide by zero in the Newton-Raphson formula.
b 1.247
4 a f(1.4)=-0.020...,f(1.5) = 0.12817... As there is a
change of sign in the interval, there must be a root
«a in this interval.
b x=1413
¢ f(1.4125) =-0.00076..., f(1.4135) = 0.0008112....
5 a f(1.3)=-0.085...,f(1.4) = 0.429... As there is a
change of sign in the interval, there must be a root
a in this interval.
P =20+ 2 ¢ 1316
6 f(0.6) = 0.0032... > 0, f{0.7) = -0.0843... < 0.
Sign change implies root in the interval.
f(1.2) =-0.0578... <0, f{(1.3) = 0.0284... > 0.
Sign change implies root in the interval.
f(2.4) = 0.0906... > 0, f(2.5) = -0.2595... < 0.
Sign change implies root in the interval,
b It’s a turning point, so f'(x) = 0, and you cannot
divide by zero in the Newton-Raphson formula.
¢ 2.430
7 a fi34)=0.2645... >0, f{(3.5) = -0.3781.... < 0.
Sign change implies root in the interval.
o S L 9,
b f'lx)= 3 2x c 3.442
Challenge
a From the graph, flx) > 0 for all values of x > 0. Note
also that xe™ > 0 when x > 0. So the same must be true
for x > —:!_—‘
) =er(1-2x2=0=x = %
So f'(x) < 0 for x > L_,
V&
flx) . ; :
X, =X, — —— is an increasing sequence as
f'(x)
flx) > 0 and f'(x) < 0, for x > %_ Therefore the
Newton-Raphson method will fail to converge.
b -0.209
Exercise 10D
1 a %:E—U,l sin E, if £ is a root then f(£) = 0
E-01sinF-k=0=FE-01sinE=k ==-'61= k
b 0.5782...
¢ f{0,5775) = -0.00069...< 0, fl0.5785) = 0.00022 > 0.
Change of sign implies root in interval [0.5775,
0.5785], so root is 0.578 to 3 d.p.
2 a A(0,0)and B(19, 0)

f,m=f£_(1n{r+l} 1)

+1 2 2

@ Full worked solutions are available in SolutionBank. #



[

L 10 (In15,8+ n o1 ”

f'(5.8) = - —~1=0.0
(5.8) W 5 +2) 121...>0
ey 10 (In(G.9+1) 1) _

P59 = ' ( 2 2) = —0.0164... <0

The sign change implies that the speed changes
from increasing to decreasing, so the greatest speed
of the skier lies between 5.8 and 5.9.
10 In(t+1) 1

fe s -{T g *g)=0
In(t+1)+1 _ 10

2 Tt+1
ft+Dn(t+1)+1)=20

20
In(t+1)+1
_ 20

n+D+1

t;=6.164,1t,=5736,1;=5.879
dix)=0=2°-3x=0
2(x-3)=0=2>2=0,2=3
The river bed is 3 m wide so the function is only
valid for 0 = x = 3.

f-!—]_:

d'(x) = 2xe-06s - Sy2g-06r _ go-06r 4 9 ye-ox
5 ]
ra el Sue 19 &S
d'ixl=e '“/‘[I— el —g-]

d'(@) = - Le-06q322 — 19x + 15)
5

Soa=3,b=-19and ¢=15

—2e 02 0s0d'(¥)=0=32x2-192+15=0

i 322-19x+15=0=32>=19x-15

2_19x-15 , _ [M9z-15
=== & E

fi 3x2-19x+15=0= 322+15=19x

=X

_3x*+15
J— ]
19
jii 3x2-192+15=0= 32¢2=19x-15
_19x-15
A 3x

Part i and iii tend to 5.408... which is outside the
required range. Part ii tends to x = 0.924,

1.10m.

hit)=0

40 sin [%) - 9¢os {%] —05t249=0
40 sin ("-] - 9¢os (lt_ﬂ) +9=0.5¢2

SUsiu( ]- lsws[m)+ 18 = #2

\]8 + 8091:1[10) = 18305(m

t,=7.928,t,=7.896,t,=7.882,t,=7.876
h{r]-4cus(1 )+09n.m(]0)-r
7.874 (3 d.p.)

Restrict the range of validity to 0 = t = A

¢'(a) = ~5e~* + 2(05[2] +%
P 1o
i —5e- +2m-a(2) 2_(1

Answers

= cos[ ) =g % = X = 2arceos [ge-f - H

£
2! 2
. 4(:05['£)+1
g . W e \2
ii -5e +2(.n::{-2-}+§_0=-r;9 ——
=+ :}X:ill(li(j_)
4 cos [E] #1 4t:(15[§) +1

¢ x,=3.393, x,=3.475, x5 = 3.489, x, = 3.491

x;=0.796,x, = 0.758,x3, = 0.752,x, = 0.751

e The model does support the assumption that the
crime rate was inereasing. The model shows that
there is a minimum point 5 4 of the way through
2000 and a maximum pomt mid-way through
2003. So, the crime rate is increasing in the interval
between October 2000 and June 2003.

= p*

=N

Mixed exercise 10

1 a -6x-2=0=2¥=6x+2

=>x‘~’=6+%:v:r=x1l_-'6+§;a=6.b=2

b = 2.6458,x, = 2.5992,x, = 2.6018,x, = 2.6017

c 112.601 5)=12.6015)% - 612.6015] - 2 =-0.0025... <0

f{2.6025) = (2.6025)% - 612.60251 -2 =0.0117 >0

There is a sign change in the interval

2.6015 < x < 2.6025, so this implies there is a root

in the interval.

f(3.9)=13,f4.1) =-7

b There is an asymptote at x = 4 which causes the
change of sign, not a root.

Ha

==
&
o i i

)
=

3 ! F__
i
l

/ O‘ \ x
b 2 roots — 1 positive and 1 negative
¢ r+er-4=0=2*=4-e"=axr=24-e%"
d x,=-1.9659, x,=-1.9647, x4 =-1.9646,
xy=-1.9646
e You would need to take the square root of a
negative number.

4 a g(1)=-10<0, g(2) = 16 > 0. The sign change
implies there is a root in this interval.
b g)=0=x"-52-6=0
= x5 =5x+6=1x=[5x+0/
p=5.4=6,r=35
¢ x,=16154,2,=1.6971, x5=1.7068
d g(1.7075) = -0.0229... < 0, g(1.7085) = 0.0146...> 0.
The sign change impiws there is a root in this interval.
5 a gly)=0=x*-3x-5=0

=252 =3+5=x=V3x+5

413



Answers

b
c
7 a
C
d
¢
8 a
C
d
9 a
b
c
10 a
b
[
414

Ha x2-5

or < x
f(1.1) =-0.0648... <0, (1.15) = 0.0989... > 0.
The sign change implies there is a root in this

interval.
Sbr-4sinyx-2=0=5x=4sinx+ 2

sx=3sinx+i=p=Lg=2

2y=1113,2,=1.118,x,=1.119, x, = 1.120
ya y=x+3 b 2

Lo ginsnasig-l let flx) =x + 3 — L

X B Xz - x

f{0.30) = -0.0333...< 0, f{0.31) = 0.0841... > 0.

Sign change implies root.

%=x+3—_>1=.t3+31-=~0=xz+3x—1

0.303

g'la)=3x" - 142+ 2 b 6.606 )

(x=-1x2-6x-4)=>2x-b6r-4=0=>2r=3=/13

0.007%

f{0.4) = -0.0285... < 0, f(0.5) = 0.2789... > 0.

Sign change implies root.

0.410

f(-1.1905) = 0.0069... > 0,

f-1.1895) = -0.0044... < 0.

Sign change implies root,

# = ik 08x _ i
3—2.1'_0:}[3 2x)e 1=4)
= (3-21)e08r =1 = 3 - 2x= g0
=3-e"=2r=1=15-05e"%

2, =1.32327..., x, = 1.32653..., x, = 1.32698....
root = 1.327 (3 d.p.)

1 1

— =0 pltir — — D9y = p-0.8x
T = ¢ 3-21=>3 2x=¢

emu e

plsr _

11

12

=-08r=In(3-2x) = xr=-1.25In(3 - 2x)
p=-125

d x =-26302, 1, =-2.6393, x,=-2.6421,
root =—2.64 (2d.p.)

e 1dy 1
a ]ny:a,ln.t=>EE={II{II1II—.[II(E)
#%3—'2:]11.t+1:%:y{lnx+i}=r-’f1+inx}

b f(1.4)=-03983...<0,1(1.6)=0.1212... > 0.
Sign change implies root in the interval.

¢ x,=1.5631(4dp.)

d f{1.55955) = -0.00017... <0,
f{1.55965) = 0.00011... > 0. Sign change implies
root in the interval.

a f(1.3)=-0.18148.., f(1.4) =0.07556..... There is a
sign change in the interval [1.3, 1.4], so there is a
root in this interval.

b (0.817,-1.401)
¢ x,=0.3424, x, = 0.3497, x4 = 0.3488, x, = 0.3489
d x,=1.708
e f(1.7075) = 0.000435...., f{1.7085) = -0.002151....
There is a sign change in the interval [1.7075,
1.7085], so there is a root in this interval.
Challenge
a fim=x0+x"-Tx*-x+3
f'(x) = 627 + 322 — 14x - 1
f"(x) = 30x* + 6x - 14
) =0=1524+3x-7=0 7 — 154
| 1504 +32-7=0=3x=7- 15:r4=,-'rx=—_—3!~"-5—
i 15x*+3x-7=0=152*+32=7
=2>2(152%+3)=T=a3x=—+"— 7
1523 + 3
fil 1524 +3x-7=0= 15x*=7 -3z
7 -3z 4|7 - 3x
= xi=! =l
B V15
b Using formula iii, root = 0.750 (3 d.p.)
¢ Formula iii gives the positive fourth root, so cannot be
used to find a negative root.
d -0.897 (3 d.p.)
CHAPTER 11
Prior knowledge 11
1 a 12@2:-7) b 5cos5x ¢ %e-%
P 16 _: 1 268
2 a y=-—a"-12x° b —
wal ! 3
7 1 e
T1 i3 4 O units

Exercise 11A

1

4
5ef+4coSK+ 2 + ¢

=

a 3tanx+5|n[x}—f—,+c

=

¢ —2cosx—2sinx+x*+¢ 3secx —2In|x| + ¢

i 2
e Sef+4sinx+S+c $Injx| - 2cotx + ¢

1 1 .
Injx| - = - +C h e -cosx+ +&
g Initl-2-355 e — COS X + Sinx + ¢
i —2cosecx —tanx + ¢ j e"+Inlx|+ecotx +¢c
1
a tanx-—+¢ b secx + 2e* + ¢

¢ —colx — cosecx — % +Injx| + ¢

(-]

—COSX + 5ecx + €

d —cotx+Injx|+c
f —cotx +tanx + ¢

sinx — cosecx + ¢ g

@ Full worked solutions are available in SolutionBank. #



h tanx +cotx +¢ i tanx+e“+¢
j tanx +secx +sinx +¢
3 a 2e-2¢ b = ¢ -5 d 2-2
4 a=2 5 a=7_ 6 b=2
7 a x=4 b Jxi-4njx|+c
¢ 3—4in4
Exercise 11B
1 a —jeos(2x+1)+c b Je¥+c
c 4ei+e d —jsin(l-20)+¢
e —lcot3r+c f isecdx+c
g -6cos(Fx+1)+c h —tan(2-x) +c
i —%mse(:2x+c i ?;[sin3x+0053x]+c
2 a je+lcos(x-1)+c¢ b leZ+2e +x+c
¢ jtan2x+jsec2x +c
d —6cot(fx) + 4 cosec(Jx) + ¢
e e "+ cos(3—x)-sin(3-x)+¢
r 1
3 a lnj2x+1|+ec b “TErn e
3
¢ @+c d 2infdx-1|+c
“3n)1 - 42|+ c f et
e —3n| | x| +c 4(1—4x)+€
(3x+ 2)° 3
Wbl | e
g 18 a1 -2zp ¢
4 a -JcosRx+1D+2In2x+1+c
b %e“—“;’xr'+c
~Leot2x +1 .
¢ —zcot2x +5In|l + 2x] 50 + 22)
(3x + 2)* 1
d _
9 3@x+2 ¢
y 7 2\*? 5 .
6 b=6 7 k=24 8 k=%
Challenge
a=4,b=-3o0ra=8b=-6
Exercise 11C
1 a —cotx—x+¢ Jx+4sin2x+c

~ycos4x + ¢
ftan3xr-x+c

r-lcos2x+c

3% —2cosx - {sin2x + ¢

—2cotx —x + 2cosecy + ¢

1 1 ai
F¥ —y55indx + ¢

Jx+ Lsindx —sin2x + ¢

| o
S o o B

=Z2cot2x+ ¢

2 a tanx-secx+c¢ b -cotx - cosecx + ¢
¢ 2x-tanx +¢ d -cotx—-x+¢
e —2cotxr-x-2cosecx +¢
f —cotx—4x+tanx +c¢ g x+jcos2x+c
h —3x+isin2r+tanx+c i -lcosec2x+c
f opeaa. THL 1.
3 me rl:l:r_f_% (2 2(,052.1’ dx
I x 1 _2+7
—.r—~q|n£x =2 4=
[ J4 8 4 8
43 93 - 10 -7 & T V2 -1
4 — b=_"—_" ¢ ' L Yoe==
3 8 de-y 45

21

Answers

sin (3x + 2x) = sin 3x cos 2x + cos 3x sin 2x
sin(3x - 2x) = sin 3x cos 2x - cos 3xsin 2x
Adding gives sin 5x + sinx = 2sin 3x cos 2x

So [sin 3x cos 2x dx

= [%(sin 5x + sinx) dx

= }(~1cos5x - coSX) + € = — 508 5x — Loosx + ¢
Ssinfx+7cos’x=5+2cosfxr=6+(2cosixr-1)
=cos52x +6

31 + 37) | z

costy = [cos®x)? = (_14(:20_5_22] = :l}~ % cos 2x
+ %{105221 =% - % cos 2x + 3 (71 24 (:0941')

= % é—{‘(leI + % cos 4x
a%sln4x+%s1112x+-;—x+t

Exercise 11D

1 a flnjx*+4[+c¢ b Jlnje*+1|+¢
c —fat+4)y2+c d —ie*+1) 2+
e 3In(3 +sin2x|+c¢ I 33 +cos2x)?+c
g ;e+¢ h 501 +sin2x) + ¢
i jtan‘x+c j tanx+ltan‘xy+c
2 a Lf+2x+3P+ec b —fcot?2x +¢
¢ mlg51n"3x+r.' d e+ ¢
e jInje*+3|+¢ f laz+1)i+c
g %(x2+x+5)f7+c h 22+x+5)0¢+¢
i —Jlcos2x+3) +c j —jnjcos2x+ 3| +e
3 a 468 b 2in3 c zin(3f) d jlet-1)
4 k=2 5 =2
2
a Inlsinal +¢
b Jtanxdx-—lnlmsx|+c—ln[cmx +C
=Inisecxl + ¢
Exercise 11E
1 a 20+x-21+x)'+c b -In|l-sinx+c
33 i
¢ X _cosx+c d ln-"f—,zhc
3 JE+ 2
e %[1 +tanx) --f;{] +tanx) + ¢
f tanx+tan’x +c
2 afp b ¢ d¥-23 el
(3 +22) (3+ 2x) 2 =
3 a %8 3 +¢ b FA+xF-21+x+¢
o4 s
¢ v‘x2+4+ln\x.+—d‘z~ + e
vt +4 + 2
4 a B b2+2InZ c2-2hn2
502
5 5
il 1 W2 2u + 2P
6 Jl-nil e"—de:j| ) u du

z
]—u" +3ut+ 12u% + 161n u]

16

415



Answers

116 5\ (46
T+ 16111\2] -(-;3--+ 16In1

[l

- z??-+ }Gln\§=?+81n2=f

a=70,b=3,c=8,d=2

7 = msﬁ.g= —sin#
di

f— —. ! dx = j'— ,%l(—sin o de
V1 = x2 sin fl

= [1df =8+ ¢ = arccosx + ¢

1 !
8 I].Rsin:"xt:nszx dx = J"“’{u2 -lutdu = E “fut - ) du
1

T S 3]5 i
= [5” 3], T 480
27 + 3v g
g 96
Challenge

x = 3sin u.d— =3cosu = dx = 3cosudu
u

(3 sinu)® + (3 cosu)*=9

VO - x?

= x%+ (3cosu)? =9 = cosu =

f Ly =f - ,11 (3 cosudu
12/9 = x? 9sin®ncosu

= lJ‘IZUSECE udu = -1 cotu+c=——254 L ¢
9 9 9sinu
o
o 9 _ yZ
=-—-—3—+r:-_——"—+(‘.
3x 9x

Exercise 11F

1 a -xcosx+sinx+c b xe'—-e+c¢
¢ rtanx-Infsecx|+c¢ d xsecx - In|secx + tanx| + ¢
e -xcotx+Injsinx|+c

: lnz-3x+c b Emx-Li¢
2 a Irlnx-3x+r¢ 2nr 3 e
C —]n—f—L,+t' d xlnx)’-2xnx+2x+c
2y 4x°
x.‘i I.‘l
e —Inx——+xhhx-x+c
3 9

3 a —e*a*-2xer-2e"+¢
b x*sinx + 2xcosx — 2sinx + ¢
23 +22) @B+20f

c 23+ 2x)° - 7 112
d —x*cos2x + xsin2y + ]Fcos 2x +¢
e x’sec’y - 2xtany + 2Injsecx|+ ¢
¥ B 3 T
4 a Z].HA—I h 1 ¢ 2‘-_] -
d 2(1-In2) e 9.8 f 227+8/2-16

g 3(1-In2)
T‘;Hx sin4x + cos4x) + ¢
b L((1 - 8x*)cos 4x + 4xsin4x)) + ¢

6 a -28-xli+c

du [IU fF 2 6 7
L] — == x):
= ] 1, l L 3[

i 2](—%!8 e f- %13 ~pidr

u=x-2

=2 - 28 -2 + 2/(8 - xidr

416

= -%u - 2)(8 - 1)} - 1“—5[3 S

=2y 28-n-LB-n8-vi+c
3 15
T 4
= - il — P N | - Ty .
8 .r]( 30 -2 -8 - 1)+
—8-2-Z Y28 -niwrD4c
3 2/ 3
c 156
Y i i 1 § T
7 a §tan3x+(. b B.ttanELr 9lnt:,ec.dx!+.‘:
[ [jl sec?3x = [%x tan 3x - % Inlsec Bxl}”‘
18 m
_(Bz_1 )_(»-Ez__;l_. A)
(27 o"2)-|16z 9™ 3
—S\EF..l ]_ _l i3
=S ()ln2+gln2 9In»3
587 1 5/3 1
= ——I 3:' =—- =——
162 ~18 N3P =g anda=1y
Exercise 11G
1 a Injx+1%x+2)|+c b Infx-202x +1|+¢
233
c Inlx—+‘”—|+n d 1112+'r+(.'
e | 1-x
2 a x+Injlx+1)%2x-1|+c b %+x+}n [—;f”_‘ +C
c x+£n‘x"2‘+(‘ d -z ll'l‘[—§—t~£}:|+£
x+2 1 -
3 aA=28=2 bmZ*Uic cmhd sok=1
1-2x
PRV 1 1 1 1
A R s R 10
5 a A=1,B=2,C=-2 b a=%b=-3,c=3
_3_ 1 s Sy B
6 a ﬂx]“xz — b a=30=3
3 3 4 .
== — A=2 B=-34 =3
7 a fix)=2 4r+l+4x—l S0 2, B=-3and
b k:%,mze_};’-
Exercise 11H
1 a 2In2 b In(2+3) ¢ 2n2-1
d \'E—l e 5‘
2 a Ing b In3-2 c 1
a 22-1 1(1-1n2)
3 In4 4 2e*-Ze+In2
5 a A(0,0), Bl 0)and C(27, 0)
o " 23t
b Area = ‘L x sinxdy — I X sinadx
= [-x cosx + sinxl] — [- x cosx + sinxl?”
=7+ 3r=4r
6 a xdlnx-gxi+c b 24In2-1]
iy (T 3% 3
7 a A(-3,0).8(3.0).¢(5 0) and DO, 3)

b 2(sinx+ 1) +¢ ¢ a=32

@ Full worked solutions are available in SolutionBank. #



gy

(0, 0) (3.0)\

ool ) 5.9

b=-4, r—3[m‘a—4b 4, c=-3)

93.-5
=4,

=

c Rg=|‘,. (- zcos.r+4}dx—f (2eosx + 2)dx
:‘5—' 31_
I‘ (-4cosx + 2)dx = [—4sin.r + 2:.'} s

3 'i

(z\3+m“' (&hé) 43 +

47

R,:R, :.4.-3+-?:4\% = =33 +2m:3/3 -7

.

10 y=sinf:Area = sz sinfdd = [-2 cos ], = (2) — (-2) =

i =sin26:Area = ‘Léél sin 26dfl = [—2 cos 29}2
=(2)-(-2) =
-
e (&)

b ivZ-1 ii2-v2

c RI Rp=>2-1:2-2
:-[\2-1}12+\zl 2-V2N2+V2)=v2:2
2%

12 Arpaﬂjyd'tdt_l (36 de =2 (/3 =

iii V2

=322n =272
2
13 £

14 a x+y=16 b 58.9

Challenge

Area of region R = 3__—2\_2

Exercise 111

1 a 1.1260,1.4142 b i 1.352

2 a 0.7071,0.7071 b 0.758
¢ The shape of the graph is concave, so the trapezium

lines will underestimate the area.

0.8 e 5.25%

0.427 b 1.04

1, 1.4581 b i2549 i 2.402

Increasing the number of values decreases the

interval. This leads to the approximation more

closely following the curve.

d [xInxdr- [2Inxdy+ [1dx
= [(Le2 Ly 3q]
_[(Ex —2x)lnx—zx‘+3x]l

i 1.341

5
ooeE e

(4o ()-Tnas

5 a 1.0607 b 1337 ep=1g=1 d11.4%

6 a 4dr-5=0,2=3 b 0.3556
i 49
¢ 0.7313 d In(57)

7 a 4.1133,5.6522,7.3891

e 2.5%
b 23.25

Answers

dt

o T T
C y =5'dx

(2x+ 1
= (2x+ 1)l dt =dr = tdt = dx

] e'ﬂ”"dx J {efd.E::-U—] b=VT, k=1
£l
d 23.20

Exercise 11)
1 a y=Ae -1
=1

b y=ksecx

= y=Inl2Ze + ¢
¢ y fanx -x+c¢ J | i
1 _cos'x b sin2y+ 2y=4tanxy - 4
2 a 24 3 Y+ ey

tany=4sin2x+x+1 d y=arccos(e-y

a 1; Axe™ b y=-ePre " =—xe""
e 5 Inl2+el=-xe-e*+¢
& gs-—s | o | ;
3 (1+ %)+
= 7 y=——"-—
6 ¥ 1-x 31 +x%) -1
8 y:ln"fz;—lz 9 tany=x+%sin21+2_‘7
10 Injy|=-x cosx +sinx -1 .
11 a 3x+4Injx|+¢ b y:[%x+21n|x|+%]
5 il
2
e i =
b Inpy =zl n|3x 8|+ Inlx - 2|+ ¢
¢ y=8(x-2)3x-8)
13 a y=x*-4x+¢
b Graphs of the form y = 2% - 4x + ¢, where ¢ is any
real number
1
4 =
1tay T48
b Graphs of the form y = —1—2 + ¢, where ¢ is any
real number L2
- _'l
c Y= T+0 +3
d : .
15 a %:— 7 = [ydy= [-xdx
:%yz=—%1‘2+b:>y2+x2=c
b Circles with centre (0, 0) and radius ., where ¢ is
any positive real number.
¢ y+22=49
Exercise 11K

1 a y=200e" b 1 year
¢ The population could not inerease in size in this
way forever due to limitations such as available
food or space.

2 a | zlfe’ b 2 ¢ M approaches 1

3 a %—}‘%;%ﬂ:khr
!-—Ox-l=:-('~—=:~r-2(}x d::-&-.i)
%x’—mpf zx—:."m

b x=3,t=74.3 days. So it takes 54.3 days to
increase from 2 ¢cm to 3 cm.

4 a The difference in temperature is 7 - 25. The tea is
cooling, so there should be a negative sign. k has to
be positive or the tea would be warming.

b 46.2°C
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Answers

JAtdA=Lifrtit =22l iCn (-1

2 a
VA 10t 10
=2 _=1 19 . rr_{ =20t |
TAC10t 10 A_[-1—19£)
2
=:-A=( 201t ]
1+19¢
20\% _ 400
b Ast—s oo, A — fr
5 (19) 361 om below
6 a V= ()oooh:-gh_ﬁuuu ‘;‘ = 12000 — 500k,

dh_dv, dav_ 1
dt " dt dh 6000
6(}%-—120—.;11

b r=121n(f;—)

(12000 - 500A)

1
10000/ " []000(].]
P 10000 - P

_10000 o, ;- 10000,b=1and ¢c=3.
1 + Je 05
¢ 10000 deer
dv 1
8 a Loso-qv= 4G 160
V=160 + 48406 a = 160 and b = 4840
c V160

dr _ LaR = -k
9 a Si- kn’{ﬁfﬁdﬂ— k[ dt

= InR=-kt+c=R=e**

= R=Ae "= Ry=Ae"= A=R,= R=Rpe™
1

b P=

44V _y

=1
b & 5730 n2
¢ 0.1R, = Rer "
m(0.1) = 1-~lr‘l(l)x:‘==-£='—‘19035
5730 \2
Mixed exercise 11
1 a 32x-3F+c b Hdx-1)i+Hdx-1)i+c
¢ %sin-‘x+c d %Inx—}xz+c

e -llnlcos2xl+c f -1ini3 - dxl + ¢

2 a 25 b jr-3In2 P2 _2In4
R
3 a Jllt1xdx llnxl( %] j(—%)(%)dx
=_'“T-T fLlag=-T02_ 1.,
["Linxde=|-102 %]]_(—%—l—[(]‘l}:l £
. m=xﬂ1+2i1ﬂ’qz'% =%
’;{J{T»fllllTT} = J;F(_ 3{x1+ ) m)dx
-|- 31[1Ex+1]+—ln[2.1:—1}] [ ln(2:+_11)]
= (% In (%D;_Tl)) 22 (% In (Z))
(20 (2
418

10

11

12
13

14

15

16

17

18

o B BT o e T B B T

BT B T

=

@ Full worked solutions are available in SolutionBank. #

=2 5 ¢==1
3

—i:(x -2Nx+1+¢ b

—-'~x cos 8x + 3}4— sin8x + ¢

o

12 sin8x + 35x €08 8x — l-sin8x + ¢

A=LB=2.C=
%Inlxt+2|n|x—1|+x1

1+E.‘

J:.f[;rlcl.tz [% ln[.r|+21n|x—]|+r£ l]j

=[%In9+21r18+%)—(%]n4+21n3+%)

=(ln3+ln64+é-)—(ln2+lr19+%]
(3:(64 -izln(g]—i
2x9) 24 "\3) 23

x=4,y=20
2
H-—vs I+.9.§

da? Zx %2

d?% 15
whenx =4, —=—>
dx?

3 0 = minimum
62 , 481n4; p"% g=48,r=4
§x3ln 2x - éx‘ +C

Lsinor - Lot = ©m6 -3 - (0-L!
3:( In 2x gx é—ll)]n() 3l (0 ?'2]

215
=9In6-=2
=9In6 7o
(1 +sin2x12 = 1 + 2sin2x + sin?2x
. 1-cos4x _ 3
=1 ST
+25in2x + 9 5

= 21'% + 4 sin 2x - cos 4x)

()_;- +1

=
1

—3xcos2x + Isin2x + ¢

=-lye Lgj -1
tany = —5x €08 2x + §Sin2x — 5

i 208 4x
“ 2 gin 2x — 2082

—er+c b cos2y=2e*(x-e" +1)

1+ 2%+ ———

In|l+ :cl+]+2‘r

: N T e AL

2y—sm£y-kn|l+2x|+1+2x+2
G S

A'-4 26’ Ay

T S
AjiAy = 3 %8
"[x2 +2x4+2)+c

P

4

l=:-l—g:1 = (e-2):e
‘1 ¢

y=—1In|3e*(x* + 2x + 2) - 5|

1117
: )
];In;
0

()=o) 2o

1
g
J e“+1ld.r [




19 a A=1.8=}C=-1
b X+-£-|1]!.‘C— 1| -%In!x+ 1}=2£—§ln3
20 a 4.00932 b 2.6254
¢ The curve is convex, 50 it is an overestimate,
d &£=3042 p_ _30-2 e 25%
2e
21 a % - kV= f%dv: [-kdt=InV=—kt+c
= V=AeH
b Va
A
0 %

¢ JA=Ae* = j=e = 2=e"=In2=kT

22 a [(k-ydy= [xdr=ky-Jy’=jx2+c

224+ y-kF=C
b Concentric circles with centre (0, 2).
23 a 09775 b 3.074

¢ Use more values, use smaller intervals. The lines
would then more closely follow the curve.

d I‘?(%xz)lnx —x+ 2dx

sllete o Laa Lo -.r
= [15x Inx 451' 2x + 2x ]
64 64 1 1 _-29 64
(15] e E) [ 15 2*2]‘ 10 t15 04
e 2.0%
b AT
24 a L;%ll+ b tar12y-—{1+2;r)" l—z
25 arctanx + ¢ 26 y' = 8",
dA i r+2

27 a A=ari=="="=2ar
dr
dr _dr dA_ 1 BN i
dt ~dA " dt  Zar k”'“(3r) 5o 2 (37)
b ri=-6 005(3 )+7 ¢ 6 days, 5 hours

W

m m
29a -2 py-2/2-- i(x——é—) ¢ 10-37
5 5 J D
30 4L
60
Challenge
a 15 b -3
CHAPTER 12
Prior knowledge 12
1 a 5i b -13i+11j
2 a /3 B R aitied]
V34 V34
3 a -2i-} b 3i+3j
Exercise 12A
1 2021 2 73
3 a V14 b 15 ¢ 5/2 d V30
4 k=50rk=9 5 k=100rk=-4
Challenge

a (1,-3,4),(1,-3,-2),(7,3,4),(7, 3,-2),(7,-3.-2)
b 6f§

Answers

Exercise 12B
-3 11
1 ail|s ii (—11
-9 19
b a-bis parallel as -2(a - b) = 6i - 10j + 18k
—a + 3b is not parallel as it is not a multiple of
6i - 10§ + 18k.
5 -3
o 3&+2h=3(2)+2 -2 =3i+2j+5k=?§{_6i+4j+10k}
-1 R
3 p=2,9=1r=2
a Jgg b 2(5 C Jg d \17_ e 5\§
7 -5 14 8 8
5 ‘ (]) h 5 ‘ (_3) d (4) ¢ -6
-1 -5 1 4 10
6 7i-3j+2k 7 6or-6 8 V3or—/3
9 a i Ai2i+j+4k B 3i-2j+4k C —i+2j+2k
ii -3i+j-2k
b i vi4 i 3
2 S ; - 4 T
= = L I g o U
10 a -4i+3j-12k b 13 ¢ 13t i 13k
11 a -6i+4j+3k b6l ¢ ——2j+ 2. 3 g
V61 617 /61
1y mldet i Bl ﬁu—ij—ik
\’Eg V29 V29 3 5
V5. 2(2: fg
o gty
13 a AB=4j-k AC=4i+j-k BC= 4i- 3]
b IABI=/17,1ACl = 32, 1BCI = 5
¢ scalene
14 a AB=-2i-6j-3k AC=4i-9j-k,
BC = 6i-3j + 2k
b MBI =7,A0=7/2,B0=7 ¢ 45°
15 a i 98.0° ii 11.4° iii 82.0°
b i 69.6° ii 62.3° iii 35.5°
¢ i 56.3° i 90° iii 146.3°
16 5.41
17 |Pg| = V12, [oR| = /29, [PRl = /35
Let 8 = ZPQR. 14 + 29 — 2/406 cosl = 35
= c050=0.198... = 6= 78.5°(1 d.p.)
Challenge
25.4°
Exercise 12C
1 a i [odl=9;/08l-9- [0l = o8]
i EE:( ) [ad - v3sT; BC_(_ ) lBc = /381
22 23
Therefore ]m = lﬁ’_C"I
b OACR is a kite
2 a AB=2i+3j-2k= 1B =/17

AC=6j= [ad =6

B_C:=—2i+3j+2k::- lBd = v17

AB |BC| s0 ABC is isosceles.
b 6.2 c (0,4,7)
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Answers

3 a

AB = 4i - 10 - 8k = 2(2i 5§ - 4k)

€D = —6i + 15] + 12k = —3(2i - 5j - 4k)
D= —%Zﬁ so AR is parallel to CD
AB:CD=2:3

b ABCD is a trapezium

=%.E}=—l.(‘=€i

(7, 14, -22), (-7, 14, -22) and (1312, 14, -22)
a 18.67(2d.p) b 168. 0-‘ (2d.p.)
Let H = point of intersection of OF and AG.
OH = rOF= 0A + SAG
5.E=a+h+c.A_G:=—a+h+c
Sorfa+b+c)=a+sl- a+b+c)
r=l-s=s=r=s :l, L-.OUH

8 Show that FP =

Show that PE =
Therefore /P and PE are parallel, so P lies on FE

FP:PE = 2:1

e B=0 T2 B

f—

10F and AH = 1AG
ﬁa (multiple methods possible)
+a (multiple methods possible)

Challenge

1 p=3g=%r=+4

2 Bﬁ=53+b+c,B—N=a—h+%c,§7=—a+b+c
Let OM and AF intersect at X: AX = rAF = rl-a + b + ¢

OX = sOM = sifa+b+¢| forscalarsrands

OX=0A+AX =a+rl-ca+b+¢

:sl'la+b+t'1=a+ rca+b+e

('omparmg coefficients in a, b and ¢ gl\es ref= f

Let BN and AF intersect at Y: AY = p,-l}"— pl-a+b+c

BY=qBN=gla-b+ 3
E-}"zﬁ+.‘1_)":a—h+pl—a+b+ci

for scalars p and ¢

=gla-b+ic/j=a-b+pla+b+c

Comparing coefficients in a, band c gives p=5. g =5
AX = ZAF, AY = 1AF

Sothe line segments OM and BN trisect the diagonal AF.

Exercise 12D
a (bi-j+4k)N b
2y 729 m

1 Va2 N
2

3 a Gi-3j+ikms?

4

5

b 154ms>
(5i-3j-TkIN

a a=-2,b=4 b (i-3j-4kN

¢ (3i-3j-2kms* d 126 ms?
e 126°
6 a 1.96ms™ b Descending, 101.3°

Mixed exercise 12

1 V22 2
3 ]:‘ﬁ|=5\§=>9+f3+25=50:>t2=16—_->£=4 .
[-':i-Sj—%tk:f)i—Sj— 10k = -2(-3i + 4j + 5k) = -2AB

So AB is parallel to 6i — 8j — Stk

a=50ra=6

4 a PQ=-3i-8j+3k PR=-3i-9j+8k QR=-j+5k
b 20.0
420

5 a DE= 4+ 3 + 4k, EF=-3i-4j+4k FD=-i+j -8k
b |DE = V4T, [EA = V4T, IFDI = /66 ¢ isosceles
6 a PQ 9i - 4j PR = 7|+_| 3k, OR_—21+5_|—3k
b |PQ| =497, IPHI V59, iQR] ¢ 51.3°
7 31.5°
8 184(3s.M)
9 a (2,-7 .=2) b rhombus c 36.1
10 PQ = sla+b-cl, R‘Iﬂ—l—a+b+r1 TU= yla-b+cl
Let PQ HS and 7 U intersect at X: P\’— rPQ w—la +b-e¢l
RX=sRS=%[—a+ b+ c)
TX=1TU = £131 — b + ¢l for scalars r, s and ¢
RX = E)+0P+Pw Leato+ Lasb-o
Ei a+b+c= —1 a+0|+§[a+h cl
Comparing coefficients in a, b and e givesr = s =L
TX=TO+O0P+PX=}-b+cl+a+b-c
-Ela b+e¢l= [a—h+c]
Comparing w('f‘huems ina, band e gives t = %
So the line segments PO, RS and TU meet at a point
and bise(‘t each other.
11 b=1orll
12 a Air I'E‘.SlSl'll‘l(,? acts in opposition to the motion of
the BASE jumper. The motion downwards will be
greater than the motion in the other directions.
b (16i+ 13j-40k)N ¢ 20 seconds
Challenge

1 0 1
Ifa=({)).h=(1),1‘.:(]).thena+b+n=2&+2h+0c‘
0 0, 0,

Review exercise 3

1

d
—y=x—4smx
dx & ) ,

oo F = —
e A

2

g gt | -2

8 [_4( 2

2

= 8y(8 —n) — 162 + 7lx? - 87 + 81 =0

U dy . .
a:.ie-*—E.x-Z.y—e‘J—hH,a;—Se—}
y-eb+Ind=1(3e-1x-2

=>y—‘3£’r’—]L‘t’—2+ln4+55h=[]
Sr+36y+19=0

a g—y = 4(2x - 3lle®) + 2(2x — 3)%(e2)
x
= 20e2¥)(2x - 3)2x — 1)

b [g )and( 40)
= dy _{(x— 1N2sinx + cosx — x cosx)
dx sin?x
w 2 dJ i
b x:z.y—[——l) 2(5—1]

—(%—I) =m—21(_x-§”)

=:-y=lrr—2!x+(1—§)

@ Full worked solutions are available in SolutionBank. #



6

10

11 a

12 —

13
14

15

16

17 a

18

19

1
4 Y =CoSecy = ——
sinx

& —_gosx 1 L COSE__ ioseck cotx
dx sinx sinxy  sinx
dy____ 1
dx bxvx®t -1
Yy =arcsinxy = x =siny
dy_ 1
dx ~ cosy

dx
—= = cosYy =
dy ¥
— — iy 1
- - cin - 2 S
cosy=,1-sin’y=y1-x San= =
b y=-1x+2

a -2sin’tcost

i) A
R A

x = 0 is the domain of the function.
a y=-9r+8 b y=71——
Tx+2y-2=0
_ffl_y_ _cosx
dr siny

b Stationary points at (
the given range.

z _3ﬁ) only in

dZ a2

e =elx

are x¥ = 2 + 2 which means that f"(x) = 0 for all ¥ < 0.
dv 4 dr 250

i b T Tz 1

a g(1.4)=-0.216 <0, g(1.5) = 0.125 > 0. Sign change
implies root.

b g(1.4655) = -0.00025... < 0, g(1.4665) =
0.00326... > 0. Sign change implies root.

a p(l.7)=0.0538... > 0, p(1.8) = -0.0619... < 0.
Sign change implies root.

b p(1.7455) = 0.00074... > 0, p(1.7465) =
-0.00041... < 0. Sign change implies root.

a e?-3r+5=0=et2=3r-5
=x-2=InBx-5)=x=In(3x-5) + 2, x>—

b xy=4,x, =39459, x, = 3.9225, x3_39121

f(0.2) =-0.01146... < 0, f{0.3) = 0.1564... >
Sign change implies root,
1 ; 1
b ———+4x2=0= .
wo2p =05
-1 -1
st UL
4 x? 4 N *
¢ x5=1,x =13700,75, x, = 1.4893,
X3 =1.5170,2,=1,5228
d f{1.5235) = 0.0412... > 0, f(1.5245) = -0.0050... <0

a It's a turning point, so the gradient is zero, which
means dividing by zero in the Newton Raphson
formula

‘o _ —0.5155...
] =29 - o
h L 9 23.825...

a i There is a sign change between f{0.2) and {0.3).
Sign change implies root.

ii There is a sign change between f(2.6) and f(2.7).
Sign change implies root.

—4x + 2| can show that roots of x* - 4x + 2

=

——-L‘l‘—2]3:;-‘]r

=2.922

b %x{—xa'*]—fl» 0:;13{:'):1:,1‘;—}174_4
310, .2 1 _s110 2 1
sxi=gldra E]’*-‘*’-x.g(“*xa—z))

20

21
22

23 71

27

28

29
30

31

32

Answers

2.6419,

Xg=2.5,% =2.6275, x, = 2.6406, x4 =
= 2.6420
0.3 - —1.10670714
" -12.02597883
R=0.37,a=1.2405

V(%) = —0.148 sin(%Jr +1.2405)

v'(4.7) =-0.00312... <0, v'(4.8) = 0.002798... > 0.
Sign change implies maximum or minimum.
12.607
v'(12.60665) =
-0.0000021...
or minimum.

=0.208

0.0000037... > 0, v'(12.60675) =
< 0. Sign change implies maximum

&=1

33 a

34

35
37

38

b A==

b

k=

a

c

k=

cos 7x + cos 3x = cos (5x + 2x) + cos (5x - 2x)
= €08 5x cos 2x — sin 5x sin 2x + cos 5x cos 2x +
sin 5x sin 2x = 2 cos 5x cos 2x

35in7x +sin3x + ¢

24 16

26 1(2e*+10)

5x+3 -3 . 1
(22-3)(x-2) 2x-3 x+2

1
chx;t—l#cusr-—mz——m'r——
2 3 3

fymdruf (1 - 2 cost)(1 - 2 cost) dt

b In54

= [7(1 - 2 costy dr
47 +3/3
3 a’ b 6.796 (4 s.f)
e

1

2

=
da | =

+

x| 80| 0.2 0.4 0.6

y | 0]0.29836|0.89022|1.99207

2.168 (4 5.f) d 3.37%
2x -1 = —l i 4
[x-l}(zx—?) 2x -3
_A@2x -3 _10(2x - 3)°
(x-1) o1
3"7, b r—[ﬂfhd’l
1677 8=

Rate in = 20, rate out = —kV So ¥ = 20 — kv
20 20

dt
and B = = ¢ 108cm? (3 s.f)
dc

i -kC, because k is the constant of

proportionality. The negative sign and &k > 0

indicates rate of decrease.

C = Ae* ¢ k=4In10

4. k=16 36 130.3°

10i - 5§ - 2k b 20y B gl = 2
V129 129 29

100.1° d Not parallel: PQ * mA

2 39 p=—2.q:—8.f‘:—4

0.8 1
3.96243|7.38906

k

Challenge

1 a (0,0)and (‘T

b

2a g]

j‘—;=0=>y=2x+%=:-5x3+2ax+%2:ﬂ

b2 - 4ac=4a? - 5a2=-a <0

2 3/3-1

421




Answers

Exam-style practice: Paper 1

1 dy 2sec?t 1 :
== =— — = cosect sec® ¢
dx 2sintcost sintcos®i

2 a x>-% bx<-4,x>-1 cx>-1

3 a 2r+y-3=0—-y=3-2x

o rkx+yt 4y =4
Y¥+hr+(3-2x)+43-2x)=4
S+ kx-20x+17=0
Sx%4 (I:;ZO]J: +17=0 f¢)r no intersections.
b 20-2/85 <k<20+2/85
4 Letfld)=cos@
£(6) = lim 6 + k) - 16 ST coslf + h) - cosé
Bl h =] h
— lim 08 fl cosh — sin# sin i — cosd
B0 h
i |feosh =1 sinh\ . | _
- li.rﬂ. [[——h———-}cusﬂ - (TJsm fl=-sind
5 a p=4,p=-4 b Usep=-4,-18 432
( 49 705!
5 5%
7 a u =a.uz=96=ar,5w=600:rq-—r
96
So 5 T~ 600 = 96 = 600r(1 = 1) = 96 = 600r
- 600r2 and therefore 25r° - 25r +4 =0
b r=0208 ca=120 d n=39
8 a
A CyY_ E_
(-10,0) 3,000 4,0 =
b B(-6,16) Y4
E(4.5)
D0,-1) =
c
A TERT)
\C[(}_ ) \E(7.0)
A7.00\ 0O x
B(-3,-22)
9 x=0.77,x=5.51
10 a %: KV =InV=—ki+c=V=Vyeh
d

b k:%m(%)' V, = £35100 ¢ ¢ =11.45 years

11 a 14.9 miles

422

b It is unlikely that a road could be built in a straight
line, so the actual length of a road will be greater
than 14.9 miles.

12

13

a y=279-001r-112 A=279,B=0.01,C=-11

b 11m from goal, height of 2.79m.

¢ 27.7m (or 27.70m)

d x=0,y=1.58. The ball will enter the goal.

a Surface area of box = 2x* + 2(2xh + xh) = 2x* + bxh
Surface area of lid = 2x* + 2(6x + 3x) = 2x* + 18x
Total surface area = 4x* + 6xh + 182 = 5356
So fi = 5356—18x—4x2=2b?8-9x—2x“—

bx 3x
V=2x*h = 22678x - 9 x? - 2 x¥)
b 6x+ 18x—2678=0,x=19.68

4y d 22648.7 cm’

]

< () = maximum e 21.1%

Exam-style practice: Paper 2

1
2

6

8

5
10

11
12
13

14

@ Full worked solutions are available in SolutionBank. #

a=-1,b=-4,c=4

a y=—4x+28

¢ R(-10,0)

y=1illx+1),x2>-1

a Student did not apply the laws of logarithms
correctly in moving from the first line to the second
line; 44+ = 41 + 47

b x=-2 Notex=#-5

b y=1x+3
d 204 units®

a A
0 o
14 \ﬁﬁ/ 10 *
b -6=y=18 c a=-7,a=0 =
a k=4 ] I=—2.I=3+\T.I=3-\-'T

)

Area = § (x — 10)(x - 3) sin30° = {(x? - 132 + 30)
=11

Sox*-13x+30=44, andx*- 13x-14=0

b x=14(x=-1,asx - 10 and x - 3 must be positive.)

a h=-5k=20¢=36 b %
- _ _ 1,._23 .
a A=4B=50=-6 b 8J: 32.r

OA=aand OB=b
M’=E+Bh’=ﬁ-a?'+%ﬂ.d=.‘;b+%1—h+al:%a

—_—F — —— ==
Therefore 0A and MN are parallel and MN = %OA as

required.

a 246740 b 2922 c 3.023 d 3.3%

a £3550 b £40950 e £45599.17

a BR=041,a=1.3495

b 40 c¢m at time ¢ = 2.70 seconds

¢ 0.38 seconds and 5.02 seconds.

a h‘(“ - 39—‘.1 =64 _ Scllﬁtr—r- 41

b % g-03-64) = g08(-6.4) = ml% e-03u-641) = 0,.8(f - 6.4)

= %]n['_l E-Irf!u—b-ll} —t—64=t= %lnu_ E—u:llr—u_h:l +6.4

ty=5,1, = 56990, t, = 5.4369, t, = 5.5351, 1, = 5.4983
d h'(5.5075) = 0.00360...> 0, h'(5.5085) =
~0.000702... < 0. Sign change implies slope change,
which implies a turning point.
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absolute value 23
addition, algebraic
fractions 7-8
addition formulae 167-172
algebraic fractions 5-8
addition 7-8
division 6, 14-17
improper 14
integration 310-312
multiplication 35
subtraction 7-8
angles between vectors
340-341
arc length 118-120
arccos x 158-160
differentiation 248
domain 159
range 159
arcsin x 158-160
differentiation 248
domain 158
range 158
arctan x 158-160
differentiation 248-249
domain 159
range 159
areas of regions, integration to
find 313-314
argument, of modulus 24
arithmetic sequences 60-61. 63
arithmetic series 63-64

binomial expansion 92-102
(L + hx)" 92-95
(1 +x)" 92-95
(a + bx)" 97-99
complex expressions 101-102
using partial {ractions
101-102
boundary conditions 323

Cartesian coordinates, in 3D
337-338
Cartesian equations, converting
to/from parametric
equations 198-199,
202-204
CAST diagram 117
chain rule 237-239, 261-263
chain rule reversed 296-297,
300-306
cobweb diagram 278
column vectors 339
common difference 63
common ratio 66
composite functions 32-34
differentiation 237-239
compound angle
formulae 167-172
concave functions 257-259
constant of integration 322
continuous functions 274
contradiction, proof by 2-3
convergent sequences 278-279
convex [unctions 257-259
cost
any angle 117
differentiation 232-233

small angle approximation
133-134, 232
COSEC X
calculation 143-144
definition 143-144
differentiation 247
domain 146
graph 146-147
identities 153-156
range 146
using 149-151
cosines and sines, sums and
differences 181-184
cot x
calculation 143-144
definition 143
differentiation 247
domain 147
graph 146-147
identities 153-156

range 147
using 149-151
curves

defined using parametric
equations 198-199
sketching 206-207

degree of polynomial 14
differential equations 262-263
families of solutions 322-323
first order 322-324
general solutions 322-323
modelling with 326-328
particular solutions 323
second order 322
solving by integration
322-324
differentiation 232-263
chain rule 237-239, 261-263
exponentials 235
functions of a function
237-239
implicit 254-255
logarithms 235
parametric 251-252
product rule 241
quotient rule 243-244
rates of change 261-263
second derivatives 257-259
trigonometric functions
232-233, 246-249
distance between points
337-338
divergent sequences 278-280
division, algebraic fractions 6.
14-17
domain
Cartesian function 198-199
function 28-30, 36
mapping 27-28
parametric function
198-199
double-angle formulae
174-175

equating coefficients 9
exponentials, differentiation
235

functions
composite 32-34, 237-239
concave 257-259
continuous 274
convex 257-259
domain 28-30, 36
inverse 36-38
many-to-one 27-30
one-to-one 27-30
piecewise-defined 29
range 28-30, 36
root location 274-276
sell-inverse 38
see also modulus functions

geometric sequences 6669,
70, 83

geometric series 70-72, 73-75,
83

implicit equations,
differentiation 254-255
improper, algebraic
fractions 14
inflection, points of 258-259
integration 294-328
algebraic fractions 310-312
areas of regions 313-314
boundary conditions 323

chain rule reversed 296-297,

300-306
changing the variable
303-306
constant of 322
differential equations
322-324
flax + bh) 296-297
modelling with differential
equations 326-328
modulus sign in 294
partial fractions 310-312
by parts 307-309
standard functions 294-295
by substitution 303-306
trapezium rule 317-319
trigonometric identities
298-299
intersection, points of
209-211
inverse [unctions 36-38
irrational numbers 2
iteration 278-280

key points summaries

algebraic methods 21

binomial expansion 106

differentiation 271-272

functions and graphs 58

integration 335

numerical methods 292

parametric equations 224

radians 141

sequences and series 90

trigonometric functions
164-165

trigonometry and modelling
196

vectors 351

limits
of expression 73
of sequence 66
in sigma notation 76
line segments 344
logarithms, differentiation 235

many-to-one functions 27-30
mappings 27-30
domain 27-28
range 27
mechanics problems, modelling
with vectors 347-348
minor arc 120
modelling
with differential equations
326-328
numerical methods,
applications to 286
with parametric equations
213217
with series 83-84
with trigonometric functions
189-190
modulus functions 23-26
graph of y = [f{x)] 40-42
graph of y={]x] 40-42
problem solving 48-51
multiplication. algebraic
fractions 3

natural numbers 63
negation 2
Newton—Raphson method
282-284
notation
differential equations 322
integration 294
inverse functions 36
limit 73
major sector 122
minor are 120
minor sector 122
sequences and series 60
sum to infinity 73
vectors 339, 344, 345
‘xis small” 97
numerical methods 274-286
applications to modelling
286
iteration 278-280
locating roots 274-276
Newton—-Raphson method
282-284

one-to-one functions 27-30
order, of sequence 81

parametric differentiation
251-252
parametric equations 198-217
converting to/from Cartesian
equations 198-199,
202-204
curve sketching 206-207
modelling with 213-217
points of intersection
209-211
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partial fractions 9-10
binomial expansion using
101-102
integration by 310-312
period 81
position vectors 339
product rule (differentiation)
241
Pythagoras’ theorem, in 3D
337-338

quotient rule (differentiation)
243-244

radians 114-134
anglesin 115
definition 114
measuring angles using
114-118
small angle approximations
133-134, 232
solving trigonometric
equations in 128-131
range
Cartesian function 198-199
function 28-30, 36
mapping 27
parametric function 198-199
rates of change 261-263
rational numbers 2
recurrence relations 79-82
reflection 44-47
repeated factors 12
reverse chain rule 296-297,
300-306
roots, locating 274-276

secx
calculation 143-144

424

definition 143
differentiation 247
domain 146
graph 145-148
identities 153-155
range 146
using 149-151
sectors
areas 122-125
major 122
minor 122
segments, areas 123-125
self-inverse functions 38
separation of variables 322-324
sequences 60-84
alternating 66, 80
arithmetic 60-61, 63
decreasing 84
geometric 66-69, 70, 83
increasing 81
order 81
periodic 81
recurrence relations 79-82
series 60-84
arithmetic 63-64
convergent 73
divergent 73
geometric 70-72, 73-75. 83
modelling with 83-84
sigma notation 76-77
sin#
any angle 117
differentiation 232-233
small angle approximation
133-134, 232
sines and cosines, sums and
differences 181-184
small angle approximations
133-134, 232

staircase diagram 278 trigonometry
stretch 44-46 acos !+ b sin § expressions
substitution 9 181-184

subtraction, algebraic fractions addition formulae 167-172
7-8 double-angle formulae
sum to infinity 73-75 174-175
tan @ unit vectors 339
any angle 117
differentiation 246
small angle approximation
133-134
transformations
combining 44-47
reflection 44-47
stretch 44-46
translation 44-46
translation 44-46
trapezium rule 317-319
trigonometric equations,
solving 128-131.

vectors 337-348

in 3D 339-34]

addition 339

angles between 340-341

Cartesian coordinates in 3D
337-338

column 339

comparing coeflicients 345

coplanar 345

distance between points
337-338

geometric problems

177-179 involving 344-346
trigonometric functions modelling mechanics
143-160 problems 347-348
differentiation 232-233, non-coplanar 345
246-249 position 339

graphs 145-148

inverse 158-160

modelling with 189-190

reciprocal 143

using reciprocal functions
149-151

trigonometric identities 130,

153-156

integration using 298-299

proving 186-187

using to convert parametric
equations into Cartesian
equations 202-204

scalar multiplication 339
in three dimensions 339-341
unit 339

= |f(x)|, graph of 40-42
= f]x], graph of 40-42
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