Differentiation

After completing this chapter you should be able to:

e Differentiate trigonometric functions -5 pages 232-234, 246-251
e Differentiate exponentials and logarithms -» pages 235-237
e Differentiate functions using the chain, product and
quotient rules ~» pages 237-245
Differentiate parametric equations - pages 251-254

Differentiate functions which are defined implicitly - pages 254-257

® Use the second derivative to describe the behaviour
of a function -» pages 257-261

® Solve problems involving connected rates of change
and construct simple differential equations -» pages 261-264

Prior knowledge check

1 Differentiate:
a 3x2—5x b %— \-"'¥

¢ 4x%(1 — x?) « Year 1, Chapter 12

Find the equation of the tangent to the
curve with equation y = 8 — 2 at the point
(3, -1). « Year 1, Chapter 12

3 The curve Cis defined by the parametric
equations
x=3-51 y=£+2 teR
Find the coordinates of any points where
Cintersects the coordinate axes.
4 Section 8.4

=

You can use differentiation to find rates of
change in trigonometric and exponential
models. The velocity of a wrecking ball could
#* be estimated by modelling its displacement
M then differentiating,

]
¥
|

Solve 2 cosec x — 3 sec x = 0 in the interval _
0 = x = 2m, giving your answers correct to '} %
3 significant figures. « Section 6.3

s 4
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Chapter 9

m Differentiating sin x and cos x

You need to be able to differentiate sin x and cos x from first principles. You can use the following
small angle approximations for sin and cos when the angle is measured in radians:

®sinxx~x
m You will always need

~1-1,2 ; : e
mcosxx~1-3x to use radians when differentiating

4 trigonometric functions.
This means that lim sink = lim o 1, and
h—o h h—oh
1
1-sh?-1
. cosh-1_ . 2 i (1) —
.FEI-I;nD h f!linc- h - rgl—mo ( 2 h) R

You will need to use these two limits when you differentiate sin and cos from first principles.

Prove, from first principles, that the derivative of sin x is cos x.

sin/ cosh—1
You may assume that as 1 — 0, o S 1 and S TR 0.
Let f(x) = sinx Problem-solving
¥ = lim flax + A = f) Use the rule for differentiating from first
" k=0 h principles. This is provided in the formula booklet.
_ sinlx + Al — sinx If you don’t want to use limit notation, you could
= h write an expression for the gradient of the chord

joining (x, sin x) to (x + A, sin (x + A)) and show

sinx cosh + cos x sinh — sinx :
N ) that as 4 — 0 the gradient of the chord tends to

= lim

h—0 h
: CoS X. ¢ Year 1, Section 12.2
) ((cosh—i) " (51m‘:) )
= lim —|sinx + |— —|cosX
h—0Q h h
A siih Use the formula for sin(4 + B) to expand
Since =, —— — O and — 1'the sin (x + /), then write the resulting expression in
expression inside the limit tends to terms of cos? = and 5': i + Section 7.1
(O x sinx + 1 x cosx) :
So lim sinbe bl = SinX _ oz Make sure you state where you are using the two
Pal . limits given in the question.
Hence the derivative of sinx is cos X. »—|_
Write down what you have proved.
dy —
m Ify=sinkx, then — = kcos kx £.
dx @ Explore the relationship Zzze
You can use a similar technique to find the between sin and cos and their
derivative of cos x. derivatives using technology.

dy
m If y = cos kx, then d—:}r— =-ksinkx
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Fi ddy i that:
i . Siven that:

a y=sin2x b y=cos5x

a y=sin2x
dy

Differentiation

¢ y=3cosx+2sindx

e e 2x
pe cos

b y=cosbx

dy
— = -5sin5x

Use the standard result for sin kx with k = 2.

|

dax

c y=3cosx + 2sin4dx

dy
OT'\: =3 x[-sinx) + 2 x (4 cos 4x)

Il

—3sinx + Bcos 4x

Example o

Use the standard result for cos kx with k = 5.

Differentiate each term separately.

A curve has equation y = %x — cos 2x. Find the stationary points on the curve in the interval

Osx<m.

=z F2sin2¥=2+2sn2x— | gt by differentiating 1.x — cos 2x.

dy
Let a = 0 and solve for x:

é—+25'|r12.\'=0

2sin2x =~

Bl= M-

sin2x = —

2x = 3.394.., 6.030...

: ; dy
Stationary points occur when = 0.

€ Year 1, Chapter 12

x =170, 302 (3 s1)
When x= 1.70): —

0 =< x < so the range for 2x is 0 < 2x < 27

m Whenever you are using calculus,

»=3{1.70) - cos(2 x 1.70) = 1.82 (3 s.f)
When x = 3.02:
¥=3(3.02) - cos (2 x 3.02) = 0.539 (3 s.f)

The stationary points of y = X = cos 2x in
the interval O < x < 7 are (1.70, 1.82) and
(3.02, 0.539).

you must work in radians.

Substitute x values into y = 1x - cos 2x to find
the corresponding y values.
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Chapter 9

® 1

(/P) 8

9

@ 1

a Given that f(x) = cos x, show that Problem-soluing

f'(x)= lim((ﬁ?;l)cosx _sinh siti .\') Use the definition of the
h—0 1 h derivative and the addition

b Hence prove that f'(x) = —sin x. formula for cos(4 + B).
Differentiate:
a y=2cosx b y=2sin %x ¢ y=sin8x d y=6sin %\
Find f'(x) given that:
a f(x)=2cosx b f(x)=6cos %\ ¢ f(x)=4cos %x d f(x)=3cos2x
Find W hat:

ind 7 given that:
a y=sin2x +cos3x b y=2cos4x — 4cosx + 2cosTx
¢ y=x?+4cos3x d y= L*—zgﬁl
A curve has equation y = x — sin 3x. Find the stationary points of the curve in the interval

0=x=m.
Find the gradient of the curve y = 2sin4x — 4cos 2x at the point where x = %

A curve has the equation y = 2sin 2x + cos 2x. Find the stationary points of the curve in the
interval 0 = x = 7.

A curve has the equation y = sin 5x + cos 3x. Find the equation of the tangent to the curve at
the point (7, =1). (4 marks)

A curve has the equation y = 2x? — sin x. Show that the equation of the normal to the curve at
the point with x-coordinate 7 is

x+@r+ )y -n@m2+2r+1)=0 (7 marks)

Prove. from first principles, that the derivative of sin x is cos x.

You may assume the formula for sin(4 + B) and thatas h — 0, EE—& — 1 and E(E%_—l— — 0.

(5 marks)

Challenge

Prove, from first principles, that the derivative of sin(kx) is kcos(kx).

You may assume the formula for sin (4 + B)and thatas h — 0,

and

sinkh ==

coskh—1 4
h

0.
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Differentiation

@ Differentiating exponentials and logarithms

You need to be able to differentiate expressions involving exponentials and logarithms.

kx dy kx
" Ify=e, then dx ket For any real constant, ,
dy Inkx=1Ink+Inx.Since In kis also a
® If y=Inx, then —= 1 constant, the derivative of In kx is
il also

You can use the derivative of e~ to find the derivative of X

a** where a is any positive real number.

13 ETE
Show that the derivative of ¢ is ¢*In a. @ Explore the function a* o l%

and its derivative using technology.

let y=a*
= grlan You could also use the laws of logs like this:
= grina Iny=Ilna*=xlna= y=eina
d_l . « Year 1, Chapter 14
dx
=Inaeh L Ina s just a constant so use the standard result
=a‘lna for the derivative of e with k = In a.

d
® If y = a**, where k is a real constant and a > 0, then d—y =a*klna
X

dy
Find — gi ;
ind 7= given that
= Tx
a y=e¥vy o b y=In(x3) +1In7x ¢ p= 2__3;5__
4ex
a y= 63.1 + 23x ) ;
dy Differentiate each term separately using the
g"—_ =3e3 + 2293 n2) standard results for et~ with k = 3, and a** with
’ a=2and k=3,

b y=1In(x3)+ In7x

y=3nx+In7+inx=4Inx+In7 oo Rewrite y using the laws of logs.

dy 1 4
I =4 x X + () = EY
X ? : —L Use the standard result for In x. In 7 is a constant,
— i L so it disappears when you differentiate.
- 48 3x
= te-3x_3 4 Divide each term in the numerator by the
. 2 4 denominator.
) 1
— = - =AY A 4x
o 3 x (—3e-3%) x 4e

Differentiate each term separately using the
standard result for ek,
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Chapter 9

Exercise @

1

a Find % for each of the following:

a y=4¢* b =3 ¢ y= (%)‘ d y=In5x

e y= 4(%)-‘ f y=In(2¥) g y=e¥-e¥ h y= L :,-S-‘-P
Find f'(xx) given that:

a flx)=3% b f(x)= (%)b ¢ f(x) =24 4+ 43 d f(x)= 2?4’“8

@ In parts ¢ and d, rewrite the terms so that they
all have the same base and hence can be simplified.

Find the gradient of the curve y = (e** - e-2) at the point where x = In 3.
Find the equation of the tangent to the curve y =2 + 2-* at the point {_2, %) (6 marks)

A curve has the equation y = e** — Inx. Show that the equation of the tangent at the point with
x-coordinate 1 is

y=(2e=x-e*+1 (6 marks)

A particular radioactive isotope has an activity, R millicuries at time 7 days, given by the

equation R =200 x 0.9'. Find the value of %, when 7 = 8.

The population of Cambridge was 37 000 in 1900, and was about 109000 in 2000. Given that
the population, P, at a time 7 years after 1900 can be modelled using the equation P = Pk,

a find the values of P,and k
b evaluate gd_f in the year 2000

¢ interpret your answer to partb in the context of the model.

A student is attempting to differentiate In kx. The student writes:

d 4
y = Inkx, s0 & kinkx
o d_\A

Explain the mistake made by the student and state the correct derivative.

Prove that the derivative of a** is @** k In a. You may assume that the derivative of e** is ke**.
(4 marks)
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Differentiation

P) 10 f(x)=e> —In(x) + 4, x>0

a Find '(x). (3 marks)
The curve with equation y = f(x) has a gradient of 2 at point P. The x-coordinate of P is a.
b Show thata(e> - 1)=1. (2 marks)

B 11 A curve C has equation
y=35sin3x+2cos3x,-r<xy<g
a Show that the point P (0, 2) lies on C. (1 mark)
b Find an equation of the normal to the curve C at P. (5 marks)

B 12 The point P lies on the curve with equation y = 2(3*). The x-coordinate of P is 1.
Find an equation of the normal to the curve at the point P in the form y = ax + b, where ¢ and
b are constants to be found in exact form. (5 marks)

Challenge

A curve C has the equation y = e — 5x. Find the equation of the
tangent to Cthat is parallel to the line y = 3x + 4.

m The chain rule

You can use the chain rule to differentiate composite functions, or functions of another fu nction.

® The chain rule is:
dy _dy du
dx ~du “dx
where y is a function of v and u is another function of x.
Example o
_ dy
Given that y = (3x* + x)5, find R using the chain rule.

Let u = 3x* + x:
att

il 12x3 4+ 1 Differentiate u with respect to x to get gﬁ
3 x
y=u’ ) . :

Substitute « into the equation for v and
dy P ) dy
au = ou’ differentiate with respect to « to get d—;

Using the chain rule,

dy dy du
—F e W
dx  du " dx

= 5u*12 x3 + 1)

dy =i ; ;
L = Blgat 4 MBS 4 1) Use u =3x* + x to write your final answer in
dx terms of x only.
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Chapter 9

Example o

. dy
Given that y = sin® x, find i
? dx

y = sin*x = (sinx)*

Let u = sinx:

du . . ;
Oy = cosX Differentiate u with respect to x to get g—“
- X
y=ut : : .
dy Substitute u into the equation for y and
il 3 7 i i dV
= 4u J differentiate with respect to « to getd—'
u
Using the chain rule,
dy dy du
e O
dx du dx
= 4u>(cos X)
. : 7
dy L Substitute u = sin x back into —— to get an answer
—— = 4 5inx cosX ~— dx
dx in terms of x only.

You can write the chain rule using function notation:

= The chain rule enables you to differentiate a function of a function. In general,

d
« if y = (f(x))" then &% = n(F())" 1 (x)

d
« if y = f(g(x)) then d—i =f(g(x)g'(x)

Example o
dy

Given that y = v5x* + 1, find -d_\ at (4,9).

This is y = (f(x))" with f(x) = 5x* + 1 and n =1

Y=« 5\‘_2_-!- 1_ g
) = 2 d ' 5

Let f{x) = 5x* + 1 50-i=%(f(.\'))"ff'(.\‘).

Then f'(x) = 10x dx

Using the chain rule:

Y _ 1(5x2 + )% x 10x
E_\' =3 . s 2 z X X
= 5x{5x% + 1)7:
dy

dy . : e :

AL (4, 9). _.' = 5(4)(54)?2 + 1)77 = EQ_______Substttute x=4into d% to find the required
dx 9 value.
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Differentiation

The following particular case of the chain rule is useful for differentiating functions that are not in the

form y = f(x). €D s is because:

d_1 &y dx_dy_
dy dx dx " dy dy
dy

Example o

d . ;
Find the value of d_y at the point (2, 1) on the curve with equation P+y=x
X

dx Start with x = y* + y and differentiate with

E:l_' . respect to y.
dy 1 d
P p— - y 1
Tdx 3y? 41 | Use e
dy

.

1 Differentiate:

Substitutey = 1.

a (1+2x) b (3 -2x2)-5 ¢ (3 +4x): d (6x+ x2)7
| & B— 4 — =6
€ 5re f V7T—x g 4(2 + 8x) h 38 -x)

2 Differentiate:
a ewosx b cos(2x - 1) ¢ Vinx d (sinx + cos x)*

e sin(3x2-2x+1) f In(sinx) g 2ecosdx h cos(e* + 3)

3 Given that y =

=
—_—

S L find the value of 91 at (1
(4x + 1) dx™ ¥

4 A curve Chas equation y = (5 — 2x)*. Find the tangent to the curve at the point P with
x-coordinate 1. (7 marks)

, dy
5 Given that y=(] +In 4x):, find the value of ﬁ at x = %e 3, (5 marks)

dy
6 Find (_i: for the following curves, giving your answers in terms of .

a x=)p24y b x=e'+4y ¢ x=sin2y d 4x=Iny+)3

m—

239




® 7

@

11

@ n

@

Chapter 9

: dy
Find the value of HJ; at the point (8, 2) on Problem-solving

the curve with equation 3y? - 2y = x. Your expression for ﬁ will be in terms of y.

Remember to substitute the y-coordinate into
the expression to find the gradient.

. dy )
Find the value of s at the point (% 4_] on the curve with equation ,1-3 + y-% =%,

a Differentiate e’ = x with respect to y.

dy
b Hence, prove that if y =Inx, then a = %

The curve C has equation x =4 cos 2y.

a Show that the point Q (2, %) lies on C. (1 mark)
b Show il 4 mark
ow tha A5 at Q. (4 marks)

¢ Find an equation of the normal to C at Q. Give your answer in the form ax + by + ¢ =0,

where @, b and ¢ are exact constants. (4 marks)
Differentiate:
a sin?3x b ex+!” ¢ In(cosx)’

1 ;
3 +cos2x € sm (\)

; 4 1
The curve C has equation y = 2402’ x#s

The point A on C has x-coordinate 3.
Find an equation of the normal to C at 4 in the form ax + by + ¢ = 0, where a, b and
¢ are integers. (7 marks)

Find the exact value of the gradient of the curve with equation y = 3* at the point with
coordinates (1. 3). (4 marks)

Challenge

dy
Find — given that:
dx

a y=ysin/x b Iny=sin®(3x +4)
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Differentiation

m The product rule

You need to be able to differentiate the product of two functions.

dy dv du
mify=uy thenazua—+ Y iz’ m Make sure you can spot
the difference between a product
where u and v are functions of x. of two functions and a function of a
The product rule in function notation is: function. A product is two separate

functions multiplied together.
= If f(x) = g(x)h(x) then f'(x) = g(x)h'(x) + h(x)g’'(x)

Example @

Given that f(x) = x2/3x — 1, find " (x).

du dy

let u=x2 and v=y3x =1 = (3x = 1)} Write out your functions w, v,a;and v befare
Then 94 _ 2% atid ﬂ =3 x 1(3x - 1)~ substitqung mt(? the produc]t rule. Use the chain
dx dx . rule to differentiate (3x — 1)}

Usin S uﬂ + 1-'9“5

Yax = dx dx
Fiix) =22 % 2B — 1)# 4+ /B =T x 2x ——— Substitute u; v, EEand dv
- dx dx

_3X° +12x2 — 4x
2V/3x =1
_15x% — 4x
2/3x -1
_ x(15x - 4)
2/3x = 1

; , dy
Given that y = ¢4 sin2 3x, show that -CK =e%sin 3x (4 cos 3x + Bsin 3x), where 4 and B are
constants to be determined. ;

Let w = e* and v = sin2 3x = (sin 3x)2

du | v Write out « and v and find gﬁ and 9¥
= 4e4¥ and == 2(sin3x) x (3 cos 3x) d '}' ¥
Use the chain rule to find &%
_ dvdu o
ax dx dx 1
9 Write out the product rule before substituting.

e e* x (Gsin3xcos 3y + sinZ3x x 4e4s

= 6e*sin3xcos 3x + 44 sin2 3 Problem-solving

= e* 5in 3x (G cos 3x + 4 sin 3x) Write out the value of any constants you have
determined at the end of your working.

You can use this to check that your answer is in
the required form.

This is in the required form with A =6 and
B =4
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Chapter 9

Exercise @

1

Differentiate:
a x(1+3x) b 2x(1 + 3x2)3 ¢ ¥Q2x+6)
Differentiate:
a e(2x-1)° b sin2xcos3x ¢ e'sinx
: dy :
a Find the value of — at the point (1, 8) on the curve with equation y = x>(3x — 1)*.

dx
dy

b Find the value of —— at the point (4, 36) on the curve with equation y = 3x(2x + 1)

dx

. dy
¢ Find the value of —
dx

Find the stationary points of the curve C with the equation y = (x — 2)*(2x + 3).

d 3x(5x-1)"

d sin(5x) In(cosx)

- at the point (2, %) on the curve with equation y = (x = )2x + 1)™".

A curve C has equation y = (x - E)_ sin 2x. 0 < x < 7. Find the gradient of the curve at the

A curve C has equation y = x2cos (x?). Find the equation of the tangent to the curve C at the

c2
point with x-coordinate %
; VT 71'\’(_2_) .
point P ( 278

Given that y = 3x*(5x — 3)%, show that
dy
— = Ax(5x - 3)"(Bx + C)
dx

where n, A, B and C are constants to be determined.

A curve C has equation y = (x + 3)?e*.

d
a Find d—’:;, using the product rule for differentiation.

b Find the gradient of C at the point where x = 2.

Differentiate with respect to x:

a (2sin x — 3cos x) In3x
b xte™s-3

dy . .
Find the value of E}.; at the point where x = 1 on the curve with equation

y=x>v10x + 6

242

in the form ax + by + ¢ = 0 where a, b and ¢ are exact constants. (7 marks)

(4 marks)

(3 marks)

(3 marks)

(3 marks)
(3 marks)

(6 marks)



Challenge

Find gl for the following functions.
X

a y=e*sin®xcosx

@ The quotient rule

b y=x(4x-3)%1 -

4x)°

You need to be able to differentiate the quotient of two functions.

ydu _, dv
d
3 Ify:%then%z-ﬁvz—ﬂ

The quotient rule in function notation is:
g(x)

_ h(x)g'(x) - g(x)h'(x)

where 1 and v are functions of x.

m There is a minus sign

in the numerator, so the order of

m Iff(x) = ,then f'(x) =

h(x) (h(x))2

;

Example

x find dy
+ 5 dx

Given that y =
2x

let u=xand v=2x + 5;

the functions is important.

Let u be the numerator and let v be the

du dav
i = 1 and a oy

denominator.

Recognise that y is a quotient and use the

9 dx y2

ﬂ_(2x+5)x1—,\:x2
dx ~ (2x + 5)2

5

quotient rule.

T @x+52

. ; sin x
A curve C with equation =

e
has a stationary point at P. Find the coordinates
of P. Give your answer to 3 significant figures,

; 0<x<m,

Let u = sinx and v = e2,
du

Simplify the numerator of the fraction.

@ Explore the graph of this O

function using technology.

dv
AR 9 — 2x
gy = €osx and e 2e

Write out # and v and find du and dv before
dx dx

using the quotient rule.

Differentiation
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Chapter 9

Using the quotient rule,

‘l‘ﬂ = h‘ﬂ
dy 'dx = dx

dx ~ pe

4y e®cosx - sin x(2e®¥
dx (e2x)2

e**cosx = 2e**sinx
64.\'

_ ePcosx — 2sinx)
- 6-4.\'

Write out the rule before substituting.

= e~2cosx — 25inX]

dy

ST ! dy
Simplify your expression for P as much as
possible. 3

When b oo O:

e-2¥cosx — 2sinxl =0
e2=0o0rcosx—2snx=0
e~2¥ = O has no solution.
cosx —2sinx=0
cosXx = 2sinx

§=tan.\‘

x = 0464 (3 sf)

d H

L P is a stationary point so et )

dx
Problem-solving

If the product of two factors is equal to 0 then
one of the factors must be equal to 0.

This is the only solution in the range 0 <x <.

sinXx
eax

.1‘ =

| sinl0464)

62 x 0464

So the coordinates of P are (0.464, OATTY

Exercise

;

1 Differentiate:
5x 2x
x+1 3x -2

a

2 Differentiate:

e 1%
A cosx x+1

_ dy ; 1 . :
3 Find the value of s at the point (l, Z] on the curve with equation y =37

dy . ;
4 Find the value of K at the point (12, 3) on the curve with equation y =

244

Substitute x into y to find the y-coordinate of the
stationary point.

x+3 d 3x? @ Oox
2x + 1 (2x - 1) (5x +3):
e-2x 4 g2 (e*+3) . sin®x

In x COos X Inx

_x+3
(2x + 1)z



)

)

Differentiation

2x+3

5 Find the stationary point(s) of the curve C with equation y = 7 s x =0

B 3
6 Find the equation of the tangent to the curve y = — at the point (3, %e). (7 marks)
. dy 3 T 1 . _ Inx
7 Find the exact value of e the point x = gon the curve with equation y = Sin 3%
8 The curve C has equation x = 3+2y
a Find the coordinates of the point 2 where the curve cuts the X-axis, (1 mark)

b Find an equation of the normal to the curve at P, giving your answer in the form y = mx + ¢,
where m and ¢ are constants to be found. (6 marks)

4

9 Differentiate with respect to x. (4 marks)

cos 3x

2y

10 A curve C has equation y = c_o X *® 2
a Show that
4y 4eX(Bx- ()
dx~ (x-28
where 4, B and C are integers to be found. (4 marks)
b Find the equation of the tangent of C at the point x = 1. (3 marks)
11 Given that
2x 6x
flx)= %
T S T T kel
a show that f(x) = A%
(x)= W) (4 marks)
b Hence find f'(3). (3 marks)
12 The diagram shows a sketch of the curve with equation ¥
v =f(x), where T

f(x) =£§?—f—‘2£, O<x<m

The curve has a maximum turning point at 4 and a

minimum turning point and B as shown in the diagram. ..;4\

a Show that the x-coordinates of point 4 and point B 0 \/ x
are solutions to the equation tan 2x = % (4 marks) 3

b Find the range of f(x). (2 marks)
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Chapter 9

m Differentiating trigonometric functions

You can combine all the above rules and apply them to trigonometric functions to obtain standard

results.

dy
If y= X, -
y =tanx, find i

sinx

y=tanx =+

Let u =sinx and v =cos X

H = cos X and qy = —-sinXx
dx dx '
au av
di 1; = tfa
ax - ve
ﬂ _ cOSX X co5X — sin x(=sin x}
dx cos? x

dy cos?x +sin?x

dx cosZx

dy 1 3
= = S6e°X

dx ~ cos?x

You can generalise this method to differentiate tan kx:

d
= If y =tankux, then d—'i— =ksec?kx

Differentiate a y =xtan2x b y=tan*x

a y=Xxtan2x

dy =
= x x 2sec22x + tan2x
dx
= 2xsec? 2x + tan2x
b y=tan*x=(tanx)?

d) 4
—— = 4(tan x)>(sec?® x)
dx

= 4tan®x sec? X

246

sin x

—— and then use the

You can write tan x as
quotient rule.

Use the identity cos? x + sin?x = 1.

This is a product.
Use u = x and v = tan 2, together with the

product rule.

Use the chain rule with u = tan x.



Show that if y

dy
dx

cosec x, then = —cosecxcot.x.

¥Y=cosec x =

sinx
letu=1and v=sinx “
au dav
— = ngd =— = cosSX
- oad J
r-c—jﬁ - uﬂ
dy _“dx  Tdx
dx = pe
dy _sinxx 0 -1xcosx
dx sin? x
dy _ cosx
dx ~  sinx
dy 1 cos x ) )
T et St o7 oY ool vl o ) P
dx sinx sinx

Differentiation

Use the quotient rule with u = 1 and v = sin x.

u=1is aconstant so g—t =10,

Rearrange your answer into the desired form using
the definitions of cosec and cot. « Section 6.1

You can use similar techniques to differentiate sec x and cot x giving you the following general results:

d
® If y = cosec kx, then ﬁ ~k cosec kx cot kx

d
® If y = sec kx, then E% =kseckx tankx

® If y = cot kv, the ~k cosec? kx

; ) . i
Differentiate: _ cosec2x

a
X2

y b y=sec’x

cosec 2x
a ']r! = —_—2__
X

dy  x2(-2cosec 2x cot 2x) - cosec 2x x 2x

ax x4

So

_ —2cosec 2x(xcot 2x + 1)

x3

b y=sec®x = (secx)?

While the standard

results for tan, cosec, sec and cot
are given in the formulae booklet,
learning these results will enable
you to differentiate a wide range of
functions quickly and confidently.

Use the quotient rule with u = cosec 2x
and v=x2

Vv
—— = 3(sec x)?

e (sec x tanx)

= 3sec3x tanx

Use the chain rule with u = sec x.
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dy
You can use the rule d_r = dl to differentiate arcsin x, arccos x and arctan x.
" X
dy

Show that the derivative of arcsin x is

r so if y = arcsin x then x = sin y.

V1= x2
Let y = arcsinx
So x = siny
. cosy
day :
dy 1
dx _ cosy

sin?y + cos?y =1

cosy =y1 - siny =y1 —x2 =

dy 1
o —— S —————
dx 1 -x2

You can use similar techniques to differentiate
arccos x and arctan x giving you the following
results:

) dy 1
e |f y =arccos x, then——= —-
dx V1 —x?
e |f y=arctanx, then d}-‘_ 1
= o dx 1+x2
1 Differentiate:
a y=tan3x b y=4tan’x
2 Differentiate:
a cotdx b secSx
sec’ x
e xcotlix f =

3 Find the function f’(x) where f(x) is:
a (secx): b Jcotx

e secix f cot®x

248

¢ y=tan(x-1)

¢ cosecdx

g cosec’ 2x

¢ cosec’x

arcsin is the inverse function of sin,

+ Section 6.5

Differentiate x with respect to y.

dy 1
Use —=—.This gi i
L se dxdx his gives you an expression

dy

fo dy in ter f
r—i ms of y.
dx F

Problem-solving

Use the identity sin®# + cos?# = 1 to write cos y
in terms of sin y. This will enable you to find an

. dy .
expression for FwLL terms of x.

L— Since x =siny, x> =sin?y.

d y=x"tan %x + tan [x - %}

d sec?3x

h cot}(2x-1)

d tan’x



4

P) 6

Differentiation

Find f'(x) where f(x) is:
5 ) tan 2.x x* . )
a x?sec3x h F=TE & Eng d e¥sec3x
I]’l X f elanx
¢ tanx cos.x
The curve C has equation
|
pE=————— D =y
© cosxsinxy
dy
a Find — (4 marks)
dx
b Determine the number of stationary points of the curve C. (2 marks)
¢ Find the equation of the tangent at the point where x = g giving your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are exact constants to be determined. (3 marks)
) dy
Show that if y = sec x then qx - secx tan x. (5 marks)
; dy
Show that if y = cot x then ra —cosec? x. (5 marks)
Assuming standard results for sin x and cos x, prove that:
a the derivative of arccos x is — ,_l_q
VI —x-
b the derivative of arctan x is ! %
I+ x?
Given that x = cosec 5y,
dy .
a find 4y [0 terms of y. (2 marks)
dy
b Hence find e terms of x. (4 marks)

249




Chapter 9

m Parametric differentiation

When functions are defined parametrically, you can find the gradient at a given point without
converting into Cartesian form. You can use a variation of the chain rule:

" s — dy dx dy
If x and y are given as functions of a parameter, 7: — =4, Fom Witing y dx_dy
Rt} dx dr dr
dr
Example @
Find the gradient at the point P where 7 = 2, on the curve given parametrically by
x=8+t, y=£+1, teR
9X _ 32 41 P _ ot First differentiate x and y with respect to the
af - parameter 7.
ay
dy _ dt 2t o
=—2= : e : : )
dx dx 312 +1 | This rule will give the gradient function, a
dt in terms of the parameter, 7.
TORN— ). ..
ien d \ 13 ]— . ' 2{
4 Substitute =2 into —
So the gradient at P is 3 3F+1
Example @
Find the equation of the normal at the point P where # = % to the curve with parametric
equations x = 3sinf, y = Scos#.
ax _ 300, @ _ Ssinf O<6<2r First differentiate x and y with respect to the
df dt parameter 6.
dy _ -5sinf
=0 dy
& Juost - Use the chain rule, — ¥ and substitute =2
_ ™ [ a0 dG 6
At point P. where 8 = c
dy -5x% _5 ‘ O N
- = = = —= 3 -9
dx B B @ Explore the graph_of tf‘!ls
3 x5 curve and the normal at this point
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using technology.

dy
dy dr m You can obtain this




3V/3

E

The gradient of the normal at P is
3 5v3

nd gt P.op= o, =

and a X > ) >

The equation of the normal is

5¢ 3 3V3
4 f - 53 [x- g]

S5y = 3J/3x + 8/3

dy

The normal is perpendicular to the curve, so its

gradient is _r_ir where m is the gradient of the

curve at that point.

You need to find the coordinates of P. Substitute

. - .
= 5 into each of the parametric equations.
+ Section 8.1

Use the equation for a line in the form
y=y=mx—x,)

1 Find —\- for each of the following, leaving your answer in terms of the parameter 7.

d:

a x=2t,y=r~-3t+2

d x=£-2,y=3

-l 2t 1l._l—r3
IR AL G )

j x=2+sint, y=3—4cost

mx=¢-5y=Int,1>0

b x=32y=2¢
e x=-
h x=t%,y=2t

k x=secr. y=tant

n x=Int,y=r-64,t>0

c x=t+3, y=4

1 12

y=32-2 T % =

— 1](‘_
2t-1"" 2t-1

i x=4sin3s, y=3cos3t

1 x=2t-sin2t,y=1-cos2t

0 x=e¥+1,y=2'-1,-1<1<1

@ 2 a Find the equation of the tangent to the curve with parametric equations x = 3 — 2sin?,

y =tcost, at the point P, where 7 = .

b Find the equation of the tangent to the curve with parametric equations x =9 — 2,

y = 2 + 61, at the point P, where 1 = 2.

® 3 a Find the equation of the normal to the curve with parametric equations x =¢’, y =e’ + €7,

at the point P, where 7 = 0.

b Find the equation of the normal to the curve with parametric equations x = 1 — cos 21,

y = sin 2, at the point P, where 7 = %

| ® 4 Find the points of zero gradient on the curve with parametric equations

ra

1 [
xX=— Jy= _
4 =

|

|

You do not need to establish whether they are maximum or minimum points.

® 5 The curve C has parametric equations x =e”, y=e¢'- 1,7 € R.

a Find the equation of the tangent to C at the point 4 where 7 = In2.

b Show that the curve C has no stationary points.
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6 The curve C has parametric equations
x:#, y=2t, t>0
The line /; is a tangent to C and is parallel to the line with equation y = x + 3.

Find the equation of /,. (8 marks)

7 A curve has parametric equations

;o T
x=2sin’7, y=2coti, 0<I<7
; _ dy .
a Find an expression fora in terms of the parameter 7. (4 marks)
. ’ . .T
b Find an equation of the tangent to the curve at the point where ¢ = ’E (4 marks)

8 The curve C has parametric equations

x=4sint, v =2cosec2t, 0=st=

=
. . . i —4 V3
The point A4 lies on C and has coordinates ( 2y~ =3 )

a Find the value of 7 at the point 4. (2 marks)
The line /is a normal to C at A.
b Show that an equation for /is 9x + 12y - 34/3 = 0. (6 marks)

E/P) 9 The curve C has parametric equations
X=r+t y=£-10t+5 teR
where  is a parameter. Given that at point P, the gradient of C'is 2.

a find the coordinates of P (4 marks)
b find the equation of the tangent to C at point P (3 marks)
¢ show that the tangent to C at point P does not intersect the curve again. (5 marks)

Problem-solving

Substitute the equations for x and y into the equation of your tangent,
and show that the resulting quadratic equation has one unique root.

E/P) 10 The curve C has parametric equations

x=2sint, y=+v2cos2t, 0<t<nx

dy
a Find an expression for a in terms of 7. (2 marks)
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The point A lies on C where ¢ = % The line /is the normal to C at A.

b Find an equation for / in the form ax + by + ¢ = 0, where a, b and ¢ are exact constants
to be found. (5 marks)

¢ Prove that the line / does not intersect the curve anywhere other than at point 4. (6 marks)

A curve has parametric equations

x=cosl, y= %sin 2t, 0=t<2m

a Find an expression for HT in terms of 7. (2 marks)

m

b Find an equation of the tangent to the curve at point 4 where 7 = A (4 marks)

The lines /, and /, are two further distinct tangents to the curve. Given that /, and /, are both
parallel to the tangent to the curve at point 4.

¢ find an equation of /; and an equation of /, (6 marks)

m Implicit differentiation

Some equations are difficult to rearrange into @ 50 6o tion in the fon = 1) 15

the form y = f(x) or x = f(y). You can sometimes

given explicitly.

differentiate these equations implicitly without

rearranging them.

In general, from the chain rule:

Equations which involve functions of both x
and y such as x? + 2xy = 3 or cos (x + ) = 2x
are called implicit equations.

d o =F ()
= 0N =F g,

The following two specific results are useful for implicit differentiation:

_d_ 1y = l’l—l_dl
= de ) =ny dx

d
o Fd-;(xy) =x—y+y

dx

When you differentiate implicit equations
your expression for —= will usually be given You need to pay careful attention to
%

the variable you are differentiating with respect to.

in terms of both x and .
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dv
Find d—; in terms of x and y where x* + x + »* + 3y = 6.

Differentiate the expression term by term with

+ dlv
3x2 414 32— 4+3—= ,_ respect to x.
7 dx ax

Divide both sides by 3)2 + 3 and factorise.

a4y _ . -
—'1(31-'4" +3)==-3x2=1 |
dx '™

d
Then make —'—Vthe subject of the formula.
ay _ 3x2 41 dx

dx ~  3(1 + ) |

i W = n-lﬁ i ==
Use de ) =ny o with n=3.

Example @
6x°
y

dy
Given that 4xy? + —— = 10, find the value of a at the point (1, 1).

Differentiate each term with respect to x.
day k g 2 dy J
(4,\' x 2.1'; + 4).&-) i (T2.\ _6xF d ) -0

= Use the product rule on each term, expressing

: ¥ y2 dx ~
= 6.x? 21
——as56 :
Substitute x =1, y = 1 to give Y S
dy dy —L Fi | f dy =
(5_-_ + 4] + (12 - _J =5 ind the value o a—at (1, 1) by substituting
ax dx B
x=1,y=1
dy
le+2—==0 .
ax Substitute before rearranging, as this simplifies
dy the working,
dx =~ L =
Solve to find the value m‘al at this point.
X
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. dy
Find the value of FP at the point (1, 1) wheree*Iny =x+y - 2.

5. 1 QY . dy .
&2 x e Ir}‘_l' x 2er*=1+ e Differentiate each term with respect to x.
Substitute x =1, y = 1 to give t Use the product rule applied to the term on the
i dy 1 dy left hand side of the equation, noting that [n y
R s ves R dy
ax ax differentiates to give L
) g ydx
(6 - 1]; =
a1 R k o he subj
T earrange to ma eat e subject of the formula.

d
® 1 By writing u = y". and using the chain rule, show that ad—t(_v“) = ny”“a%

d dy
@ 2 Use the product rule to show that 3 (xy)=x e + .

d
® 3 Find an expression in terms of x and y for d—i) given that:

a x2+)3=2 b x2+5)2=14 ¢ x2+6x—8y+5y2=13
2y

d ¥+ 3x%y-4x=0 e 32 =2p+2xy=x3 £ k= o

g (x—yr=x+p+5 h ey = xe’ i Jxy+x+y?=0

® 4 Find the equation of the tangent to the curve with implicit equation x* + 3x)% — p? =9 at the
point (2, 1).

5 Find the equation of the normal to the curve with implicit equation (x + y)* = x* + y at the
point (1, 0).
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Chapter 9

Find the coordinates of the points of Problem-solving

zero gradient on the curve with implicit 3
equation x? +4y? — 6x - 16y + 21 = 0. Find d—) then set the numerator equal to 0 to find
=

the x-coordinate at the points of 0 gradient. You
need to find two corresponding y-coordinates.

A curve C'is described by the equation
22+ 32— x+6xp+5=0

Find an equation of the tangent to C at the point (1, -2), giving your answer in the form

ax + by + ¢ =0, where a, b and ¢ are integers.

A curve C has equation

3=y -2xy

dy
Find the exact value of E at the point on C with coordinates (2. =3).

Find the gradient of the curve with equation

In (3% =%.\' In(x-1), x>1, y>0

at the point on the curve where x = 4. Give your answer as an exact value.

A curve C satisfies sin x + cos y = 0.5, where -7 < x < 7 and -1 < y <.

) dy
a Find an expression for —

b Find the coordinates of the stationary points on C.
The curve C has the equation ye=3* — 3x = )2,

. B .
a Find qy 0 terms of x and y.

b Show that the equation of the tangent to C at the origin, O, is y = 3x.

Challenge

The curve C has implicit equation 6x + 2 + 2xy= X%,

b

256

d ’
Show that there are no points on the curve such that El =0,
X

Find the coordinates of the two points on C such that % =)
)?

(7 marks)

(7 marks)

(7 marks)

(2 marks)

(5 marks)

(5 marks)

(4 marks)



Differentiation

@ Using second derivatives

You can use the second derivative to determine whether a curve is concave or convex on a given
domain.

® The function f(x) is concave on a given interval if and only if f'(x) < 0 for every value of x in
that interval.

® The function f(x) is convex on a given interval if and only if f(x) = 0 for every value of xin
that interval.

To find the second derivative, f"(x) or e you differentiate twice with respect to x.
X'

« Year 1, Chapter 12

__/ 9

o

O
d2y d?y : d?y ;
—_—= i —— = evwhich is always —— =6x— 12 sothe curveis
e 2 so the curve is e y e
concave for all x € R. positive, so the curve is concave for all x < 2 and
convex for all x € R. convex for x = 2.

Find the interval on which the function f(x) = 3 + 4x + 3 1s concave.

=20 4454 B Differentiate twice to get an expression for f"(x).
Flx) =3x7+ 4
f'(x) = 6x g = g
Write down the condition for a concave function

For f(x) to be concave, f'(x) = O — in your working.
ex=0

x =0 m You can also write this interval as
So f(x) is concave for all x = O. (=ox, 0],
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Show that the function f(x) = e2* + x? is convex for all real values of x.

f(x) = &®* + x?
f'(x) = 2e2¥ + 2x

f'(x) = 4€2% 4 2 oo Differentiate twice to get an expression for f"(x).
e®* > Oforall x € R, so 4e2* + 2 > 2 for all "

x e R Problem-solving

Hence (x) = O, so fis convex for all x € R. Write down the condition for a convex function

and a conclusion.

The point at which a curve changes from being concave to convex (or vice versa) is called a point of
inflection. The diagram shows the curve with equation y = x3 — 2x2 — 4x + 5.

VA

/
W,

In the interval [-2, 0] the curve is concave.

X
In the interval [1, 3], the curve is convex.

At some point between 0 and 1 the curve changes from being concave to being convex. This is the
point of inflection.

" A point of inflection is a point at which f'(x) changes sign. m KpHitor
To find a point of inflection you need to show that f"(x) = 0 at that inflection does not have to
point, and that it has different signs on either side of that point. be a stationary point.

The curve C has equation y = x* — 2x2 - 4x + 5.
a Show that C is concave on the interval [-2, 0] and convex on the interval [1, 3].
b Find the coordinates of the point of inflection.

oy _ Differentiate y = x3 — 2x2 — 4x + 5 with respect
8 = IxF=dx~ 4—' F to x twice.

dey
et cx — 4 J Consider the value of 6x — 4 on the interval [-2, 0].
a2 6x — 4 s a linear function. When x = -2,
—=6x—-4=sQforall-2<sx=0—F—_ dzy d2y dy
dx= ——=-16andwhenx=0,—— = —4,s0 —— <0
dx? 2 dx? dx?
on [0, 2].
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Therefore, y= x> - 2x2 - 4x + 5 is
concave on the interval [-2, Ol

:\_‘L —Cx-4=0forall<x=<3 ———— Consider the value of 6x — 4 on the interval (1, 3].
2 d?y dzy

Therefore, y=x2 - 2x2 —4x + 5 When x =1, PR =2 and when x=3, EF =14,

is convex on the interval [1, 3]. 3 ‘

déy )

axZ 6x=4=0 | Find the point where f"(x) = 0. You have already

6x =4 determined that f"(x) changes sign on either side
. of this point.

Substitute x into y gives

513 2 5 g .
y=(5] -2 [_i] -4l5)+5=3 @ Explore the solution to this O

example graphically using technology.

So the point of inflection of the curve C

47

is E 2:-')‘

Exercise @

® 1

® 4
® s

For each of the following functions, find the interval on which the function is:

i convex ii concave
a f(x)=x3-3x2+x-2 b f(x)=x*=3x"+2x~-1 ¢ f(x)=sinx,0<x<2m
d f(x)=—-x>+3x-7 e f(x)=e¥—x? f fixy=lnx, x>0

f(x) = arcsinx, =1 < x <1

a Show that f'(x) =

V1= x2
b Hence show that f(x) is concave on the interval (-1, 0).

¢ Show that f(x) is convex on the interval (0, 1).

d Hence deduce the point of inflection of .

Find any point(s) of inflection of the following functions.

: I =2xT+x-1
a f(x)=cos?x —2sinx,0<x <27 b fix)=- —— )

xz2

3

x2—=

¢ fix)= cXEE2
4

f(x)=2x*Inx, x>0
Show that f has exactly one point of inflection and determine the value of x at this point.

The curve C has equation y = e¥(x* — 2x + 2).
a Find the exact coordinates of the stationary point on C and determine its nature.

b Find the coordinates of any non-stationary points of inflection on C.
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® 6 The curve C has equation y = xe".
a Find the exact coordinates of the stationary point on C

and determine its nature. Problem-solving

b Find the coordinates of any non-stationary points of Consider how C behaves
inflection on C. for very large positive and
¢ Hence sketch the graph of y = xe~. negative values of x.
@ 7 For each point on the graph. state whether: VA i
i f'(x)is positive, negative or zero 4
ii f'(x)is positive, negative or zero D

o
v

® 8 f(x)=tanx, —%-4.\'<

25

Prove that f(x) has exactly one point of inflection. at the origin.

@ 9 Given that y = x(3x — 1)5,

peca dy q d’y
a fin 4y an a2 (4 marks)
b find the points of inflection of y. (4 marks)

E/P) 10 A student is attempting to find the points of inflection on the curve C with equation
y=(x - 5%
The attempt is shown below:

L =4{x-5)3
ax
d?y .
— =12 - 5)?
ax=
dk_'r
When — = Q,
dx<
12(x - 5)2 =0
(.= 5 =0
X=5=0
xX=5
Therefore, the curve C has a point of inflection at x = 5.

a Identify the mistake made by the student. (2 marks)

b Write down the coordinates of the stationary point on C and determine its nature. (2 marks)
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@ 11 A curve C has equation
'*=%‘\'31n.\‘—2_\'+ 5, x50

Show that the curve C is convex for all x = e, (5 marks)

Challenge

1 Prove that every cubic curve has exactly one point of inflection.

2 The curve C has equation y = ax* + bx> + cx? + dx +¢,a#0
a Show that C has at most two points of inflection.
b Prove that if 352 < 8ac, then C has no points of inflection.

@ Rates of change

= You can use the chain rule to connect rates of change in situations involving more than two
variables.

Given that the area of a circle A4 cm? is related to its radius rcm by the formula 4 = 772, and that

the rate of change of its radius in cms™ is given by %}; =5, find %‘j— when r = 3.

A=mnr? Problem-solving

dd _ oy In order to be able to apply the chain rule to
fat find a4 you need to know d—‘i You can find it by
. dA _dA  dr dt dr
Using == "ar * ar differentiating 4 = mr2 with respect tor.
di = 2ar %5
dt L You should use the chain rule, giving the
= 307, when r = 3. derivative which you need to find in terms of

known derivatives.

The volume of a hemisphere ¥cm? is related to its radius rem by the formula V"= %m'-‘ and the
total surface area Scm? is given by the formula § = 72 4 27012 = 372, Given that the rate of

. ; dV ; ds
increase of volume, in cm?*s™, s 6. find the rate of increase of surface area -

This is area of circular base plus area of curved
surface.

2 2
=5mr? and § = 3mre

AV _ oo 95 _ oo
AF = 27r= and = = Gm

L As V and S are functions of r, find (14 and )
dr dr
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dS dS  dr dV Use the chain rule together with the property
NOWE=§de*§ thatﬂ-—=1+g—V

. dv dr

= Gmr x o X6
1

18

T

An equation which involves a rate of change is called a m Yo o 156 nthigration th sote

differential equation. You can formulate differential
equations from information given in a question.

In the decay of radioactive particles, the rate at which particles decay is proportional to the number
of particles remaining. Write down a differential equation for the rate of change of the number of
particles.

differential equations. -» Section 11.10

Let N be the number of particles and let f be
time. The rate of change of the number of

T

artic!est
PR

is proportional to N.

dnN i AN
IN —— N so you can write — = kN
e ay —kN, where k is 2 positive constant, ——— dt 4 dr

dr ; )
The minus sign arises because the number of where k is the constant of RGPOIION;

particles is decreasing.

Newton’s law of cooling states that the rate of loss of temperature of a body is proportional to the
excess temperature of the body over its surroundings. Write an equation that expresses this law,

Let the temperature of the body be @ degrees
and the time be f seconds.

The rate of change of the temperature %?
6 — 6, is the difference between the temperature

is tional -, ol i
S Peeparional to @' =, WiiersHy s e of the body and that of its surroundings.

temperature of the surroundings.

Le. (—;i: — ?k(H = b0,). where k is a positive

The minus sign arises because the temperature
constant. —L is decreasing. The question mentions loss of
temperature.
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The head of a snowman of radius R cm loses volume by evaporation at a rate proportional to its
surface area. Assuming that the head is spherical, that the volume of a sphere is 17 R}cm? and that
the surface is 47 R2 cm?, write down a differential equation for the rate of changevof radius of the
snowman’s head.

Differentiation

The first sentence tells you that gy —kA,

ar

where Vem? is the volume, t seconds is time,
k is a positive constant and Acm? is the
surface area of the snowman’'s head.

The question asks for a differential equation in

Since V= %».*R-’- terms of R, so you need to use the expression for
dv Vin terms of R.
d_R = 4?{'R‘?
AV av le_“ 4R ‘ The chain rule is used here because this is a
T e AnR= % — related rate of change.

L/
Butas —-=-kA Use the expression for 4 in terms of R.
—RZ2 dR - Rf +
R? = —k % 4n Divide both sides by the common factor 47 R?,

—— == s This gives the rate of change of radius as required.

® 1 Given that 4 = %m‘z and that 49 6, find —— when r = 2.

® @@ @ 6

dA4
dr dt

. , dx dy
Given that y = xe* and that —— =5, find — when x = 2.
dt dr
. do dr m
Given that r = 1 + 3 cosf and that T 3, find i when ¢ = 6
Given that V' = %m& and that %—l: =8, find —3—; when r = 3.

A population is growing at a rate which is proportional to the size of the population.
Write down a differential equation for the growth of the population.

A curve C has equation y = f(x), y > 0. At any point P on the curve, the gradient of Cis
proportional to the product of the x- and the y-coordinates of P. The point 4 with coordinates
(4, 2)is on C and the gradient of Cat 4 is%

dy xy

Show that 7 =6
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Liquid is pouring into a container at a constant rate of 30 cm®s-!. At time 7 seconds liquid is
leaking from the container at a rate of ,% Vem?s™!, where Vem?® is the volume of the liquid in
the container at that time.

Show that —15% =2V —450.

An electrically-charged body loses its charge, Q coulombs, at a rate, measured in coulombs per
second, proportional to the charge Q.

Write down a differential equation in terms of Q and  where 7 is the time in seconds since the
body started to lose its charge.

The ice on a pond has a thickness x mm at a time 7 hours after the start of freezing. The rate of
increase of x is inversely proportional to the square of x.
Write down a differential equation in terms of x and 7.

The radius of a circle is increasing at a constant rate of 0.4 cm per second.

a Find idr_ where C is the circumference of the circle, and interpret this value in the context of

the model.
b Find the rate at which the area of the circle is increasing when the radius is 10 cm.
¢ Find the radius of the circle when its area is increasing at the rate of 20 cm? per second.

The volume of a cube is decreasing at a constant rate of 4.5 cm? per second. Find:
a the rate at which the length of one side of the cube is decreasing when the volume is 100 cm3

b the volume of the cube when the length of one side is decreasing at the rate of 2 mm per
second.

Fluid flows out of a cylindrical tank with constant cross section. At time 7 minutes, 7 > 0,
the volume of fluid remaining in the tank is ¥'m?. The rate at which the fluid flows in m? min-!
is proportional to the square root of V.

Show that the depth, / metres, of fluid in the tank satisfies the differential equation %il = —kvh,
where k is a positive constant.

At time, ¢ seconds, the surface area of a cube is 4 cm?2 and the volume is ¥ em?.
The surface area of the cube is expanding at a constant rate of 2 cm?s-!.

a Write an expression for V in terms of 4.

; z dv
b Find an expression for i
1

dv |
¢ Show that =2 Vi
An inverted conical funnel is full of salt. The salt is allowed to leave by a small hole in the
vertex. It leaves at a constant rate of 6¢cm3s—!.
Given that the angle of the cone between the slanting edge and the vertical is 30°, show that
the volume of the salt is %?rh-‘, where /1 is the height of salt at time 7 seconds. Show that the rate
of change of the height of the salt in the funnel is inversely proportional to 42. Write down a
differential equation relating / and 1.



Differentiation

Mixed Exercise o

Differentiate with respect to x:

/P) 6

E/P 7

O

a Inx* (3 marks)

b xZsin3x (4 marks)
. ; y

a Given that 2y = x —sinx cos x, 0 < x < 27, show that d_\ = sinZ x. (4 marks)

b Find the coordinates of the points of inflection of the curve. (4 marks)

Differentiate, with respect to x:
sin x

= E 0 (4 marks)
1
b1
N5 9 (4 marks)
X )
f(x)= 20 eR
a Given that f(x) is increasing on the interval [k, k], find the largest possible value of k.
(4 marks)
b Find the exact coordinates of the points of inflection of f(x). (5 marks)
The function f is defined for positive real values of x by
fix)=12Inx + X
a Find the set of values of x for which f(x) is an increasing function of x. (4 marks)
b Find the coordinates of the point of inflection of the function f. (4 marks)
Given that a curve has equation y = cos?x + sinx, 0 < x < 27, find the coordinates
of the stationary points of the curve. (6 marks)
The maximum point on the curve with equation y = xvsinx, 0 <x <, is the point 4.
Show that the x-coordinate of point 4 satisfies the equation 2 tan x + x = 0. (5 marks)
f(x) =€ —x2, x€R
a Find f'(x). (3 marks)
b By evaluating f'(6) and {'(7), show that the curve with equation y = f(x) has a stationary
point at x = p, where 6 < p < 7. (2 marks)

f(x)=eXsin2x,0<x<m
a Use calculus to find the coordinates of the turning points on the graph of y = f(xx). (6 marks)

b Show that f"(x) = 8e>*cos 2x. (4 marks)
¢ Hence. or otherwise, determine which turning point is a maximum and which is a

minimum. (3 marks)
d Find the points of inflection of f(x). (2 marks)
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10 The curve C has equation y = 2e* + 3x” + 2. Find the equation of the normal to C at the point
where the curve intercepts the y-axis. Give your answer in the form ax + by + ¢ = 0 where a, b
and c are integers to be found. (5 marks)

11 The curve C has equation y = f(x), where

fix)=3Inx+ % x>0
The point P is a stationary point on C.
a Calculate the x-coordinate of P. (4 marks)
The point Q on C has x-coordinate 1.
b Find an equation for the normal to C at Q. (4 marks)

(E/P) 12 The curve C has equation y = e2*cos x.
a Show that the turning points on C occur when tan x = 2. (4 marks)
b Find an equation of the tangent to C at the point where x = 0. (4 marks)

(E/P) 13 Given that x = 32Iny, y > 0,

a find %11 (4 marks)
. ay
b Use your answer to part a to find in terms of e, the value of d.\f aty=e. (2 marks)

14 A curve has equation f(x) = (x* — 2x)e.
a Find f'(x). (4 marks)
The normal to C at the origin O intersects C again at P.
b Show that the x-coordinate of P is the solution to the equation 2x2 = e* + 4. (6 marks)

15 The diagram shows part of the curve with equation VA
y = f(x) where f(x) = x(1 + x)Inx, x>0

The point 4 is the minimum point of the curve.
a Find '(x). (4 marks)
b Hence show that the x-coordinate of A4 is

the solution to the equation x = e~1:% (4 marks)

16 The curve C'is given by the equations 0

x=4r=3, y:%, >0

where 7 is a parameter.
At A, 1=2. The line / is the normal to C at A.

dy
a Find a: in terms of 7. (4 marks)

b Hence find an equation of /. (3 marks)
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P) 18

) 19

/) 20

P) 21

(P) 22

() 23

Differentiation

The curve Cis given by the equations x = 2¢, y = 1%, where 7 is a parameter.
Find an equation of the normal to C at the point P on C where 7 = 3. (7 marks)

The curve C has parametric equations
k=9, y=i 30

Find an equation of the tangent to Cat 4 (1. 1). (7 marks)

A curve C is given by the equations
x=2cost+sin2¢, y=cost-2sin2t, O<it<m

where ¢ is a parameter.

S e dy . .
a Find —and ——in terms of 1. (3 marks)
dt dt
dy
b Find the value of d_}\ at the point P on C where r:% (3 marks)
¢ Find an equation of the normal to the curve at P. (3 marks)

A curve is given by x = 27 + 3, y = * — 4¢, where 7 is a parameter. The point 4 has parameter
t = —1 and the line / is the tangent to C at A. The line / also cuts the curve at B.

a Show that an equation for /is 2y + x = 7. (6 marks)
b Find the value of ¢ at B. (5 marks)

A car has value £ at time ¢ years. A model for ¥ assumes that the rate of decrease of J at time
t is proportional to V. Form an appropriate differential equation for V.

In a study of the water loss of picked leaves the mass, M grams, of a single leaf was measured
at times,  days, after the leaf was picked. It was found that the rate of loss of mass was
proportional to the mass M of the leaf.

Write down a differential equation for the rate of change of mass of the leaf.

In a pond the amount of pondweed, P, grows at a rate proportional to the amount of
pondweed already present in the pond. Pondweed is also removed by fish eating it at a constant
rate of Q per unit of time.

Write down a differential equation relating P to ¢, where 7 is the time which has elapsed since
the start of the observation.

A circular patch of oil on the surface of some water has radius r and the radius increases over
time at a rate inversely proportional to the radius.

Write down a differential equation relating r and 7, where ¢ is the time which has elapsed since
the start of the observation.

A metal bar is heated to a certain temperature, then allowed to cool down and it is noted
that, at time ¢, the rate of loss of temperature is proportional to the difference between the
temperature of the metal bar, 6, and the temperature of its surroundings .

Write down a differential equation relating # and 7.
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26 The curve C has parametric equations

5 ™
x=4cos2f, y=3sint, —5 <1<

A is the point (2, %) and lies on C.
a Find the value of ¢ at the point A. (2 marks)

dy
b Find a in terms of ¢. (3 marks)

¢ Show that an equation of the normal to C at 4 is 6y — 16x + 23 = 0. (4 marks)
The normal at 4 cuts C again at the point B.
d Find the y-coordinate of the point B. (6 marks)

27 The diagram shows the curve C with parametric 74

equations
x=asin’t, y=acost, 0<t< %?r
where a is a positive constant. The point P lies
on Cand has coordinates (3a, 3a).
...y ;

a Find Jy glving your answer in terms of 7. (4 marks) P
b Find an equation of the tangent to C at P. (4 marks)

Y

The tangent to C at P cuts the coordinate axes
at points 4 and B.

¢ Show that the triangle 4OB has area ka* where k is a constant to be found. (2 marks)

28 This graph shows part of the curve C with ya /
parametric equations p

x=(0t+1)3 ,’=%r3+3. 1>-1 C

P is the point on the curve where 1 = 2.
The line / is the normal to C at P.

X

Find the equation of /. (7 marks) o N X

29 Find the gradient of the curve with equation 5x? + 5y2 — 6xy = 13 at the point (1, 2). (7 marks)

dy
30 Given that e** + ¢ = xy, find a in terms of x and y. (7 marks)
31 Find the coordinates of the turning points on the curve y? + 3x)2 — x3 = 3, (7 marks)
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/P) 32

£/P) 36

Differentiation

dy
a If (1 +x)Q2+y)=x2+)2 find a in terms of x and y. (4 marks)
b Find the gradient of the curve (1 + x)(2 +y) =x* + 32 at each of the two points
where the curve meets the y-axis. (3 marks)

¢ Show also that there are two points at which the tangents to this curve are
parallel to the y-axis. (4 marks)

A curve has equation 7x? + 48xy — 737 + 75=0. 4 and B are two, distinct points on the curve
and at each of these points the gradient of the curve is equal to §7. Use implicit differentiation
to show that the straight line passing through A4 and B has equation x + 2y = 0. (6 marks)

Given that y = x*, x > 0, y > 0, by taking logarithms show that

dy

) . 3
A= (I +Inx) (6 marks)

a Given that @* = e**, where @ and k are constants, @ >0 and x € R, prove that

k=Ina. (2 marks)
b Hence, using the derivative of e**, prove that when y = 2*
ﬁ =25In2 (4 marks)
dx -~
¢ Hence deduce that the gradient of the curve with equation y = 2* at the point (2. 4)
is In 16. (3 marks)

A population P is growing at the rate of 9% each year and at time 7 years may be approximated
by the formula

P=Py(1.09).1=0
where P is regarded as a continuous function of 7 and P is the population at time 7 = 0.

a Find an expression for 7 in terms of P and P, (2 marks)

b Find the time 7 years when the population has doubled from its value at 7 = 0, giving your
answer to 3 significant figures. (4 marks)

¢ Find, as a multiple of Py, the rate of change of population % attimer=1T7. (4 marks)

A curve C has equation

y=In(sinx), O<x<mw
a Find the stationary point of the curve C. (6 marks)
b Show that the curve C is concave at all values of x in its given domain. (3 marks)
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38 The mass of a radioactive substance ¢ years after first being observed is modelled by the

d

equation
m = 4Qe0244
a Find the mass of the substance nine months after it was first observed. (2 marks)
b Find % (2 marks)
¢ With reference to the model, interpret the significance of the sign of the value of
% found in part b. (1 mark)
s2x

; : . . . co
The curve C with equation y = f(x) is shown in the diagram, where f(x) = er Osx=sn7

The curve has a local minimum at 4 and a local maximum at B.
a Show that the x-coordinates of 4 and B satisfy the

equation tan 2x = —0.5 and hence find the coordinates of 4 and B. (6 marks)
b Using your answer to part a, find the coordinates of the maximum and minimum

turning points on the curve with equation y = 2 + 4f(x — 4). (3 marks)
¢ Determine the values of x for which f(x) is concave. (5 marks)

Challenge

270

The curve C has parametric equations

y=2sin2, x=5cos(r+%), O0=sr=2n

d m The points on C wher
Find s in terms of ¢, <P s 3
dx dy = 0 correspond to points
Find the coordinates of the points on C where — = 0. d"
dx where a tangent to the curve
Find the coordinates of any points where the curve cuts or would be a vertical line.

intersects the coordinate axes, and determine the gradient of the
curve at these points.

Find the coordinates of the points on C where %{ =i0;
v

e Hence sketch C.



Differentiation

Summary of key points

1 For small angles, measured in radians:

» SiNxX

- cosxa~ 1 —1x2

d
« If y =sinkx, then —d—y =kcoskx
X

d
+ If y = cos kx, then 2 =—ksinkx
4 dx

d
« If y = e, then 2 ket
dx

dy 1
* fy=Inx, then—=—
e X

d
If y = a**, where k is a real constant and a > 0, then a']—)= akna
A

.y dy dig
The chainruleis: —=—x —
dx du dx

where y is a function of u and u is another function of x.

The chain rule enables you to differentiate a function of a function. In general,

+ify = ()" then < = n(F)r-1 £

X

d
 if y = f(g(x)) then é = (g(x)g’ ()

dy —1
dx dx
dy
The product rule:
dy dv  du -
* If y=uvthen —=u—+ yv—, where w and v are functions of x.
de dx dx»

* If f(x) = g(x)h(x) then f'(x) = g()h’(x) + h(x)g' (x)

The quotient rule:

dx :
where u and v are functions of x.

dy
“Ify=% then—=
r=3 dx pe

h(x)g'(x) — g(x)h'(x)
(h(x)?

« If flw) =g_(x_}’ then fi(x) =
h(x)
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Chapter 9

d dy
. E_j(},n}:nyn-l__
X

. —d—(xy) =x—+Yy
dx d

d
« If y = tan kx, then s k sec? kx
dx

dy
+ If y = cosec kx, then s = —k cosec kx cot kx

X

d
« If y = seckx, then =l k sec kx tan kx

dx
dy
+ If y = cot kx, then — = — k cosec® kx
dx
dy
f : . : dy d
If x and y are given as functions of a parameter, £: — =——
dx dx
dr

d dy
« = FGN) =FUP—
dx((})) (» 0

dx
dy

. The function f(x) is concave on a given interval if and only if f"(x) < 0 for every value of x

in that interval.

. The function f(x) is convex on a given interval if and only if f"(x) = 0 for every value of x in

that interval.

14 A point of inflection is a point at which f"(x) changes sign.

15 You can use the chain rule to connect rates of change in situations involving more than two
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