Parametric equations

After completing this chapter you should be able to:

e Convert parametric equations into Cartesian form by substitution
-» pages 198-202

e Convert parametric equations into Cartesian form using
trigonometric identities -» pages 202-206

e Understand and use parametric equations of curves and sketch
parametric curves -3 pages 206-208

e Solve coordinate geometry problems involving parametric
equations - pages 209-213

e Use parametric equations in modelling in a variety of contexts
- pages 213-220

Prior knowledge check

1 Rearrange to make ¢ the subject:
a x=4t—-kt by=32 ¢ y=2-4lnt d x=14+2e
« GCSE Mathematics; Year 1, Chapter 14
Write in terms of powers of cos x:
a 4+3sin’x b sin2x
c cotx d 2cosx+cos2x « Section 7.2

State the ranges of the following functions.
a y=In(x+1),x>0 b y=2sinx,0<x<m

Parametric equations
can be used to describe ¢ y=xtrhx=2,-b<x<1 d y= (-
the path of a ski jumper 2x+5
from the point of
leaving the ski ramp to A circle has centre (0, 4) and radius 5. Find the coordinates of the
the point of landing. points of intersection of the circle and the line with equation

-» Exercise 8E, Q8 2y-x-10=0. « Year 1, Chapter 6

« Section 2.2




Chapter 8

@ Parametric equations

You can write the x- and y-coordinates of each point on a curve as functions of a third variable.
This variable is called a parameter and is often represented by the letter 1.

® A curve can be defined using parametric equations x = p(f) and y = q(7). Each value of the
parameter, 7, defines a point on the curve with coordinates (p(z), q(7)).

¥
i

-10] 1 2 3 4 5 6

m The value of the parameter ¢ is

generally not equal to either the x- or the
y-coordinate, and more than one point on
the curve can have the same x-coordinate.

® You can convert between parametric
equations and Cartesian equations by using
substitution to eliminate the parameter.

These are the parametric equations of the curve.
The domain of the parameter tells you the values
of 1 you would need to substitute to find the
coordinates of the points on the curve,

Whent=2, x =

2
2 ;1:2.5and_v:2x2=4.

This corresponds to the point (2.5, 4).

0.5 +1
0.5
This corresponds to the point (2.5, 1).

When =05, x =

=25and y=2x05=1.

m A Cartesian equation in two

dimensions involves the variables x and y only.

You can use the domain and range of the parametric functions to find the domain and range of the

resulting Cartesian function.

® For parametric equations x = p(7) and y = q(7) with Cartesian equation y = f(x):

e the domain of f(x) is the range of p(7)
¢ the range of f(x) is the range of q(r)

Example o

A curve has parametric equations

y=r, -3<t<3

X=21.

a Find a Cartesian equation of the curve in the form ¥ =f(x).

b State the domain and range of f(x).
¢ Sketch the curve within the given domain for r.

X
2
y=1t (2)

Substitute (1) into (2):

B |

y=(3

A Cartesian equation only involves the variables x
and y, so you need to eliminate .

Rearrange one equation into the form ¢ =... then
substitute into the other equation.

— This is a quadratic curve.
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Parametric equations

b x=21,-3<1<3
So the domain of f(x) is -6 < x < &.

The domain of f is the range of the parametric
function for x. The range of x = 27 over the
p=J2 Bz 3 domain-3<t<3is-6<x<6. & Section 2.1

So the range of flx) is 0 = y < 9,

The range of f is the range of the parametric
function for y. Choose your inequalities carefully.
y =t canequal 0 in the interval =3 <1 < 3, so use
=i =, but it cannot equal 9, so use <,
p=i
The curve is a graph of y = %_\"’-. Use your answers
to part b to help with your sketch.

> m Pay careful attention to the domain

when sketching parametric curves. The curve is
only defined for =3 <7< 3, or for -6 < x < 6. You
should not draw any points on the curve outside

Example o that range.

A curve has parametric equations
-
t+5°

a Find a Cartesian equation of the curve of the form y = f(x), x > k where k is a constant to be found.

b Write down the range of f(x). ~3
@ Sketch this parametric O

a x=In{t+3) curve using technology.
e*=t+3

Soe*—-3=t
Substitute t = e¥ — 3 into

x=In(r+3), y= t>-2

e* is the inverse function of In x.

y ) ] . L Rearrange the equation for x into the form = ...

Y= 1+5 e -3+5 e&+2 - :
; - = then substitute into the equation for y.
Whent=-2:x=Ilnt+3)=n1=0

As t increases In (¢ + 3) increases, 50 the l To find the domain for f(x), consider the range of
range of the parametric function for x is values x can take for values of ¢ > —2.
x>0, ‘

The Cartesian eduation is :
e : | You need to consider what value x takes when

¢ = —2 and what happens when 7 increases.

O

.lb =

1 _ x5
.\'+2"

|

a
I

b When t= =2: y == T _1 The range offis the range of values y can take
t+5 3 within the given range of the parameter.
As t increases y decreases, but is always

positive, so the range of the parametric e
5 You could also find the range of f(x) by considering

™ the domain of f(x). f(0) =5 and f(x) decreases as x
increases, s00 < y <. + Section 2.1

s : |
function for yis O <y <3

The range of f(x) is O <y < 3
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Chapter 8

Exercise @

1

@

Find a Cartesian equation for each of these parametric equations, giving your answer in the
form y = f(x). In each case find the domain and range of f(x).

ax=t-2 y=r+1, -4sr<4 bx=5-1 y=£-1, teR

c .\':%, y=3-t 1#0 M If the domain of ¢ is given as 7 # 0, this

implies that 7 can take any value in IR other than 0.

| 1
= e > e X=——], y ==, t>2
d x=2r+1, y=—, >0 e

W SER B
f ¥ETe BE 5 1>2

For each of these parametric curves:

i find a Cartesian equation for the curve in the form y = f(x) giving the domain on which the
curve is defined

ii find the range of f(x).

1
s —_ = 2 o e -
ax=2In(5-1), y=£-5 1<4 b x=In(r+3), ) Py t>=-2

A curve Cis defined by the parametric equations x =7, y=19-1). 0<sr<S5.

a Find a Cartesian equation of the curve in the form »=f(x), and determine the domain and
range of f(x).

b Sketch C showing clearly the Problem-solving

coordinates of any turning - = =
¥ =1(9 - 1) is a quadratic with a negative /2 term and roots at

oints, endpoints and intersections : : :
fvith the cozrdinate - t=0and =9 It will take its maximum value when 1 = 45,

For each of the following parametric curves:

i find a Cartesian equation for the curve in the form v =1f(x)
ii find the domain and range of f(x)

iii sketch the curve within the given domain of 1.

ax=22-3, y=9-£, t>0 b x=3r-1, p=(-1)(t+2), -4<t<4
e X=r¥1, y:;_l—], teR, r=1 d x=vi-1, y=3/1, t>0
e x=In@4-1, y=1r-2, t<3
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Parametric equations

® 5 The curves C, and G, are defined by the following parametric equations.

7

1 t
C: x=1+2t, y=2+3 B xX= )=
o X L ) +3t 2<1t<5 G X -3 Y=31_3

a Show that both curves are segments of the m Straight | dii
st straight line. trag t |ne's.an ine segments can
be referred to as ‘curves’ in coordinate geometry.

2<£1<3

b Find the length of each line segment.

A curve C has parametric equations

3

X T

+2, y=2t-3-¢, teR, 120
a Determine the ranges of x and y in the given domain of 7. (3 marks)
b Show that the Cartesian equation of C can be written in the form
A(x? + bx + ¢)
=2

where A4. b and ¢ are integers to be determined. (3 marks)

y=

A curve has parametric equations
x=In(r+3), 1‘=L. r>-2
T+ 5

a Show that a Cartesian equation of this curve is y = f(x), x > k where k is a constant to be
found.

b Write down the range of f(x).

A diagram shows a curve C with parametric equations i
X=3i, y=£-21, 0<1<2 + &
a Find a Cartesian equation of the curve in the form |
y = f(x), and state the domain of f(x). (3 marks) ]
dy 2 7
b Show that a =0 whent= Vlg (3 marks) 2 \/ — >
¢ Hence determine the range of f(x). (2 marks)
A curve C has parametric equations
x=P-t, y=4-1, t€R
a Show that the Cartesian equation of C can be written in the form
X2=(a-y)b-y)
where ¢ and b are integers to be determined. (3 marks)
b Write down the maximum value of the y-coordinate for any point on this curve. (2 marks)
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Chapter 8

Challenge

A curve C has parametric equations

sl S
i PR1e

= : teR
1+1¢

a Show that a Cartesian equation for this curve is x2 + y2 = 1.
b Hence describe C.

@ Using trigonometric identities

You can use trigonometric identities to convert trigonometric parametric equations into Cartesian
form. In this chapter you will always consider angles measured in radians.

A curve has parametric equations x = sin 7 + 2, y=cost—-3, teR
a Show that a Cartesian equation of the curve is (x — 2)? + (y+32=1.
b Hence sketch the curve.

a x=sinf+ 2 Problem-solving

So sint=x-2 (1 If you can write expressions for sin 7 and cos 7 in
y=cost—-3 terms of x and y then you can use the identity
inc 2f = imi
cost=y+3 @) SIN“f + cos®¢ = 1 to eliminate the parameter, 1.

¢ Year 1, Chapter 10
Substitute (1) and (2) into

A oot = | Your equations in (1) and (2) are in terms of

(x=2F+(y+32=1 ~]  sinzand cos7so you need to square them when
b - you substitute. Make sure you square the whole
’ expression.
0 X

(x—a)® + (y—b)2 = r? is the equation of a circle
with centre (a, b) and radius r.

5o the curve is a circle with centre (2, -3) and
radius 1. « Year 1, Chapter 6
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Parametric equations

A curve is defined by the parametric equations @ LS
You can graph the

=it V=G0 -l fa parametric equations using

_E-—H‘

2=

technology.
a Find a Cartesian equation of the curve in the form
y=flx), ksx<k
stating the value of the constant k.
b Write down the range of f(x).
a y=sin2t Use the identity sin 2t = 2sin f cos £, then
= 2sintcost ’7 substitute x =sin . « Section 7.2

= 2xcost (1)
Use the identity sin? 7 + cos? 1 = 1 together with
L— x=sintto find an expression for cos ¢ in terms

sin?f 4+ cosft =1 ——

cos?t =1 —sin?t of %.
=1- x°
=V1-2x2 2 ;
o “ ) m Be careful when taking square
Substitute (2) into (1): y = 221 — x° roots. In this case you don't need to consider the
- - negative square root because cos is positive for
When t = ——, x = sin (-—) == ¢ :
2 2 all values in the domain of the parameter.
w m
/ =L y=sin[=]=1
When 1 X = sin ( 2)

- To find the domain of f(x), consider the range of
The Cartesian equation is y = 2xV1 = x%, r x = sint for the values of the parameter given.
A=<x<lsok=)

Within —% =(= % y = sin 2t takes a minimum

b~y

A curve C has parametric equations

I

value of —1 and a maximum value of 1.

x=cott+2 y=cosec’t—-2, O<i<m
a Find the equation of the curve in the form y = f(x) and state the domain of x for which the curve
is defined.

b Hence, sketch the curve.
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Chapter 8

a x=cott+2 Problem-solving

cott=x-2 (1) The parametric equations involve cot ¢ and
cosec?t so you can use the identity

y =cosec?t -2 =
1 + cot?r = cosec?t. « Section 6.4

cosec®l =y + 2 (2)
Substitute (1) and (2) into
1 + cot?t = cosec?t

|+ (x—2R=y+2
l+x%—4x+4=y+2

Rearrange to find expressions for cot t and
cosec? ¢ in terms of x and y.

Expand and rearrange to make y the subject.

y=xZ —=4x + 3 : :
: You could also write the equation as:
The range of x = cott + 2 over the domair y=(r=22—1

O<t<misall of the real numbers, so the This is the completed square form which is useful

when sketching the curve,

domain of f(x) is x € R.
by=x*-4x+3=(x-3)x-1isa

QUEERISC WIS @k %= d da 5= Tiand Consider the range of values taken by x over the

YSRESIREPE. 3. The wilhimui poifit 18 (2, ~1) domain of the parameter. The curve is defined

V4 on all of the real numbers, so it is the whole
quadratic curve
c
3 @ Explore this curve O
\ (2_1_1) graphically using technology. l
0 I~ X

Exercise

1 Find the Cartesian equation of the curves given by the following parametric equations:

a x=2sint-1, y=5cost+4, 0<t<2r b x=cost, y=sin2t, 0<t<2r
= m
¢ x=cost, y=2cos2t, O<t<2rn d x=sint, y=tan2i, Detes
w
e x=cost+2, y=4sect, 0<1<I5 f x=3cots, y=cosect, O<t<r

2 A circle has parametric equations x =sin7 -5, y=cost + 2
a Find a Cartesian equation of the circle.

b Write down the radius and the coordinates of the centre of Problem-solving

the circle.
circ Think about how x and y

¢ Write down a suitable domain of 7 which defines one full change as ¢ varies.

revolution around the circle.

3 A circle has parametric equations x =4sin7+3, y=4cost - 1. Find the radius and the
coordinates of the centre of the circle.

204



Parametric equations

4 A curve is given by the parametric equation x =cosf—2, y=sinf+3, -w<t<m.
Sketch the curve.

® 5 Find the Cartesian equation of the curves given by the following parametric equations.

a x=sint 1-—5in(1+£) RV S
: o . 4) 2 2
b x=3cos1t, 1’=2cos(r+1). Eres m e
s _ 6 0 3 Use the addition formulae
; : and exact values.
¢ x=sint, y=3sin(t+m), 0<t<2m

@ 6 The curve C has parametric equations

m

| R T
x=8cost, y=78ec*l, ~x<i<yz

4 2 2
a Find a Cartesian equation of C. (4 marks)
b Sketch the curve C on the appropriate domain. (3 marks)

@ 7 A curve has parametric equations

x=3cot?2r, y=3sin?2t, 0<t= -}
Find a Cartesian equation of the curve in the form y = f(x). State the domain on
which f(x) is defined. (6 marks)

8 A curve C has parametric equations

1. . i
x:;smr. y=sin3t, 0<i<

a Show that the Cartesian equation of the curve is given by

2|3

y=ax(l - bx?)
where @ and b are integers to be found. (5 marks)
b State the domain and range of y = f(x) in the given domain of 1. (2 marks)

9 Show that the curve with parametric equations

. m
x=2cosf, y=s8mn (r _E)' O<t<m

can be written in the form

| = %(\:"]2 — B =), 2 k&2 (6 marks)

10 A curve has parametric equations

" . s
x=tant+5, y=Ssint, 0<r45‘

a Find the Cartesian equation of the curve in the form y2 =f(x). (4 marks)

b Determine the possible values of x and y in the given domain of ¢.
(2 marks)
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Chapter 8

11 A curve C has parametric equations

=

x=tan¢, y=3sin(t-7), O<t<~

(S]]

Find a Cartesian equation of C. (4 marks)

Challenge

The curve C'is given by the parametric equations:

x=1c052r. y=sin(r+%). O<r<2m

Show that a Cartesian equation for Cis (4% — 2 + 2x)2 + 12x2 -3 =0,

@ Curve sketching

Most parametric curves do not result in curves you will recognise and can sketch easily. You can plot
any parametric curve by substituting values of the parameter into each equation.

Example o

Draw the curve given by parametric equations

x=3cost+4, y=2sint, 0<t<2r

t o| x| x| 3n - This parametric curve has
& 2 4 Cartesian equation
x=3cost+4 | 7 |612| 4 |1.868| 1 e d\E ()2
y = 2sint o 14| 2 [14] 0 L ( 3 ) # (E) =1
- This isn't a form of curve
Bt ks - that you need to be able to
ai o < 4 recognise, but you can plot
. m the curve using a table of
- 2n values.
Lol G o Choose values for 7 covering
% 3= 4 the domain of . For each

Lz e
2 value of ¢, substitute to find

— corresponding values for

x and y which will be the
coordinates of points on the
curve,

Plot the points and draw the
curve through the points.
The curve is an ellipse.

206



Draw the curve given by the parametric equations x =21, y=17, for-l<s¢<S5.

2|1 3| 4|5 w Use technology to graph O

Parametric equations

the parametric equations.

t -1 1 0O
x=2t|-2| 0 2|1 4|6 | 8|10
= | 1 ] 2 4 | 2 |16 |25 ’—‘

Only calculate values of x and y for values of rin
the given domain.

This is a ‘partial’ graph of the quadratic equation

x*
J.T e

4
You could also plot this curve by converting to

Exercise @

1 A curve is given by the parametric equations

s

y

5

_rn'l

Cartesian form and considering the domain of
and range of the Cartesian function.

The domain is =2 < x < 10 and the range is
0=<y=25

tz0

Copy and complete the table and draw a graph of the curve for-5=r=<35.

1 -5 -4 -3 -2 -1 -0.5 0.5 1 2 3 4 5
x=2t | =10 -8 -1
5
§ -— _ — 7
y=2 | -1 |-12s 10

2 A curve is given by the parametric equations

x=1

2

13

] J"= 5

Copy and complete the table and draw a graph of the curve for-4=t<4.

‘ 4] 2| =2 ] 97 me ] 1|2 ]3[4
x=fr 16

£
y=5 |-128

3 A curve is given by parametric equations

x=tanr+ 1.

. w
y=8mit, = SI=

L3
4 3

Copy and complete the table and draw a graph of the curve for the given domain of 1.
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Chapter 8

| | _ x| o |l x| x| = | =&
! 4| 76 | 12 12 | 6 4 3
x=tanr+1 0 1
y=sint 0
4 Sketch the curves given by these parametric equations:
ax=1-2, y=£+1, 4sir<4
bx=3i, y=0P8-2t 0=t=2
cx=0r p=Q2-1)(t+3), -5=<1<5
= iy m
c=2sint—1, y= l, ===
d x sinf—1, y=5cost+ ) 1
e x=sec’t-3, y=2sint+1, —%EIE%
f x=r-3cost, y=1+2sint, 0<t<2r
@ 5 The curve C has parametric equations
x=3-1, y=£-2, =2=<t<3
a Find a Cartesian equation of C in the form y = f(x). (4 marks)
b Sketch the curve C on the appropriate domain. (3 marks)

E/P) 6 The curve C has parametric equations

1

™ T
6 2
a Show that the Cartesian equation of C can be written as

x=9cost-2, y=9sinr+1, -

(x+a)P+(y+bl=c

where a, b and ¢ are integers to be determined. (4 marks)
b Sketch the curve C on the given domain of 7. (3 marks)
¢ Find the length of C. (2 marks)

Challenge

Sketch the curve given by the parametric equations on the given
domain of #:
= 9¢ ye 9
T o1+f T 1ep
Comment on the behaviour of the curve as ¢ approaches -1 from the
positive direction and from the negative direction.

, E=1
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m Points of intersection

You need to be able to solve coordinate geometry problems involving parametric equations.

The diagram shows a curve C with parametric equations
t € R, where « is a non-zero
constant. Given that C passes through the point (-4, 0),

x=at*+1, y=a(f+8),
a find the value of «

b find the coordinates of the points 4 and B where
the curve crosses the y-axis.

a At point (-4, 0), x =

Hence

-4 and y=0

(1
(2)

-4 =at® +
O = alt® + 8)

Solving equation (2) for t:
C=alt® + 8)

O0=1r+8
—8 =3
-2=1
So. at the point (-4, O), t = -2.
Since t = -2 at (-4, O). then, from

E

equation (1),

-4 = q(-2)7 + (-2) y
-4 =4q-2 |
-2 = 4a =

=a

b At points 4 and B, the x-coordinate is O:

Q= —zf‘J +
O=tl-31+1 —

=0

or

-1(2% + 8)
=-8

1]

Therefore,
A is (O, =4) and B is (O, =8).

Parametric equations

£l

-
N

."'h-.\‘\-_

“

The point (=4, 0) lies on the curve. You can use
this to write two equations for .

Expiore curves with
parametric equations of this form
using technology.

Since a is non-zero, the factor (# + 8) must equal 0.

The value of 1 is the same in both equations at
any given point on the curve.

Substitute r = -2 into equation (1).

Substitute x = 0 into the parametric equation
for x. You now know that a = -%

Solve this quadratic equation to find the two
values of 7 corresponding to points ¢ and b.

Substitute each value for the parameter into
the parametric equation for y to find the
y-coordinates at these points.

You already know that these r-values will give you
an x-coordinate of 0. Use the diagram to work out
which point is 4 and which point is B.
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Chapter 8

A curve is given parametrically by the equations x = 12, y =4¢. The line x + y + 4 = 0 meets the
g p y ;

curve at 4. Find the coordinates of A.

x+y+4 =0

Substitute: Find the value of ¢ at A4.

F+4t+4=0 Solve the equations simultaneously.

(t + 2)2 =
t+2=0 L

Substitute x =2 and y=4tintox+y + 4 =0.

S5 P Factorise.
Substitute: Take the square root of each side.
=1

= (-2)

= Find the coordinates of A4.

4 Substitute r = —2 into the parametric equations.

y=4

= 4(=2)

= -8

The coordinates of A are (4, —8).

The diagram shows a curve C with parametric equations 4
X =cost+sint '—(I—EI —£<.='~:4—?T

a Find the point where the curve intersects the line y = 7%

b Find the coordinates of the points 4 and B where the
curve cuts the y-axis.

b

om/

a Curve crosses the line y = w2 when

=Y

For all points on the line y = 7%, Substitute this

(_l' - g) = 72 into the parametric equation for y and solve to
s find 1.
[ - é =37 o
= _ L You are taking square roots of both sides so
t= --—é-‘- or ~% consider the positive and negative values.
Reject 1 = . since this is outside of the il b 5 -
REr M " —E«:rc?so only one of these solutions is a

valid value for 1.
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i K8 T4y
s s (_6_] o ( = ) - E Find an exact value for x.
. Wi g . ( T+ \3_ “T’)
The point of intersection is 5 7

b Curve cuts the y-axis when x = 0. So, »

cost +sint=0

Parametric equations

Substitute into the parametric equation for x.

Substitute x = 0 into the parametric equation for
x and solve the resulting trigonometric equation.

sint = —cost
= Consider the range of the parameter. There are
Since, —% << % — two solutions to tan 7 = -1 in this range, These
correspond to the two points of intersection.
I = —E or E
47 4
T T w2 _ 25gx2 Substitute each value of ¢ into the equation for y
Abt=-2y= (_Z -2 144 to find the y-coordinates,
BEr Sl (3" e E)_ -,
P R 144 Problem-solving
25n* 4972 When you are given a sketch diagram in a
Ais (O and Bis (O, ——|. ; ;
144 144 question, you can't read off values, but you can

check whether your answers have the correct
sign. The y-coordinates at both points of
intersection should be positive.

1 Find the coordinates of the point(s) where the following curves meet the X-axis.

a_r:5+[_ J'=6—{ b.\'=2f+lq _1'=2f—6

¢ x=2 y=(-0(+3) d .\':%, y=0-0)2t-1), 120
e \=—%L y=1t-9 rz-]
I+

2 Find the coordinates of the point(s) where the following curves meet the r-axis.

a _\‘:2”{.| J‘:fz—s b .\‘=3f—4, _}):";]:_Tn {IO
C x=P2p=3 y=tr-1) d x=27-¢ l=r——]—1. 11
-1 2t

e x t#+~]

TSk Y=o+

3 A curve has parametric equations x = dar’, y=a(2r- 1), where a is a constant.
The curve passes through the point (4, 0). Find the value of 4.

4 A curve has parametric equations x = h(2¢ - 3), y=>5b(1-1), where b is a constant.
The curve passes through the point (0, =5). Find the value of ».

5 Find the coordinates of the point of intersection of the line with parametric equations
X=3t+2,y=1-tand the line p + x=2.

211

|
\_—




Chapter 8

6 Find the values of 7 at the points of intersection of the line 4x — 2y — 15 = 0 with the parabola
x =12, y=2tand give the coordinates of these points.

® 7 Find the points of intersection of the parabola x = ¢%, y = 27 with the circle x2+12-9x+4=0.

8 Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis.
ax=£-1, y=cost, O<t<m

b x=sin2f, y=2cost+1l, w<t1<2mw

. m
¢ y=tanf, y=sinf—-cost, 0<r<é

9 Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis.
a x=e'+5 y=Int, >0
b x=Int, y=0£2-64, >0

c x=e¥+1, y=2"'-1, -l<1<l1

10 Find the values of 7 at the points of intersection of the line y = =3x + 2 and the curve with
parametric equations x = 2, y = t, and give the coordinates of these points.

11 Find the value(s) of 7 at the point of intersection of the line y = x —In 3 and the curve with

parametric equations x=In(r = 1),y = In(2t-5).1> % and give the exact coordinates of this

point.
@ 12 A curve C has parametric equations ya
. T T
x=6cost, y=4sin2t+2, —-5<I<5
N = 2 C»
a Find the coordinates of the points where the curve
intersects the x-axis. (4 marks)

b Show that the curve crosses the line y = 4 where

i 5w \
::Tz—and 1=, (3 marks) 0 \/
¢ Hence determine the coordinates of points where

y = 4 intersects the curve. (2 marks)

=y

13 Show that the line with equation y=2x -5 does not intersect the curve with parametric

(4 marks)
Problem-solving

Consider the discriminant after substituting.

equations x = 2t, y =41t - 1)

14 The curve C has parametric equations x = sint, Y =coS 241, 0=t=<2m
Given that the line y = k, where k is a constant, intersects the curve,

a showthat0 <k =2 (3 marks)
b show that if the line y = k is a tangent to the curve, then k = 2. (3 marks)
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D 15 The curve C has parametric equations x =e, y=e'— 1. The straight line / passes through the

points 4 and B where 7 =In2 and = In 3 respectively.

a Find the points 4 and B.

b Show that the gradient of the line / isé

¢ Hence, find the equation for line / in the form ax + by + ¢ = 0.

(3 marks)
(2 marks)
(2 marks)

D 16 The curve C has parametric equations x = sin 7. V= cost. The straight line / passes through the

m

points 4 and B where ¢ = g and r = >

ax+by+c=0.

D 17 The diagram shows the curve C with parametric equations
=1
1

X = y=t-4, =0

The curve crosses the y-axis and the y-axis at points

A and B respectively.

a Find the coordinates of 4 and B, (4 marks)
The line /, intersects the curve at points 4 and B.

The lines /, and /; are parallel to /, and are distinct 2

tangents to the curve.
b Show that the two possible equations for /, and l; are
y=4x-4andy=4x-12

¢ Find the coordinates of the point where each tangent meets C.

Challenge

The curve C, has parametric equations
x=e¥ yp=21+1

The curve C, has parametric equations
x=e, y=14p

Find the coordinates of the points at which these two curves intersect.

m Modelling with parametric equations

You can use parametric equations to model real-life

respectively. Find an equation for the line / in the form

(7 marks)

(6 marks)
(4 marks)

situations. In mechanics you will use parametric
equations with time as a parameter to model motion in two dimensions.

213




Chapter 8

Example

A plane’s position at time 7 seconds after take-off can be modelled
with the following parametric equations:
x=(vcosf)m, y=(vsin@)rm, >0

where v is the speed of the plane, @ is the angle of elevation of its
path, x is the horizontal distance travelled and y is the vertical
distance travelled, relative to a fixed origin.

When the plane has travelled 600 m horizontally, it has climbed 120 m
a Find the angle of elevation, 6.

Given that the plane’s speed is SO0m s,

b find the parametric equations for the plane’s motion

¢ find the vertical height of the plane after 10 seconds

d show that the plane’s motion is a straight line

e explain why the domain of 7, 7> 0, is not realistic.

&00m
The model assumes that the angle of elevation

Angle of elevation _ = A
will stay constant so the ratio will always be the

(120 ) 4 & _— :
6. ta““][goo) =1.3° (1 dipd same regardless of how far along the journey the
b x = (vcosB)t plane is.
= (50 x cos11.3...)t = 49.0rm (3 af)
y = (vain@)t Substitute v = 50 and @ = 11.3 into the equations
™ (50 x sin11.3..)t = 2.81tm (3 o] S for x and y. The units of length, metres, are given

with the model.
c At t=10,

v = 9, =9, 10 = 981 .
y=981t=981x10=981m ”’_—\i Substitute = 10 into y, as y represents the
m after

he pl l 1 , _
So, the plane has climbed 986 vertical height.

10 seconds.
d x =491 Find a Cartesian equation for the plane’s path.
. ) — Rea.rrange the equation for x to make 7 the
49 subject.
y=981t (2@
So,

Substitute ¢ from (1) into (2).

X -—
o= —_— ,2_ 4
y=9.81x 25 0.2x

Since this is a linear equation. the motion The gradient in this context represents the height
of the plane is a straight line with gained for every metre travelled horizontally.
gradient 0.2
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: -solvi
e > 0 is not realistic as this would mean Problem-sol Ins

the plane would continue climbing forever If you have to comment on a modelling
assumption or range of validity, consider whether
the assumption is realistic given the context of
the question. Make sure you refer to the real-life
situation being modelled in your answer.

at the same speed and with the same
angle of elevation.

Example @

A stone is thrown from the top of a 25m high cliff with an
initial speed of Sms~! at an angle of 45°. Its position after
7 seconds can be described using the following parametric
equations
5V2 ( 5V2

tm, y=

x=5= —4.9f3+-2—r+25)m, O=sr=f

where x is the horizontal distance from the point of projection,
v is the vertical distance from the ground and k is a constant.

Given that the model is valid from the time the stone is
thrown to the time it hits the ground,

a find the value of k
b find the horizontal distance travelled by the stone once it hits the floor.

a The stone hits the ground when y=0: @ Use the polynomial function

—49# 4 5v2 1+25=0 on your.calcutatF:r to solve the
2 quadratic equation.

_32_ + \I.I(E'ﬁ) - 4(_4_9){25} .
a2 WV R - Use the quadratic formula on your calculator to
2(-4.9) find two solutions for .

I=-1826...0r1=2646. ..
t = O, so the stone hits the ground at
t=2.646..,

S0 k = 2.65 (2 dp) The model is only valid for t = 0 so disregard the

negative solution.

b Whent=2648. .,

yu 22, BE 2.C48. Substitute this value of £ into the parametric
2 2 equation for x.

9.362...m
So the horizontal distance travelled by the
stone is 9.36m (2 d.p).
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Example

The motion of a figure skater relative to a fixed
origin, O, at time 7 minutes is modelled using the
parametric equations

x=8cos20t, y= l2sin(10r— %] t=0

where x and y are measured in metres.
a Find the coordinates of the figure skater at the
beginning of his motion.

Find the coordinates of the point where the
figure skater intersects his own path.

Find the coordinates of the points where the
path of the figure skater crosses the y-axis.
Determine how long it takes the figure skater

to complete one complete figure-of-eight motion.

a At =0,
x=8cos0=86

y =12 sin (‘JO x O -

1l

) = 12 sin (-—%)

S

-6V3

The coordinates of the figure skater at the

beginning of his motion are (8. —-6V3)

From the diagram, the figure skater
intersects his own path on the x-axis, ie.

when y = 0.

12 sin (‘IO.' -

sin (10: =

10t -

am
5

W=

3

(o F 2m Tn
T30 15°30" "

X = 5605( £n)

) —_ —
20 x 35) = Bcos () = -4
So, the figure skater intersects his own

path at the point (-4, O).
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Substitute 7 = 0 into both equations to find the x
and y coordinates.

Use the diagram to find information about the
point of intersection.

Substitute y = 0 into the equation for , and solve
to find values of ¢ in the domain 7 = 0.

There is only one point of intersection so choose
any of these values of ¢. You can use one of the

):acos( )=

27 87
20 x 3

others to check: 8 cos ( 15
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c The figure skater crosses the y-axis when
x=0,

Find solutions to 8 cos 207 = 0 in the domain
1 = 0. There are 4 points of intersection so

0O =8&cos 20t
O = cos 20t

x 3z 51 7r
96, 20t = 2 5 o0 o

Substitute these values into y.

T

consider the first 4 solutions, and check that
these give different values of y.

20t = 5
' T . T -
y =12sin (% % % = '3_,) = 12sin (‘@) Use your calculator to find the corresponding
311 (2 dp) ; values of y. You can give your answers as decimals
3 or as exact values: 12 sin (—3) =-3V6 +3/2
ud 12
20t = 2—1
' / . 5 i
j':‘]25‘m(%x%—%)=125|r1(1—2r-) =
=11.59 (2 d.p) @ Find points of intersection O
S5m of this curve with the coordinate axes —ll
20t = —: .
2 using technology.
el 1 O WY Mn
V= 125|r1(§ oy —5) = ‘125|r1(12 )
=311 (2 dp)
20t = %:
(L x 2B _E\_ .o (170
“125’”(2"2 3)‘125'”(12)
= -11.59 (2 d.p)

So the skater crosses the y-axis at

Check that these look sensible from the

(O, =3.1). (O, 11.59), (0, 3.1), (O. —11.59). =—————— graph. The motion of the skater appears to be

d The period of x = 8cos 201 is gg

s0 the skater returns to his X-position
4

after gT~'—|rﬂin —min
20 ; s

20

‘ = 125 T\ s 27
The period of y = 12 sin (10; 3.) EETo
so the skater returns to his Y-position
after érnin ﬂr-rﬂ]n

o 10
So the skater first completes a full
figure-of-eight motion after
%mins = 0,628 ... mins or 38 seconds

(2 5.f).

symmetrical about the x-axis so these look right.

The period of a cos (bx + ¢) is %E and the period

of asin (bx + ¢) isgbE

Problem-solving

In order for the figure skater to return to his
starting position, both parametric equations
must complete full periods. This occurs at the
least common multiple of the two periods.
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® 1

Exercise @

A river flows from north to south. The position at time 7 seconds of a rowing boat crossing the
river from west to east is modelled by the parametric equations

x=09tm, y=-32rm
where x is the distance travelled east and y is the distance travelled north.
Given that the river is 75 m wide,
a find the time taken to get to the other side
b find the distance the boat has been moved off-course due to the current
¢ show that the motion of the boat is a straight line
d determine the speed of the boat.

The position of a small plane coming into land at time ¢ seconds after it has started its descent
is modelled by the parametric equations

x=807, y=-9.1¢7+3000, 0=1r<330

where x is the horizontal distance travelled (in metres) and y is the vertical distance (in metres)
of the plane above ground level.

a Find the initial height of the plane.
b Justify the choice of domain, 0 <7< 330, for this model.
¢ Find the horizontal distance the plane travels between beginning its descent and landing.

A ball is kicked from the ground with an initial speed of 20ms™! at an angle of 30°.
Its position after ¢ seconds can be described using the following parametric equations

x=10/3tm, y=(-492+10nm, 0=<t<k
a Find the horizontal distance travelled by the ball when it hits the ground.
A player wants to head the ball when it is descending between 1.5m and 2.5m off the ground.
b Find the range of time after the ball has been kicked at which the player can head the ball.

¢ Find the closest horizontal distance from where the ball has been kicked at which the player
can head the ball.

The path of a dolphin leaping out of the water can be modelled with the following parametric
equations

x=2tm, y=-49+10im
where x is the horizontal distance from the point the dolphin jumps out of the water, y is the
height above sea level of the dolphin and ¢ is the time in seconds after the dolphin has started
its jump.
a Find the time the dolphin takes to complete a single jump.
b Find the horizontal distance the dolphin travels during a single jump.
¢ Show that the dolphin’s path is modelled by a quadratic curve.
d Find the maximum height of the dolphin.
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E) 5 The path of a car on a Ferris wheel at time 7 minutes is modelled using the parametric
equations
x=12sint, y=12-12cost
where x is the horizontal distance in metres of the car from the start of the ride and v is the
height in metres above ground level of the car.
a Show that the motion of the car is a circle with radius 12 m.
b Hence, find the maximum height of the car during the journey.
¢ Find the time taken to complete one revolution of the Ferris wheel and hence calculate the
average speed of the car.

B 6 The cross-section of a bowl design is given by the ya

following parametric equations

i/

xX=t-4sint, y=1-2cost, -—<t<

I

ta 3

a Find the length of the opening of the bowl. (3 marks)

b Given that the cross-section of the bowl
crosses the y-axis at its deepest point, find
the depth of the bowl. (4 marks)

position after time ¢ seconds relative to a fixed
origin O is given by the parametric equations

?-3r+2
=", y=2t >0

!
D 7 A particle is moving in the xy-plane such that its ‘T/

The diagram shows the path of the particle.
a Find the distance from the origin to the particle at (

time £ = 0.5, \
b Find the coordinates of the points where the

3] X

particle crosses the y-axis.

Another particle travels in the same plane with its path given by the equation y = 2x + 10,
¢ Show that the paths of these two particles never intersect,

' 8 The path of a ski Jjumper from the point of leaving the ramp to the point of landing is modelled
using the parametric equations '

X=181, y=-492+4r+10, 0=<;<k

where x is the horizontal distance in metres from the point of leaving the ramp and v is the
height in metres above ground level of the ski Jumper, after 7 seconds.

a Find the initial height of the ski jumper. (1 mark)

b Find the value of k and hence state the time taken for the ski Jumper to complete
her jump. (3 marks)
219




Chapter 8

¢ Find the horizontal distance the ski jumper jumps. (1 mark)
d Show that the ski jumper’s path is a parabola and find the maximum height above ground
level of the ski jumper. (5 marks)

(®) 9 The profile of a hill climb in a bike race is modelled by VA
the following parametric equations

x=50tantm, p=20sin2rm, 0<¢ s%

a Find the value of 7 at the highest point of the hill climb.
b Hence find the coordinates of the highest point.

¢ Find the coordinates when 7 = 1 and show that at this
point, a cyclist will be descending.

10 A computer model for the shape of the path of a ra
rollercoaster is given by the parametric equations

x=5+41Ins, p=5sin2t, 0<t<

to |

a Find the coordinates of the point where 7 = % (2 marks)

Given that one unit on the model represents Sm in real life,

b find the maximum height of the rollercoaster (1 mark)

¢ find the horizontal distance covered during the —»
descent of the rollercoaster. (4 marks)

d Hence. find the average gradient of the descent. (1 mark)

Mixed exercise o

1 The diagram shows a sketch of the curve with J'T
parametric equations
x=4cost, y=3sint, 0=1<2m /\
a Find the coordinates of the points 4 and B. - .
b The point C has parameter 7 = -E Find the exact k/
coordinates of C.

¢ Find the Cartesian equation of the curve.

2 The diagram shows a sketch of the curve with
parametric equations

1.5
x=cost, y=3sin2t, 0=1<27w

The curve is symmetrical about both axes.

Copy the diagram and label the points having
T _ di= 3r
parametersrzo..':E,r—rran t==,
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D 3 A curve has parametric equations
x=e*1+1, y=r+lhn2, 1>1
a Find a Cartesian equation of this curve in the form y=1f(x), x > k where k is a constant to be
found in exact form.
b Write down the range of f(x), leaving your answer in exact form.

4 A curve has parametric equations

1 1
XS5 T ‘1-'=2ln(r+-2*). ;>E

Find a Cartesian equation of the curve in the form y = f(x), and state the domain and range
of f(x).

D S A curve has parametric equations x = sin 7, y=cos2t, 0st<2r
a Find a Cartesian equation of the curve.
The curve cuts the x-axis at (a. 0) and (b, 0).
b Find the values of ¢ and b.

prraden | | I
X = 3 J = __—————,‘ .!“ ].
) 6 A curve has parametric equations x 1+¢ 2 (1+ 01 -1 »

. ; : ; X2
Express 7 in terms of x, and hence show that a Cartesian equation of the curve is y = o] H
7 A circle has parametric equations x =4sin7 -3, y=4cost + 5, 0st<2g
a Find a Cartesian equation of the circle,
b Draw a sketch of the circle,

¢ Find the exact coordinates of the points of intersection of the circle with the y-axis.

8 The curve C has parametric equations

_2-3t 342

FE T VT i SIsd
a Show that the curve Cis part of a straight line. (3 marks)
b Find the length of this line segment. (2 marks)

9 A curve C has parametric equations
xX=£-2, y=2t 0=<t<?

F

a Find the Cartesian equation of C in the form y=1f(x). (3 marks)
b State the domain and range of y = f(x) in the given domain of ¢, (3 marks)
¢ Sketch the curve in the given domain of ¢, (2 marks)
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10 A curve C has parametric equations

x=2cost, y=2sint-5, 0stsnw

(E/P) 12

@ 1

EP) 14

a Show that the curve C forms part of a circle. (3 marks)
b Sketch the curve in the given domain of 1. (3 marks)
¢ Find the length of the curve in the given domain of 1. (3 marks)

The curve C has parametric equations

x=t-2, y=0£-2 teR
a Find a Cartesian equation of Cin the form y = f(x). (3 marks)
b Sketch the curve C. (3 marks)

Show that the line with equation y = 4x + 20 is a tangent to the curve with parametric
equations x=1-3,y=4 -1 (4 marks)

The curve C has parametric equations x =2Inz, y = £-1, t>0

a Find the coordinates of the point where the line x = 5 intersects the curve.
Give your answer as exact values. (4 marks)

b Given that the line y = k intersects the curve, find the range of values for k. (3 marks)

The diagram shows the curve C with parametric equations ’4
x=1+2t, y=4-1

The curve crosses the y-axis and the x-axis at points A

and B respectively.

a Find the coordinates of 4 and B. (4 marks)

The line / intersects the curve at points 4 and B. a7

b Find the equation of /in the form ax + by +¢=0. R {
(3 marks)

=y

The diagram shows the curve C with parametric equations ya

x:lnr—ln[%). y=sint, 0<r<2mw P

The curve crosses the y-axis and the x-axis at points A
and B respectively. The line / intersects the curve at points B

A and B. Find the equation of /in the form ax + by + ¢=0. 0
(7 marks)

“y
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@ 16 A plane’s position at time ¢ seconds during its descent can be modelled with the following
parametric equations
x=80t, y=3000-30z, O<i<k
where v is the horizontal distance travelled in metres and y is the vertical height of the plane in

metres.

a Show that the plane’s descent is a straight line. (3 marks)
Given that the model is valid until the plane is 30 m off the ground,

b find the value of k (2 marks)
¢ determine the distance travelled by the plane in this portion of its descent. (3 marks)

a 17 The path of an arrow path at time 7 seconds from being fired can be described using the
following parametric equations
x=50V21, y=15-492+50/2¢, O<i1<k
where x is the horizontal distance from the archer in metres and y 1s the vertical height of the
arrow above level ground.
a Find the furthest horizontal distance the arrow can travel.

A castle is located a horizontal distance of 1000 m from the archer’s position. The height of the
castle is 10 m.

b Show that the arrow misses the castle.
¢ Find the distance the archer should step back so that he can hit the top of the castle.

a 18 A mountaineer’s climb at time 7 hours can be modelled with y4
the following parametric equations

x=300Vt, y=24414-1), O<i<k

where x represents the distance travelled horizontally in
metres and y represents the height above sea level in metres.

a Find the height of the peak and the time at which the

mountaineer reaches it, (3 marks)
Given that the mountaineer completes her climb when
she gets back to sea level, 0 X
b find the horizontal distance from the beginning of

her climb to the end. (2 marks)

) 19 A bridge is designed using the following parametric 4
equations:
x=%—23inr, V=-cost, E‘ctﬁiﬁ[

2 2

Given that | unit in the design is 10 m in real life,

a find the highest point of the bridge

b find the width of the widest river this bridge can cross. &

=y
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20 A BMX cyclist’s position on a ramp at time Ly
1 seconds can be modelled with the parametric 10
equations [

x=3e-1), y=10-132 0<:<13

where x is the horizontal distance travelled in metres ]
and y is the height above ground level in metres. ™

a Find the initial height of the cyclist.
b Find the time the cyclist is at her lowest height.
Given that after 1.3 seconds, the cyclist is at the end : il

of the ramp,
¢ find the height at which the cyclist leaves the ramp.

Challenge

Two particles A and B move in the x-y plane, such that their positions
relative to a fixed origin at a time  seconds are given, respectively, by
the parametric equations:

A:x:%, y=3t+1, >0
B:x=5-2t, y=20+2k-1, (>0
where k is a non-zero constant.

Given that the particles collide,
a find the value of k
b find the coordinates of the point of collision.

Summary of key points

1 A curve can be defined using parametric equations x = p(7) and y = q(#). Each value of the
parameter, ¢, defines a point on the curve with coordinates (p(2), q(1)).

2 You can convert between parametric equations and Cartesian equations by using substitution

to eliminate the parameter.

3 For parametric equations x = p(r) and y = q(f) with Cartesian equation y = f(x):
. the domain of f(x) is the range of p(?)
. the range of f(x) is the range of q(r)

4 You can use parametric equations to model real-life situations. In mechanics you will use
parametric equations with time as a parameter to model motion in two dimensions.
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