Algebraic methods

After completing this chapter you should be able to:

You can use proof by contradiction to
prove that there is an infinite number

of prime numbers. Very large prime
numbers are used to encode chip and pin
transactions.

Use proof by contradiction to prove true statements
Multiply and divide two or more algebraic fractions
Add or subtract two or more algebraic fractions

Convert an expression with linear factors in the
denominator into partial fractions

Convert an expression with repeated linear factors
in the denominator into partial fractions

Divide algebraic expressions

Convert an improper fraction into partial fraction form

1

-» Example 4, page 3

-» pages 2-5
=» pages 5-7

-» pages 7-8

- pages 9-11

= pages 12-13
-» pages 14-17
-» pages 17-18

Factorise each polynomial:
a x’-6x+5 b x*-16

€ 9x2-25 « Year 1, Section 1.3

Simplify fully the following algebraic
fractions.

x2-9 2x2+5x-12
X2 +9x + 18 6x%~Tx~-3
xXZ—=x-30

+ Year 1, Section 7.1

—x2+4+3x+18

For any integers n and m, decide whether
the following will always be odd, always be
even, or could be either,

a 8n
C 3m

bn-m
d 2n-5

+ Year 1, Section 7.6
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m Proof by contradiction

A contradiction is a disagreement between two statements, which means that both cannot be true.
Proof by contradiction is a powerful technique.

= To prove a statement by contradiction you start by assuming m ket
it is not true. You then use logical steps to show that this thatascorts thie falsehood
assumption leads to something impossible (either a of another statement is
contradiction of the assumption, or a contradiction of a called the negation of
fact you know to be true). You can conclude that your that statement.
assumption was incorrect, and the original statement was true.

Prove by contradiction that there is no greatest odd integer.

Begin by assuming the original statement is false.

Assumption: there is a greatest odd B ! s
This is the negation of the original statement.

integer, n.

n+ 2is also anintegerandn+ 2 > n ;
9 ] You need to use logical steps to reach a

Wi & =iggd Souen=00d contradiction. Show all of your working.

So there exists an odd integer greater than n.

This contradicts the assumption that the The existence of an odd integer greater than n
greatest odd integer is n. contradicts your initial assumption.

Therefore, there is no greatest odd integer. »—L

Prove by contradiction that if n? is even, then n must be even.

Finish your proof by concluding that the original
statement must be true.

Assumption: there exists a number n such =———— This is the negation of the original statement.
that n® is even but n is odd.
nis odd so write n = 2k + 1 . You can write any odd number in the form 2k + 1
w2 = (2k + 1)2 = 4k2 + 4k + 1 where k is an integer.

= 2(2k? + 2k) + 1
So 12 is odd L All multiples of 2 are even numbers, so 1 more

This contradicts the assumption that n? is than a multiple of 2 is an odd number.

even.
Finish your proof by concluding that the original

Therefore, if n? is even then n must be even.
statement must be true.

. ; a .
= A rational number can be written as 3’ where a and b are integers. @ Qisthe

a set of all rational
® An irrational number cannot be expressed in the form 3’ where a numbers.

and b are integers.



Algebraic methods

Prove by contradiction that v2 is an irrational number.

Begin by assuming the original statement is false.

Assumption: \2 is a rational number.

ThEN e o % o S R S L This is the definition of a rational number.

Also assume that this fraction cannot be

reduced further: there are no common factors =1 Ifaand b did have a common factor you could just
between a and b. cancel until this fraction was in its simplest form.

a: .
2 e 2 = 2b2 -
=e p2 o4 - Square both sides and make a? the subject.

This means that a? must be even. so a is also
B L We proved this result in Example 2.

If @ is even, then it can be expressed in the

form a = 2n, where n is an integer

So a® = 2b% becomes (2n)2 = 2b2 which

means 4n? = 2b? or 2n? = b2,

This means that b® must be even, so b is also « Again using the result from Example 2.
even.

If @ and b are both even, they will have a

common factor of 2. ~—— All even numbers are divisible by 2.
This contradicts the statement that a and b

have no common factors.

Finish your proof by concluding that the original

Therefore V2 is an irrational number, ~—o—
statement must be true.

Prove by contradiction that there are infinitely many prime numbers.

Assumption: there is a finite number of prime Begin by assuming the original statement is false.
numbers,

List all the prime numbers that exist:
P P2y P3y oo Py

Consider the number

£ This is a list of all possible prime numbers.

This new number is one more than the product of
the existing prime numbers.

N=pxp,xpax..xp, +1
When you divide N by any of the prime
numbers py. po, P, .... p, you get a remainder
of 1. So none of the prime numbers P Pos Pa.
.- Py 15 2 factor of N.

So N must either be prime or have a prime - . " ;
P P This contradicts the assumption that the list

f hich i in the |j f all ibl P i
actor which is ot in the list of all possible T P P2 Py -1 Py CONtains all the prime numbers.

prime numbers.

This is a contradiction.
Conclude your proof by stating that the original

Therefore, there is an infinite number of prime
statement must be true.

numbers.
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® 1

Select the statement that is the negation of ‘All multiples of three are even’.
A All multiples of three are odd.

B At least one multiple of three is odd.

C No multiples of three are even.

Write down the negation of each statement.

a All rich people are happy.

b There are no prime numbers between 10 million and 11 million.

¢ If p and g are prime numbers then (pqg + 1) is a prime number.

d All numbers of the form 2 — 1 are either prime numbers or multiples of 3.
e At least one of the above four statements is true.

Statement: If 7 is odd then n is odd.
a Write down the negation of this statement.
b Prove the original statement by contradiction.

Prove the following statements by contradiction.

a There is no greatest even integer.

b If »¥is even then n is even.

¢ If pq is even then at least one of p and ¢ is even.
d If p + ¢is odd then at least one of p and ¢ is odd.

a Prove that if @b is an irrational number then at least one of @ and b is an irrational number.

(3 marks)

b Prove that if @ + b is an irrational number then at least one of @ and b is an irrational

number. (3 marks)
¢ A student makes the following statement:

If « + b is a rational number then at least one of @ and b is a rational number.

Show by means of a counterexample that this statement is not true. (1 mark)
USf:‘ proof by contra‘dic.tiop to show that there exist @ Assure the apposite Is trus,
no integers ¢ and b for which 21a + 14b = 1. and then divide both sides by the

highest common factor of 21 and 14.

7 a Prove by contradiction that if #* is a multiple of 3, m —

n is a multiple of 3. (3 marks) Sed Land ki 2

b Hence prove by contradiction that v3 is an
irrational number. (3 marks)
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® 8 Use proof by f:ontradictior.l to prove the sta.tement: @ Yo tan asire that xandy
‘There are no integer solutions to the equation aite pesitiie, since [=3R= 52
x2-y2=2
9 Prove by contradiction that v?2 is irrational. (5 marks)

10 This student has attempted to use proof by contradiction to show that there is no least positive
rational number:

Assumption: There is a least positive rational number. Problem-solving

Let this least positive rational number be n. You might have to
analyse student

d

As n is rational, n = - where a and b are integers.

b working like this
a a-1I in your exam. The
n=1=—--1=""—— . ;
b b question says, ‘the

error’, so there should

=& i5 a rational number that is less than n. -
only be one error in

) . a
Since a and b are integers,

This contradicts the statement that n is the least positive rational number. the proof.

Therefore, there is no least positive rational number.

a Identify the error in the student’s proof. (1 mark)
b Prove by contradiction that there is no least positive rational number. (5 marks)

m Algebraic fractions

Algebraic fractions work in the same way as numeric fractions. You can simplify them by cancelling
common factors and finding common denominators.

= To multiply fractions, cancel any common factors, then multiply the numerators and
multiply the denominators.

Simplify the following products:

a 2 X i b £xE %, X 3
579 b a R R
BB dwf i Cancel any common factors and multiply
B3 D3 1x3 3 numerators and denominators.
o« I x¢ ¢
b ——aA = =
h A& bx1 b L Cancel any common factors and multiply
i § 3 e 3 numerators and denominators.
*TE “Foi- F “Bee=T
A 5
et ) 3 Factorise (x2 — 1).
2 [ T)(x = 1)
3 Cancel any common factors and multiply
= 20— 1) numerators and denominators.
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= To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.

Simplify:
g 9.4 x+2_ 3x+6
b ¢ x+4 x2-16
o 2.0 " < £ Multiply the first fraction by the reciprocal of the
b ¢ b 4 second fraction. Cancel the common factor a.
1 5.8
e Multiply numerators and denominators.
=
b
x+2 _ 3x+6
X+4  x-1c
x+2 x-16 Multiply the first fraction by the reciprocal of the
= X - z
xX+4 3x+6 second fraction.
_ERE (x +4)x -4
x+4 3(x + 2) L Factorise as far as possible.
a2 A -4
x4 She+E) l Cancel any common factors and multiply
KA numerators and denominators.
-3
1 Simplify:
a a @ c B, x g3.6 4. x 2 4
a-c?x—c‘ b-{—.xH cxx4 X X exJ,.}_. 5 o
2 Simplify:
s 1 @ -9 0‘1'3—3xxy+1
& i) x2—4 a+6a+9 2 yV+y %
d y_ ., ¥ . B 276 ¢ 4x2-25  2x+5
y+3 7 244y +3 37 x2-3x 4x-10 " 8
x+3 X2+ 5x 32 +4y-4 3y+6 X2+ 2xy+ ) 4
g — = h + i %= =
X2+ 10x+25 x?+43x 10 15 2 (x-y)
ll 2-64 64— X2
xZ- - X7
= =] 4 marks
'. (E/P) 3 Show that 5+ 53¢ ( )
' 2x2-11x-40 x2+8x+16  8x2+20x-48 _a
+ =— and find the val
4 Show that = 5 X e 45 T 10x7 A5y + 45 b N G e VAE
of the constants ¢ and b, where a and b are integers. (4 marks)
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x2+2x-24 X2 =3 —
5 a Simplify fully r2:-22+\ X X (3 marks) m Simplify and then solve the

10x  x2+3x-18 logarithmic equation.

« Year 1, Section 14.6
b Given that

In((x? + 2x — 24)(x? = 3x)) = 2 + In((2x? + 10x)(x2 + 3x — 18)) find x in terms of e. (4 marks)
_2x?-3x-2 x=2 LS Differentiate each term
M=% T+ lar-24 o SR
24 13x+ 6 4 Year 1, Section 12.5
a Show that f(x) = h—-'-;i- (4 marks)

b Hence differentiate f(x) and find '(4). (3 marks)

= To add or subtract two fractions, find a common denominator.

Simplify the following:
l+§ I;v—‘&+L c - d—3—— s
o 0 2x T 3x x+3 x+1 x+1 x2-1
= 1.3
3 4
()
4 9
AT
?"'——‘ The lowest common multiple of 3 and 4 is 12.
1
12
b EGT + 3—5‘ —_— The lowest common multiple of 2x and 3x is 6x.
— ﬁ 4 2_b — - . 3
~6x Vex | Multiply the;_ﬁrst fraction by 5 and the second
fraction by 5
_3a+2b
= B

2 1
o (x+3) (x+1)

The lowest common multiple is (x + 3)(x + 1), so

change both fractions so that the denominators
2(x + 1) 1(x + 3) r are (x + 3)(x + 1),

Tx+3x+1) (x+3x+ )

_2(x+1) = 1x + 3) Subtract the numerators,

(x+3)x+1)

_E2x¥2=-1x=3 Expand the brackets.
T ox+3)x+ 1)

= X=1e— Simplify the numerator.
Tx+3)x+1)




d - 4\

X+1 x2-1
_ 3 B 4x

=l e N =1 Factorise x2 — 1 to (x + 1)(x = 1).
. 3x-1 4x

x+Dx=1 (x+Dx-1) The LCM of (x + 1) and (x + 1)(x — 1) is (x + 1)(x — 1).
= 3(x—-1) - 4x
T+ Nx =1

=X =3 =—

- f\ + Nx = 1)

Exercise @

1 Write as a single fraction:

1.1 3.2 1.1 S
B 3%g b5 “rty 425" 8 ¢
2 Write as a single fraction:
3 _2 b 2 3
X oxv+1 x—-1 x+2 &
1 1 3x 1
—(x ) — —I(x | -
. 3(\+2 2h+3 C W+d? x+4 f
3 Write as a single fraction:
4 2 = 1 b 7 & 3 c
x24+2x+1 x+1 x2-4 x+2
2 3 " 3 1
yr-x? y-x X243x+2 x*+4x+4
6x + 1

Express - 4 as a sinele fraction in its simplest form
PIesS ey 2x—15 x-3 g P '
5 Express each of the following as a fraction in its simplest form.

g Jp—2 1 W -
Yy x+1 x+2 3x x-=-2 2x+1

42x-1) 7
xi—1  Bx—1

Express as a single fraction in its simplest form.

4 36
x2=-2x-8

Lo x3=2x?-2x+12
a ShO“ thd[ g(\-] - (v + 2')[_\. —4)

gx)=x+ \_i._, XER, x#-2,x#4

b Using algebraic long division. or otherwise, further show that g(x) =-

Simplify the numerator: 3x — 3 — 4x=-x - 3.

3 1 a_3
I x 5b2b
4 p
x+1 T x—1
5 4

2x+3)  3(x-1)

2 B 3
x246x+9 x244x+3

x+2 B x+1
x2=x—-12 x2+5x+6

(4 marks)
3 2 N 4
x-1 x+1 x-3
(4 marks)
(4 marks)
‘“—"i-%ﬁ (4 marks)
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@ Partial fractions

= Asingle fraction with two distinct linear factors in the denominator can be split into two
separate fractions with linear denominators. This is called splitting it into partial fractions.
I I A and B are constants to be found.

5 A
: =B w1 -B Th ion is rewritt
(x+1)x-4)" x+1 x-4 SRR T PR R m Partial fractions are used for
I ‘ ; as the sum of two partial binomial expansions  -» Chapter 4
The denominator contains two fractions. and integration. —» Chapter 11

linear factors: (x + 1) and (x — 4).

There are two methods to find the constants 4 and B: by substitution and by equating coefficients.

Example o

5
Split # into partial fractions by: a substitution b equating coefficients.
Ex — 2 A B 6bx—2 . ; A B
p x-3)x+1) x-3 ¥ xX+1 e (x=3)(x+1) IERTIKER 0.\'—3 +.\:+1
_ Alx+ 1)+ B(x - 3)
= x-3)x+1) L Add the two fractions.
Gx—-2=Alx+ 1)+ B(x - 3)
6x3-2=AB+1)+B3-3) — Tofind 4 substitute x=3.
1€ = 44 This value of x eliminates B from the equation.
A=4
Ex(-1)-2=A-1 +1 B(-1-3
Al o _;B g+ B i To find B substitute x = —1.
. : 5 This value of x eliminates 4 from the equation.
G 6‘\-.,__._2 — 4 + 2
Tx=-3)x+1) " x-3 x+1
Gx -2 A B
P -G+ x-3 T x+i
Alx +1) + B(x = 3)
(x - 3)( + 1)
Ex-2=Ax+1)+Bx-3
= Ax + A + Bx - 3B~————— Expand the brackets.
{A+B}\+(4—SB
Equate coefficients of x: Coliect like terms.
6=A+ B
Equate constant terms:
Y X -3B=6x—
o= A—3B ouwant (A+ B)x+A4-3B=6x-2

) — @) Hence coefficient of x is 6, and constant term is —2.
- (@)

& =48
= B=2

—‘ Solve simultaneously.
Substitute B =2 in (1) :> 6 =A+2 usly.
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= The method of partial fractions can also be
used when there are more than two distinct
linear factors in the denominator.
7

For example, the expression
P P (x=2)(x+6)(x +3)

2 A B C
can be split into P +'\_+ g + povr

The constants 4, Band C can again be found by
either substitution or by equating coefficients.

6x%+ 5x -2 24_’_ B
X(x=1D2x+1) " x x-1

Given that B

6x2+5x-2 _A C

Xx—DEx+ D x T x—1  2x+1

]

Let

I

2x+ 17

B Alx = 1)(2x+ 1)+ Bx(2x + 1) + Cx(x = 1)

xx—=1N2x+1)
LEX2+5x-2=Alx-12x + 1)

m This method cannot be used for a

repeated linear factor in the denominator.

For example, the expression ————————

P P x+ =102
cannot be rewritten as 4 + B + ¢

x+4 x-1 x-1

because (x — 1) is a repeated factor. There is

more on this in the next section.

find the values of the constants 4, B and C.

’7 The denominators must be x, (x — 1) and (2x + 1).

Add the fractions.

+ Bx(2x + 1) + Cx(x — 1) ——— The numerators are equal.

Lek x= 1:
6+5-2=0+Bx1x3+0 |
9=3B
B=3
let x=0:
O+0-2=Ax(-1)x1+0C+0C
~2=-4
A=2
let x = —%:
£-2-2=0+0+Cx(-3) x (-3
-3=3C
C=-4 )
Ex2+5x-2 _2 . 3 4

O x=NCx+1)  x x=1 2x+1

SoAd=2 B=3and C=-4,

10

Proceed by substitution OR by equating
coefficients.
Here we used the method of substitution.

Finish the question by listing the coefficients.
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Exercise @

1 Express the following as partial fractions:

6x -2 2x +11 o ZIx=12
T -2)x+3) (x+ D)(x +4) 2x(x — 4)
__2x-13 o BX40 m First factorise the denominator.
2x + )(x - 3) x2-9
7 - 3x 8 —x h 2x—14
2= 3x A g2 24 2x — 15
x*=3x-4 X° +4x x4+ 2x
—2x -5 . ’ A B
@ 2 Show that m can be written in the form o = where 4 and B are
constants to be found. (3 marks)

. A . . . . 2 B
® 3 The expression m can be written in partial fractions as 7 - s

Find the values of the constants 4 and B.

N 2_(2—12):—26 .
@ 4 h(x) = (x+ D(x-2)(x + s)u >2

i B +——, find the values of
x+1 x-2 x+5

A, Band C (4 marks)

Given that h(x) can be expressed in the form

i =10x2-8x +2 D E F
AE N = o e —_— =, 2
(:) 5 Given that, for x ] *2x+ DBy —2) = x + S +3,\'—2 where D, E and F are

constants. Find the values of D, Eand F, (4 marks)

6 Express the following as partial fractions:

=5x% = 19x - 32
(x+ D(x +2)(x - 5)

E) 7 Express the following as partial fractions:

6x?+7x-3 8x+9 ; z .
a “:;_—\—— b m m First factorise the denominator.
Challenge
5x?—15x -8

Express © — 42+ v ¢ 2sasum of fractions with linear denominators.
X' —4xX°+x+6

11

m——
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m Repeated factors

= A single fraction with a repeated linear factor in the denominator can be split into two or
more separate fractions.

In this case, there is a special method for dealing with the repeated linear factor.

A and Band Care

2% +9 /i'_ fi‘ CL‘ constants to be found.
: = -
(x=5)(x+3P x-5 x+3 (x+3)
The denominator contains three linear { ‘ N o
factors: (x — 5), (x +3) and (x + 3). | The expression is rewritten
(x + 3) is a repeated linear factor. L as the sum of three partial
fractions. Notice that
(x = 5), (x +3) and (x + 3)?
Example @ are the denominators.
Ix?+ 14x+5 ; .
Show that Al ¥ Mabs can be written in the form B ¢ .where A, Band C

(x+ D*2x+1)
are constants to be found.

Let
Mx2+14x+5_ 4 B [

.\‘+l+(,\-+1}3+2x+l

You need denominators of (x + 1), (x + 1)? and

(x+1PCx+1) @+1) = (x +1)° * (2x + 1) I

_Alx+N2x+ 1)+ B(2x + 1) + Clx + 1)*
a (x + D2(2x + 1)

Hence 11x2 + 14x + 5

(2x + 1).

—— Add the three fractions.

= Alx+ N2x+ 1N+ B2x+ 1)+ Cx + 1)2 (1) ~——— The numerators are equal.
let x =-1:
M-14+5=Ax0+Bx-1+CxO0 To find B substitute x = =1.
2 =-1B
B=-2
let x = —-—;.:
N _745=Ax0+Bx0+Cxy————— Tofind C substitute x = —3
3 1
z=3C
C=3 _ ) _
s pliw € Equate terms in x? in (1). Terms in X2 are
- Ax2xt+ Cxx2
MN=2A+3 — 1
edsb Substitute C = 3.
A=4
11x2 + 14x+ 5 Finish the question by listing the coefficients.
Hence —— ——=

(x+ DZ2x+ 1)
__4 2 . 3
“x+1) (x+12 (@Ex+1)

SoAd=4 B=-22nd C=3.

12

@ Check your answer using the

simultaneous equations function on your
calculator.
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Exercise @

!
® 1 fv= e ”T) sl xw-l

A B C i
Given that f(x) can be expressed in the form— + = + i find the values of

B (4 marks)
- 10x — 5
_X=0x=5
® 2 gw=— f\+l)(-n .
L F
+1+f~\'+1}3+_\-_.1 (4 marks)

@ 3 Given that, for x < 0, 2—\-—4-—‘2)‘—:31—8 = £ + 9 + —’3—,, where P, Q and R are constants,
x(x = 3)2 X x-=-3 (x-3)2
find the values of P, Q and R. (4 marks)
= TR
® 4 Show that E\—F—_z%z——l can be written in the form % +l3 + x_% where C, D and E
are constants to be found. (4 marks)

® 5 o= S

x+ 22"

Find the values of the constants 4 and B such that p(x) =

X+2  (x+2)2 (4 marks)

@ 6 10x2 = 10x + 17 A B C
2x+D(x-3)2 " 2x + i (r 3)”

Find the values of the constants 4, Band C. (4 marks)
B

—_— ‘———___C
+5 T 3x- i (Bx-1)2
A, B and C are constants to be found, (4 marks)

39x2 4 2x 4+ 59
E) 7 Show that — " <X ¥ 7
:) ow tha (x +5)Bx 1) can be written in the form where

9 8 Express the following as partial fractions:

4x + 1 6x2—x+2
X2 4 10x + 25 4x3 —4x2 4 y

13
M_—
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@ Algebraic division

= Animproper algebraic fraction is one whose numerator has a degree equal to or larger than

the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

X +5x+8 X +5x-9
and =
x=2 M-4x2+7x-3

are both improper fractions.

The degree of the The degrees of the numerator
numerator is greater and denominator are equal.
than the degree of the

denominator. w The degree of a polynomial

is the largest exponent in the expression.

, For example, x* + 5x — 9 has degree 3.
= You can either use:

« algebraic division m
« or the relationship F(x) = Q(x) x divisor + remainder The divisor and
the remainder can be numbers

to convert an improper fraction into a mixed fraction. or functions of x.

Method 1
Use algebraic long division to show that: Q)
l/——7 o
; X2+ 5x+8 22
F(x) = =x+7+ o 2”_1,_ remainder
divisor I J
Method 2
Multiply by (x — 2) and compare coefficients to show that: QW)
l——, o
) 24 5x4+8=0x+Nx—2)+22 remainder

divisor —]

T L
Given that Y—-u—.rl =Ax*+Bx+C+ \_D 3 find the values of 4, B, Cand D.
X = X -
Using algebraic long division: Problem-solving
2.4+ A% & 12 Solving this problem using algebraic long division
2 3!? + ‘\,3 T kw7 will give you an answer in the form asked for in
: o 3_\'_-. ‘ the question.
X2 ="
4x% + Ox
4x2 - 12x
12x- 7
12x — 36
Z29
14



Algebraic methods

B4+ xE-7
x-3
with a remainder of 29.

So =x2+4x+12

£

x4+ x2_7

x—3 x—3
S0A4=1,B=4,C=12 and D = 29.

=x2+4x+12 +

The divisor is (x - 3) so you need to write the
remainder as a fraction with denominator (x - 3).

It's always a good idea to list the value of each
unknown asked for in the question.

Given that x3 + x2 = 7= (4x2 + Bx + O)x — 3)+ D, find the values of 4, B, C and D.

Lk %= St
27+9-7=(94+3B+C)x0+D
D =29
Let x =0
O+0-7=(Ax0+Bx0+C)
x(O0-3)+D
-/ ==3C+ D
-7=-3C+ 29
3C=36
C=12

Compare the coefficients of x® and x2,

Compare coefficients in x3:

Compare coefficients in x2: 1= _34 + B

1=-3+B

Therefore A =1, B=4, C=12 and D = 29

and we can write

X2+ x2 -7 =(x2 4+ 4x 4 12)y — 3)+ 29

This can also be written as:

XP+x2-7
x—-3

XM+xiyrx-10
fix)=2FX +x=10
(x) X2+2x-3

238

=X+ 4x 4 12+
$ ) x-3

Show that f(x) can be written as Ax2+ Bx+ C+

1 —

Problem-solving

The identity is given in the form F(x) = Q(x) x
divisor + remainder so solve the problem by
equating coefficients.

Set x =3 to find the value of D.

Set x = 0 and use your value of D to find the
value of C.

You can find the remaining values by equating
coefficients of x3 and x2.

Remember there are two x2 terms when you
expand the brackets on the RHS:

x> terms: LHS = x3, RHS = 43

X% terms: LHS = x2, RHS = (=34 + B)x?

Dx+ E

PO T and find the values of A, B, C,Dand E.
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Using algebraic long division:
x2—- x+ 5
+2x-3xt+ x¥F+0x2+ x-10
x*+ 2x3 = 3xF
-~ P E3F¥ X
- x*-2x+ 3x

5x2 - 2x =10
5x% + 10x = 15
-12x+ 5
xt+x2+x—-10 -12x + 5

X2 —X+5+

Il

T x242x-3 x2+2x-3

50A=1._B:—i.C=5.D=—-‘|2andE=5,

M 42x2+3x-4
@I X X ‘ =Ax2+Bx+ C+

16

m When you are dividing by a

quadratic expression, the remainder can be a
constant or a linear expression. The degree of
(-12x + 5) is smaller than the degree of

(x2 + 2x — 3) so stop your division here.

The remainder is —12x + 5.

Write the remainder as a fraction over the whole
divisor.

x+1 x+1
Find the values of the constants 4, B, C and D. (4 marks)
3 5 _
2 Given that 2 ) B =axt+bx+c+ d find the values of a. b, cand d. (4 marks)
x+3 x+3
x3-8

3 Hn= x—2

Show that f(x) can be written in the form px? +gx +7r and find the values of

p.gandr. (4 marks)

22 : nx '+ )
4 Given that £ 4: 4'\l+ > =m+ ) f find the values of m, n and p. (4 marks)
xX== =

5 Find the values of the constants A. B, C and D in the following identity:

8xd + 2xi+ 5= (Ax+ B)(2x*+2)+ Cx+ D (4 marks)

i T L . .
6 4x ﬂS.\ +3x - 14 - jCA\ +D
x2+2x-1 x24+2x-1
Find the values of the constants A, B, Cand D. (4 marks)
-4 = »

T elx)= —\—i\;:_—l——ﬂf- Show that g(x) can be written in the form px2 + gx + 1+ :;c: ;

and find the values of p. ¢.r,sand r. (4 marks)

344 32 - -
8 Given that 2+ X = B a0 zax?+bx+c+ —fj'—\ii— find the values
x24x-2 xX*+x-2
of a, b, c.dand e. (5 marks)

P ——— - -



Algebraic methods

@ 9 Find the values of the constants A4, B, C, D and E in the following identity:
3t —4x3 - 8x2 4+ 16x - 2= (Ax2+ Bx+ C)(x2 = 3) + Dx + E (5 marks)

E/P) 10 a Fully factorise the expression x* — 1. (2 marks)

; ; T . )
b Hence, or otherwise, write the algebraic fraction 1 the form

(ax + b)(ex* + dx + e) and find the values of a, b, ¢, dand e. (4 marks)

In order to express an improper algebraic fraction in partial fractions, it is first necessary to divide the
numerator by the denominator. Remember an improper algebraic fraction is one where the degree of
the numerator is greater than or equal to the degree of the denominator.

: Ix?-3x-2 B
Given that ————1—— sSA+——4 . find the values of 4, Band C.
(x=1)x=2) x—-1 x-=2
3x-3x-2 _3x ~§__2_ Multiply out the denominator on the LHS.
(x-Dx-2) - x2—3r+ 2
=x2-3x+2 3\ - 3x - Divide the denominator into the numerator.
3x% - 9x + G It goes in 3 times, with a remainder of 6x - 8.
6\ -5
Therefore
3x*-3x-2 6x -8 =3x=2
=E3+—= . 0 ________ i i
x-Nx-p) =3+ P o Write o 1)( 2 as a mixed fraction,
=z -2y Factorise x2 — 3y + 2.
Let G\—S—E——B—+ B

xX=Nx=2)" (x—1 (x - ) — The denominators must be (x - 1) and (x - 2).

_Bx-2)+ Cx - 1)

(x=Nx=-2) L Add the two fractions.
6x-8=B(x-2)+ Gz =1) ‘\(
, The numerators are equal

Let_\'=2:12~<5=BxO+C'x1 ’
C=4 ’
Sals BemsEeite Fab Substitute x = 2 to find C.
B=72
Substitute x =1 to find B.

3\—~3\—2 Ex -8
G- -2 = E-Ta-5)
2_ A
x=1"x=2)
SO =B B2 i s et Finish the question by listing the coefficients.

Write out the full solution.
=3+

17
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Exercise @

x24+3x-2
@ 1 gx)= m . Show that g(x) can we written in the form 4 + £ S &

x=-1 x-2
and find the values of the constants A4, B and C. (4 marks)
; x2-10 B C
@ 2 Given that ————(_\_ )+ 1) =A+ = + PR find the values of the constants 4, B
and C. (4 marks)

@ 3 Find the values of the constants 4, B, C and D in the following identity:

x3-x2-x-3_ (&
_—?ETTT—:A*+B+x+x-1 (5 marks)
3x3—4x2+19x+8 . ¢ D
4 Show that ;
@ ow tha 2+2x-3 can be expressed in the form 4 + Bx + -1 o)
where 4, B, C and D are constants to be found. (5 marks)
4x% + 25
5 Ry —————
® 5 PW=53 25
Show that p(x) can be written in the form A + —2—\%—5— + 25_"_ 5 where 4, Band C
are constants to be found. — (4 marks)
@ 6 Given that —,—2—_—_—1—— =4+ + _ find the values of the constants A, B
x2+2x+1 x+1 (x+1)7°
and C. (4 marks)
® 7 By factorising the denominator, express the following as partial fractions:
4x*+ 17x =11 b =43 +9x2-17x+12
x24+3x-4 X3 —4x? + 4x
<
® 8 Given that Gl 774 D =Ax+ B+ L + D _find the values of the constants
3Ix2+x-10 3x-5 x+2
A, B, Cand D. (6 marks)
xi+ 1
® 9 aW=30 27+1
; . & D
Show that q(x) can be written 1n the form Ax + B+ 1 - Ox 17 and find the
values of the constants 4, B, C and D. (6 marks)
x*+2x2-3x+8
10 h(x)=———"—"—F
@ 0 R x2+x-2
Show that h(x) can be written as Ax?+ Bx+ C+ % + -1 and find the values of
A, B, C.Dand E. (5 marks)

18
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Mixed exercise o

EP) 1
® 2

3

EP) 4

Prove by contradiction that \/% is an irrational number. (5 marks)
Prove that if ¢° is an irrational number then ¢ is an irrational number.

Simplify:

x—4 2x+8 A'3—3x—10x 6x2 + 24 4x3+12x+9; 4x2 -9
5 at-16 3x2-21  x2+6x+8 x2+6x  2x2+9x—_ 18

4x2 - 8x . x24+6x+5
2-3x—-4" 2324+ 10x

a Simplify fully . (3 marks)

b Given that In((4x? - 8x)(x2 + 6x + 5)) = 6 + In((x2 — 3x —4)2x% + 10x)) find x in terms
of e. (4 marks)

(x) = 4x3 —9y2 9y N x2-13x
L S T T S

a Show that g(x) can be written in the form ax2 + bx + ¢, where a, b and ¢ are constants

to be found. (4 marks)
b Hence differentiate g(x) and find g'(=2). (3 marks)
6x + 1 Sx+3 . G i
Express s ¥ —_3r_10%58 single fraction in its simplest form. (4 marks)
flx)=x+ P ER,x>1
G T e T Ll
X2+ 3x+3
Show that f(x) = ————"= (4 marks)
xX+3
x-3
) = x(x—=1)
Show that f(x) can be written in the form —f— e where 4 and B are constants to be found.
o (3 marks)
el e B D . B
(Xx=2)x+1)(x-5) " x-2" x+1 " x-5
Find the values of the constants P, Q and R. (4 marks)
16x — | : . D E
Show that Gx+2)2x =) can be written in the form TTRE G- and find the
values of the constants D and E. (4 marks)
19
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Ix2+2x-2_A B _C
Xx+]l)  x x x+l
Find the values of the constants 4, B and C. (4 marks)
21x2-13
hx)s———7—
)= x4 5)B3x - 1P

; - D E F
Show that h(: g :
ow that h(x) can be written in the form e Gx—1) + Gx - 1)? where D, E and

F are constants to be found. (5 marks)

Find the values of the constants 4, B, C and D in the following identity:

Hobxl+1lx+2=(x-2)(Ax*+Bx+ C)+ D (5 marks)
Show that 45 <OF # B3 can be put in the form Ax> + Bx + C + D
2x+1 Al o |
Find the values of the constants A, B, Cand D. (5 marks)
xt+2 3 D
Show that ol Ax?+ Bx+ C+ 21 where 4, B, C and D are constants to
be found. (5 marks)
x4 s ah ) D E
x2=-2x+1 Sdxt-das C+x— 1 * (x—1)72
Find the values of the constants A4, B, C, D and E. (5 marks)
2x2+2x -3
h(x) = x242x-3
Show that h(x) can be written in the form A + . f 3 - YE l where 4, Band C are
constants to be found. ' ' (5 marks)
. 2+ 1 Q0 R
Given that = 2) =P+ s find the values of the constants P, Q and R. (5 marks)

Given that f(x) = 2x* + 9x* + 10x + 3:
a show that -3 is a root of f(x)
10

b express o) as partial fractions.

Challenge m In a right-angled

triangle, the side opposite

The line L meets the circle C with A the right-angle is always
centre O at exactly one point, 4. the longest side.
Prove by contradiction that the L

line L is perpendicular to the

radius OA.

20
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Summary of key points

1

10

To prove a statement by contradiction you start by assuming it is not true. You then

use logical steps to show that this assumption leads to something impossible (either a
contradiction of the assumption or a contradiction of a fact you know to be true). You can
conclude that your assumption was incorrect, and the original statement was true.

A rational number can be written as g where a and b are integers.

An irrational number cannot be expressed in the form % where a and b are integers.

To multiply fractions, cancel any common factors, then multiply the numerators and multiply
the denominators,

To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.
To add or subtract two fractions, find a common denominator.

A single fraction with two distinct linear factors in the denominator can be split into two
separate fractions with linear denominators. This is called splitting it into partial fractions:

0 " R
x+x-4 x+1 " x-4

The method of partial fractions can also be used when there are more than two distinct linear
factors in the denominator:

; i B
xX=-2)(x+6)(x+3) x-2 X+6 x+3

A single fraction with a repeated linear factor in the denominator can be split into two or
more separate fractions:
2x+9 A B C
= -+ +
(x=5)(x+3)2 x-5 x+3 (x + 3)2

An improper algebraic fraction is one whose numerator has a degree equal to or larger than
the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

You can either use:

+ algebraic division

* or the relationship F(x) = Q(x) x divisor + remainder
to convert an improper fraction into a mixed fraction.
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