Trigonometry and
modelling

Objectives

After completing this unit you should be able to:
e Prove and use the addition formulae - pages 167-173
e Understand and use the double-angle formulae - pages 174-177

e Solve trigonometric equations using the double-angle and addition
formulae - pages 177-181
e \Write expressions of the form a cos @ + bsin @ in the forms
Rcos(f = a) or Rsin(f = a) -» pages 181-186

e Prove trigonometric identities using a variety of identities
—-» pages 186-189

e Use trigonometric functions to model real-life situations
- pages 189-191

Find the exact values of:

a sin45° b cos% ¢ tan % « Section 5.4

Solve the following equations in the interval 0 < x < 360°.
a sin(x +50° =-09 b cos(2x—30° =3
¢ 2sinfx—-sinx—-3=0 « Year 1, Chapter 10

The strength of microwaves
at different points within
~= a microwave oven can be

costx +sinfx _ ., - modelled using trigonometric
- ————=35Inx « Section 6.4 i - =
1+ cot?x functions. - Exercise 7G Q7

—

Prove the following:

a cosx+sinxtanx=secx b cotxsecxsinx=1

w
"
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Trigonometry and modelling

m Addition formulae

The addition formulae for sine, cosine and
tangent are defined as follows:

s sin(4 + B) =sinAcosB+cosAsinB
= cos(4 + B) =cos A cos B-sinAsinB

tanA4 + tan B
1-tanAtanB

= tan(4d + B) =

m The addition formulae are sometimes

called the compound-angle formulae.

sin(4 - B) =sinA cos B-cos AsinB
cos(4 — B) =cos A cos B +sinAsinB

tanA —tan B
l1+tanAtan B

tan(4 - B) =

You can prove these identities using geometric constructions.

Example

In the diagram Z/BAC = o, /CAE = Jand AE = 1.
Additionally, lines AB and BC are perpendicular,
lines AB and DE are perpendicular, lines 4C and

EC are perpendicular and lines EF and FC are

perpendicular.

Use the diagram, together with known properties
of sine and cosine, to prove the following identities:

a sin(a + J) =sina cos 3 + cos e sin 3

b cos(ar + (3) = cos «v cos F — sin av sin /7

The diagram can be labelled with the following
lengths using the properties of sine and

|

cosine.
G s et o e
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1
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1
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1
1
=i sina sin 3
+1
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: sinacos 3 ——‘
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1
O
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«———— OS50 CO5 [ —————>»

; E | 1 P
In trian gE—— f=—
A riangle ACE, cos 3 AE:»cos,j 1

S0 AC = cos f3.

LACF=a= LFCE=90°-a.50 LFEC=a.

: e N s TG
| [ = —— =
n triangle ACE, sin (3 AE = sin /3 1
So EC =sin 3.

FE

. FE
In triangle FEC, cos v = — =
& = FC = ana

So FE = cos « sin 3.

L . FC : FC
In triangle FEC, sina = — s
g ina EC::» sin o SHB

So FC = sin a sin 3.

s ; BC ; BC
In triangle ABC, sina =—— ina =
& & AC:HmJL cos 3
So BC = sin « cos [3.
: AB AB
In triangle ABC, cos v = == Y= —r
g o 4C = (0S¥ 058

So AB = cosa cos 3.
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Chapter 7

a Using triangle ADE
DE = sin (o + [3)
AD = cos (a + 3)
DE = DF + FE
= sin(a + 3) = sina cos 3 + cosa sinfd

as required

b AD = AB - DB

= cos(a + 3) = cosa cos (I = sina sin 3

Problem-solving

You are looking for a relationship involving

sin (a + 3), so consider the right-angled triangle
ADE with angle (o + 3). You can see these
relationships more easily on the diagram by
looking at AG = DE and GE = AD.

’7 Substitute the lengths from the diagram.

as required

Use the results from Example 1 to show that

a cos(Ad-B)=cosAcosB+sinAdsinB

. tanA4 + tan B
b tan(4 + B) = | -tanA tan B

a Replace Bby —Bin
cos(A + B) =cosA cosB - sind sinB
cos (A + (-B)) = cos A cos(-B) — sin A4 sin(-B)
cos(4d - B)=cosA cosB + sind sinB

sin(A4 + B)

cos(4 + B)

__sind cos B+ cos A sinB
~ cosAcosB-sindsinB

b tan(4d + B) =

Divide the numerator and denominator by

cos A cos B.

s-inA;:eer‘B‘+c,e5-7f5‘mB
_ cosAcesB cesAcosB

m Explore the proof step-by-step O

using GeoGebra.

cos(—B) = cos Band sin (-B) =-sin B
« Year 1, Chapter 9

Cancel where possible.

= eosAcosB _ sind sinB
cosAcesB cosAcosB

- tanAd + tanB
~ 1 =tanA tanB

Prove that
cosA sind cos(4+B)

sinB cosB ~ sinBcosB

as required
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Trigonometry and modelling

cosA sind Write both fractions with a common denominator.

LHS

Il

sinB  cosB

cosAcosB sindsinB Problem-solving

sinBcosB  sinBcosB When proving an identity, always keep an eye
on the final answer. This can act as a guide as to
what to do next.

cos A cos B —sind sin B

sinB cos B
_cos(d+ B) _ i :
S el — RHS | Use the addition formula in reverse:

cos A cos B—sin A sin B=cos(A+ B)

Given that 2sin (x + y) = 3 cos (x — »), express tan x in terms of tan y.

Expanding sin(x + y) and cos (x — y) gives Remember tan x = 21X
Cos.x
2sinxcosy+ 2cosx siny =3cosx cosy + 3sinx siny Dividing each term by cos x cos y

2sinx cosy 2cosxsiny  3cosx cosT - 3sinxsiny | will produce tan x and tan y terms.
%0 Cosxcesy ' cosxcosy - cosxcesy T cosx cosy

2tanx + 2tany =3 + 3tanx tany
Collect all tan x terms on one side

of the equation.

2tanx — 3tanx tany=3 - 2tany

tanx(2 — 3tany) =3 - 2tany
3 - 2tany L .
= —— % Factorise.
- Eanx 2 —3tany

Exercise @

1 In the diagram Z/BAC= 3, /CAF=a - 3and AC= 1.
Additionally lines 4B and BC are perpendicular.

a Show each of the following:
i ZFAB=a ii ZABD=aand ZECB=a
iii AB=cos/d iv BC=sin/3

b Use AABD to write an expression for the lengths
i A4AD ii BD

¢ Use ABEC to write an expression for the lengths
1| ©E ii BE

d Use AFAC to write an expression for the lengths
i FC ii FA

e Use your completed diagram to show that:
i sin(a- /) =sinacos/3-cosa sin 3
ii cos(a— /7)) =cosacos3+ sina sin /3
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Chapter 7

® 2 Use the formulae for sin (4 — B) and cos (4 — B) to show that

tanA4 —tan B

A =B =T s Al

@ 3 By substituting A = P and B = —Q into the addition formula for sin (4 + B), show that
sin (P — Q) = sin P cos Q — cos P sin Q.

(P) 4 A student makes the mistake of thinking that =
This is a common

1 = & + s1 . 7
sin(4 + B) =sinA +sin B. mistake. One counter-example is
Choose non-zero values of 4 and B to show that sufficient to disprove the statement.

this identity is not true.
® 5 Using the expansion of cos(A4 — B) with A = B = 0, show that sin*f + cos* 6 = 1.

m

® 6 a Use the expansion of sin (4 — B) to show that sin (— - 9) = cos 0.

2

b Use the expansion of cos(4 — B) to show that cos (% - 9) =sin#f.

® 7 Write sin (.\- + %) in the form psin x + ¢ cos x where p and ¢ are constants to be found.

® 8 Write cos (‘\' + :;) in the form @ cos x + b sin x where @ and b are constants to be found.

® 9 Express the following as a single sine, cosine or tangent:
a sin 15° cos 20° + cos 15° sin 20° b sin 58° cos 23° — cos 58° sin 23°

tan 76° — tan 45°
1 4+ tan 76° tan45°

¢ cos 130° cos 80° — sin 130° sin 80° d

e cos2f cosf + sin 20 sinf f cos40 cos 3 — sin4d sin 36

tan 26 + tan 30
1 — tan 26 tan 3¢

. 1 1 : 1
g sin3f cos 2560 + cos 3t sin 256

i sin(4+ B)cosB —cos(A4+ B)sinB

. (3.\‘ s 2.1') ( Ix - 2}’) . (3.\' + 2_\') _ ( 3x - 2)‘)
i cos cos - sin sin 3

2 2 2

® 10 Use the addition formulae for sine or cosine to write each of the following as a single
5 3 . o . m
trigonometric function in the form sin (x + #) or cos (x £ 6), where 0 <l < B

a L_ (sin x + cos x) b -% (cos x — sin x) ¢ %{sin X + V3 cosx) d -% (sin x — cos x)
v W FA vV
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a Find expressions involving x, »,

b Hence prove that

Trigonometry and modelling

Given that cos y = sin (x + »), show that tan y = sec x — tan x.
Given that tan (x — y) = 3, express tan y in terms of tan x.

Given that sin x(cos y + 2sin y) = cos x(2 cos y — sin y), m First multiol
- irst multiply

find the value of tan (x + p). out the brackets

In each of the following, calculate the exact value of tan x.

a tan(x —45°) =% b sin(x — 60°) = 3cos(x + 30°) ¢ tan(x-060°) =2
. T | =
Given that tan (x - E) =3 show that tan x = 8 — 5v3. (3 marks)
Prove that
2 47
cosf + cos 9+—3—) + COos 8+T) =)
You must show each stage of your working. (4 marks)

Challenge

This triangle is constructed from two
right-angled triangles 7; and 7.

m For part a your

expressions should all
involve all four variables.
You will need to use the
formula Area = $ab sin 6 in
each case.

A and B for:

i theareaof T}

ii theareaof T,

iii the area of the large triangle.

sin(4+ B)=sindcosB+cosAsinB ° =

@ Using the angle addition formulae

The addition formulae can be used to find exact values of trigonometric functions of different angles.

; S : /6 —\2
Show, using the formula for sin (4 — B). that sin 15°= %
sin15° = sin(45° = 30°) You know the exact values of sin and cos for many
= 5in45° cos 30° — cos45° sin 30° angles, e.g. 30°, 45°, 60°,90°, 180° ..., so write

15° using two of these angles. You could also use
sin (60° — 45°),

(2v2)(z/3) - (2¥2)(z)
%(\3\2 =V E,l'
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Chapter 7

Given that sin A = ~% and 180° < 4 < 270°,

a cos(4 - B)

a cos(A - B)=cosAd cosB+ sind sinB

b tan(4 + B)

and that cos B = —% and B is obtuse, find the value of:

¢ cosec(A — B)

You know sin 4 and cos B, but
need to find sin B and cos A.

costAd=1-5in?4 siiZ B = 1 — cos?
=1=[=2 =1- (——j] Usesinx +costx = 1to
=1-2 E . determine cos 4 and sin B.
25 169
= 1 - 23
N - T Problem-solving
cos A == inB ==
2 o i . Remember there are two
180°<A4<270°s0 cos4 =—=  Bis obtuse so sin B = ]; *— possible solutions to
L o 0s? A = % Use a CAST diagram
cos(A4 - B) = (-3)(—5) + =) (+35) to determine which one to use.
15 33

=48 =
=Z= =

&5

i
61

SN il 5= tan 4 + tan B

cos x is negative in the third
quadrant, so choose the

! —tanA tan B negative square root —z. sinx is
34 (-5) ~ positive in the second quadrant
So tan(Ad + B) = ——— 2/ (obtuse angle) so choose the
=3l o | i
I=\Z-3) positive square root.
1
=32 =l _16
% s % =53 Substitute the values for sin A4,
' L sin B, cos 4 and cos B into the
SRl = — 1 formula and then simplify.
sin{4 — B)
. , 3
sin{d — B) = Acos B - A si i =E
in( ) = sin A4 cos cos A sinB tanA:smA=-——5=1
e cosd 2 *
sin(4 - B) = (T)(55) - (F)(3) = 2= -
5
sinB_ 13 5
. tanB= =
cosec(A - B) = 1 _e cos B 12 12

u
i3]

Remember cosec x = —1—
sin x

1 Without using your calculator, find the exact value of:
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Trigonometry and modelling

2 Without using your calculator, find the exact value of:

a sin 30° cos 60° + cos 30° sin 60° b cos 110° cos20° + sin 110° sin 20°
¢ sin33°cos27° + cos 33° sin 27° d cos -g— cos% — sin % sin%
e sin 60° cos 15° — cos 60° sin 15° f cos70° (cos 50° — tan 70° sin 50°)

tan45° + tan 15° | —tan 15°
& T tan45° tan 15° [+ tan 15°

tan ?_rr —ta =
. 2”43 . E .
i 7 i v3cos15® —sinl5°

| +tan—— tan—

12 3

a Express tan (45° + 30°) in terms of tan45° and tan 30°. (2 marks)
b Hence show that tan 75° = 2 + V3. (2 marks)

Given that cot A = % and cot (4 + B) = 2. find the value of cot B.

\j — \E
4
(4 marks)

a Using cos (f + «) = cos fl cos a — sin @ sin o, or otherwise, show that cos 105° =

b Hence. or otherwise. show that sec 105° = —/a(1 + Vb), where « and b are constants to
be found. (3 marks)

Given that sin 4 = % and sin B = % where 4 and B are both acute angles, calculate the exact
value of:

a sin(A4+ B) b cos(A4 — B) ¢ sec(4A-B)

Given that cos 4 = —%, and A is an obtuse angle measured in radians, find the exact value of:

a sinA b cos(m+ A) c Sin(%-l“ A) d tan (%+A)

Given that sin 4 = -5, where A is acute, and cos B = ~%, where Bis obtuse, calculate the exact
value of:

a sin(4-B) b cos(4 - B) ¢ cot(d - B)

Given that tan 4 = % where A is reflex, and sin B = 1% where B is obtuse, calculate the exact
value of:

a sin(A4 + B) b tan(A4 — B) ¢ cosec(A + B)

Given that tan 4 = % and tan B = % calculate, without using your calculator. the value of 4 + B
in degrees, where:

a A and B are both acute.
b A isreflex and B is acute.
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Chapter 7

@ Double-angle formulae

You can use the addition formulae to derive the following double-angle formulae.
m sin24 =2sin A4 cos A
m c0s24 =cos? A -sinfPA=2cos?’A-1=1-2sin*A4

2tan A
1-tan2A4

Use the double-angle formulae to write each of the following as a single trigonometric ratio.

= tan2A4 =

2tan z
a cos’50° — sin250° b 76?? - 413111 ?(1
1 - tanlvg sec 70

a cos?50° = 5in?50° = cos (2 x 50°) ————— Use cos24 =cos2 A —sin A in reverse, with 4 = 50°,

= cos 100°
2tan .5
b - g_, = tan 2 x —] Use tan2A4 Emin reverse, with 4 =2
1 - tam2 X 1-tan*A 6
6
w
=+t -
an 3
4 sin 70° : . = = =
sec 70° = 4 5in70° cos 70 SECX = oey S0C0S Y = oo —

= 2(2s5in 70° cos 70°) ‘——ﬁ_
= 2sin(2 x 70° = 2 sin MOO.—L
Example o

Given that x = 3sinf and y = 3 — 4 cos 26, eliminate # and express y in terms of x.

The equations can be written as m Be careful with this manipulation.

Recognise this is a multiple of 2 sin 4 cos A.

Use sin24 = 2sin 4 cos A in reverse with 4 = 70°.

4 3 aias % =
sin@== cos20= J Many.errors can occur in the early part of a
3 4 solution.

As cos 20 =1 - 2sin®# for all values of 6,

AT A 5 (L)‘ ¢ has been eliminated from this equation. We still

4 need to solve for y.
) ¥\2 1

So 2=23) -3
or y= 8(%) -1 The final answer should be in the form y = ...
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Given that cos x = % and that 180° < x < 360°, find the exact value of*

a sin2x b tan2x

a sinfd=1-cos?A

I
I
Bl

180° < A < 360°, 50 sind = —%
sin2x = 2s5inXx cos X

-2[-7)3)--%

I

Trigonometry and modelling

Use sin? A + cos? A = 1 to determine sin A.

sin A is negative in the third and fourth quadrants,
so choose the negative square root.

- -_;rz Find tan x in simplified surd form, then substitute
b tanx = fcg'x == this value into the double-angle formula for
P tan 2x.
-7
-3
o gt 3 Make sure you square all of tan x when working
tandx == 5-< e X out tan? x:
; EE
= _2\-’7 5 g 3 9
T3 2
=-3J7
® 1 Use the expansion of sin (A + B) to show that sin24 = 2sin 4 cos 4. m Set B=A.

® 2 a Using the identity cos (4 + B) = cos 4 cos B —sin 4 sin B, show that cos 24 = cos* A —sin? 4.

b Hence show that:
i cos24=2cos?A4d-1
ii cos24=1-2sin’4

Problem-solving

Usesin4 +cos?A=1

® 3 Use the expansion of tan (A4 + B) to express tan 24 in terms of tan A.
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Chapter 7

Write each of the following expressions as a single trigonometric ratio.

a 2sin 10° cos 10° b 1-2sin225° ¢ cos?40° — sin?40°
2tan 5° | FAne
R f 6cos?30°-3
| - tan?5° ¢ 2§in(24.5)° cos (24.5)° cos
sin 8°

g h cos?-— — sin?—
sec 8° 16 16

Without using your calculator find the exact values of:

a 2sin22.5° cos 22.5° b 2cos’15° -1
2 tan%
¢ (sin75° = cos 75°)2 d—
1 —tan?—
8
a Show that (sin 4 + cos 4)2 =1 + sin 2A4. (3 marks)
b Hence find the exact value of (sin-;£ + cos%)_. (2 marks)

Write the following in their simplest form, involving only one trigonometric function:

[
2 tan=
a cos?36 - sin? 36 b 65in 26 cos 20 c ——"—9
1 - tan3§
;. 50 7 ; .
d 2-4sin’3 e V1 +cos20 f sin’fcos’f
. tanf . - 5
g 4sinf cosf cos 26 h——— i sin*f - 2sin?6 cos?f + cos*#
sec’f — 2
Given that p = 2 cos § and ¢ = cos 26, express ¢ in terms of p.
Eliminate ¢ from the following pairs of equations:
a x=cos’f, y=1-cos20 b x=tand, y =cot260
¢ x=sinf, y=sin20 d x=3cos20+ 1, y=2sinf
Given that cos x = 1, find the exact value of cos 2x.
Find the possible values of sin # when cos 26 = —g-;—
Given that tan @ = } and that # is acute.
a find the exact value of: i tan26 i sin260 iii cos26

b deduce the value of sin 44.
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Trigonometry and modelling

Given that cos 4 = —% and that A is obtuse,

a find the exact value of: i cos2A4 ii sin A iii cosec2A4
2
b show thattan24 = 4;_
; 3w 7} _ 3
Given that < < 5 find the value of tan > when tanf = 3 (4 marks)

Given that cos x + sin x = m and cos x — sin x = n, where m and n are constants, write down,
in terms of m and n. the value of cos 2x. (4 marks)

In APQR, PQ=3cm, PR=6cm, QR=5cmand ZQPR = 20.
a Use the cosine rule to show that cos 26 = zj- (3 marks)

b Hence find the exact value of sin#6. (2 marks)

The line /, with equation y = %\ bisects the angle between the x-axis and the line y = mx, m > 0.
Given that the scales on each axis are the same, and that / makes an angle # with the x-axis,

a write down the value of tan ¢ (1 mark)

b show that m = % (3 marks)

a Use the identity cos (A4 + B) = cos 4 cos B — sin A4 sin B, to show that cos24 =2 cos?Ad —1.
(2 marks)

The curves C, and C, have equations
C:y=4cos2x
C,: y=6cos?x —3sin2x

b Show that the x-coordinates of the points where C, and C, intersect satisfy the equation

cos2x + 3sin2x-3=0 (3 marks)
Use the fact that tan 24 = 2224 ¢4 derive th
s ~ cos24 Rigernm e @ Use the identities for sin 24

and cos 24 and then divide both the

formula for tan 24 in terms of tan 4. :
numerator and denominator by cos?4.

m Solving trigonometric equations

You can use the addition formulae and the double-angle formulae to help you solve trigonometric
equations.
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Chapter 7

Example @

Solve 4 cos (6 — 30°) = 8/2 sin # in the range 0 < § < 360°. Round your answer to | decimal place.

4cos(f - 30°% = &/2sinb

4 cosf cos 30° + 4 sinfl sin 30° = 8/2 sinb———— Use the formula for cos (4 - B).

4 cos H(%

2V3

—=— = tanf
&ve -2

tanf = 0.3719...

0 = 20.4°, 200.4°

Example Q

Solve 3cos2x —cosx + 2 =0 for 0 < x =< 360°,

Using a double angle formula for cos 2x

3cos2x—cosx+2=0

pecomes

3(2cos?x - 1) —cosx+2=0
GcosPx -3 —cosx+2=0
EcosPx —cosx—-1=0

S50 (Bcosx+1)2cosx—-1)=0

; 1
Solving: cosx = —=

v

) + 4 sin H(%) = 8/2 sinf -—L
2V3 cosh + 2sinf = &/2 sinf
23 cosf = (8/2 - 2)sinb

Substitute cos30° = ‘%3 and sin30° = %

Gather cosine terms on the LHS and sine terms
on the RHS of the equation.

Divide both sides by cos @ and by (8v2 - 2).

Use a CAST diagram or a sketch graph to find all
the solutions in the given range.

Problem-solving

Choose the double angle formula for
cos 2x which only involves cos x:
€os2x =2cos?x — 1

This will give you a quadratic equation
in cos x.

1
or cosx= z

1

cos“’{—g} = 10252

So x = 60° 102.5° 250.5°,
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Solve 2 tan 2y tan y = 3 for 0 = y = 2x. Give your answers to 2 decimal places.

2tan2y tany = 3

Trigonometry and modelling

( 2tany

4tan’y

1—tan?y

4tanPy=3 - 3tan?y

Use the double-angle identity for tan.

This is a quadratic equation in tan y. Because

7tanZy=3
tanly =32
tany = +/>

y=0.58, 2.56; 372, 570

there is a tan? y term but no tan y term you can
solve it directly.

m Remember to include the positive

and negative square roots.

a By expanding sin (24 + A) show that sin 34 = 3sin 4 — 4sin* A.

b Hence. or otherwise, for 0 < @ < 27, solve 16sin*# — 12sin ) — 2y:

terms of 7.

a LHS =sin34 = sin(24 + A)
= sin24 cos A + cos2A4 sin A

(2sind cos A)cos A
+ (1 —2sin2 A)sinA4

f

= ( giving your answers in

Use the addition formula for sin (4 + B).

2sind cos? A + sind = 2sin® 4

I

2sind(l = sinfA) +sind — 2sin®A4
=25sind - 2sin*4 +sind —2sin* 4
= 3sind — 4sin4 = RHS

1]

b 16530 - 12sinf - 2/3 =0

16sin?f — 12sinf = 23

—4sin30 = 2\;"'.-3

5’|r136——~%

49 47 57 10m Nn 16r 17x
gt gt grTavat 3

g 4r 57 10m N 16w 177

g* 9 8" a2"g"9

L Subsitute for sin 24 and cos 2A4. As the answer is
in terms of sin 4, cos 24 = 1 — 2sin? 4 is the best
identity to use.

Use sinZ A + cos? A = 1 to substitute for cos? 4.

Problem-solving

The question says ‘hence’ so look for an
opportunity to use the identity you proved in
part a. You need to multiply both sides of the
identity by —4.

Use a CAST diagram or a sketch graph to find all
answers for 3.0 <l < 2w so 0 < 30 < 6.
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Exercise @

®

<)

P

1

180

Solve, in the interval 0 < # < 360°, the following equations. Give your answers to 1 d.p.

a 3cosfl =2sin(# + 60°) b sin(f+ 30°) +2sinf =0
¢ cos(f+25° +sin(f+65°)=1 d cos# = cos(f + 60°)
a Show that sin (6‘ - E) = L,_ (sin# + cosf) (2 marks)
4 V2
b Hence, or otherwise, solve the equation % (sinf + cosfl) = %, 0=60=<2nm. (4 marks)
V& y

¢ Use your answer to part b to write down the solutions to sinf + cos # = 1 over the same
interval. (2 marks)

a Solve the equation cos # cos 30° — sin @ sin 30° = 0.5, for 0 < § =< 360°.

b Hence write down, in the same interval, the solutions of V3 cos# —sinf = 1.

a Given that 3sin (x — y) —sin (x + ) = 0, show that tanx = 2tan y.
b Solve 3sin (x — 45°) - sin (x +45°) =0, for 0 = x = 360°.

Solve the following equations, in the intervals given.

a sin2d=sinf, 0 <60 <2 b cos26=1-cosf,-180° < =< 180°
¢ 3cos20=2cos?f,0=6<360° d sindf=cos20.0==0=<n

e 3c059—sing—l=0,0£9<?20° f cos?f—sin20=sin*6,0=0=<n

g 2sinfl=sech.0<0<2rx h 2sin20=3tanf, 0 < 4 < 360°

i 2tanf=y3(1 —tanf)(1 +tanf), 0 <0 <27 j sin?f=2sin26, -180° < 4 < 180°
k 4tanf =tan26, 0 = 0§ < 360°

In AABC, AB=4cm, AC=5cm, ZABC =20 and ZACB = 6. Find the value of 6. giving your
answer, in degrees, to 1 decimal place. (4 marks)

a Show that 5sin 26 + 4 sin 6 = 0 can be written in the form asin 6 (bcos@ + ¢) = 0,

stating the values of a, b and c. (2 marks)
b Hence solve, for 0 < 6 < 360°, the equation Ssin 20 + 4 sin 6 = 0. (4 marks)
a Given that sin 26 + cos 20 = 1, show that 2sin @ (cos # — sin ) = 0. (2 marks)
b Hence, or otherwise, solve the equation sin 26 + cos 26 = 1 for 0 < § < 360°. (4 marks)
a Prove that (cos 26 —sin 20)> = | — sin46. (4 marks)
b Use the result to solve, for 0 < # < 7, the equation cos 26 — sin 26 = %
v

Give your answers in terms of 7. (3 marks)
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® 10 a Show that:

E/P) 11

E/P

0 0
. 2tan§ | -tan*3
1sm9579 ii cosfl= =
1 +tan3§ 1 +tan3§
b By writing the following equations as quadratics in tan g solve, in the interval 0 = 6 = 360°:
i sinf+2cosf=1 ii 3cosf#—4sinfl=2
a Show that 3cos’ v —sinx = 1 + 2cos 2x. (3 marks)

b Hence sketch, for -7 < x =< 7, the graph of y = 3 cos’ x — sin® x, showing the

coordinates of points where the curve meets the axes. (3 marks)
, 0 w5y
12 a Express 2cos” 5 — 4sin’ 5in the form @ cos @ + b, where @ and b are constants. (4 marks)

= -3, in the interval 0 < # < 360°. (3 marks)

(58 I o

b Hence solve 2 coszg —4sin?

4

E/P) 13 a Use the identity sin? 4 + cos? 4 = 1 to show that sin* 4 + cos* 4 = %(2 —sin224). (5 marks)

b Deduce that sin* 4 + cos* 4 = %(3 + cos4A). (3 marks)

¢ Hence solve 8sin*f + 8cos*f =7, for0 < <. (3 marks)

m Start by squaring (sin® 4 + cos? 4).

14

]

By writing 36 as 26 + 6, show that cos 36 = 4 cos?f — 3cosb. (4 marks)

b Hence, or otherwise, for 0 < # < 7, solve 6 cos§ — 8cos® # + 1 = 0 giving your answer
in terms of 7. (5 marks)

@ Simplifying a cos x + b sin x
You can use the addition formulae to simplify some trigonometric expressions:

= For positive values of @ and b,

e asinx + bcos x can be expressed in the form R sin (x £ o) m The symbol T

e acos x + bsinx can be expressed in the form R cos (x ¥ a) means that a cos x + b sin x
will be written in the

) form R cos (x — a), and

acos x — b sinx will be

written in the form

Use the addition formulae to expand sin (x + @) or cos (x ¥ a), Rcos (x + a).

then equate coefficients.

with R >0and 0 < a < 90° (or%

where Rcosa=aand Rsina=band R = a? + b2.
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Show that you can express 3 sin x + 4 cos x in the form:

a Rsin(x+ o)

b Rcos(x— )

where R >0, 0 < a <90°, 0 < 3 < 90° giving your values of R, o and 3 to 1 decimal place when
appropriate.

Use sin (4 + B) = sin 4 cos B + cos 4 sin B and
multiply through by R.

a Rsin(x+a)= Rsinx cosa + Rcosx sina

Let 3sinx + 4cosx = Rsinx cosa
+ Reosx sina

S0 Rcosa = 3 and Rsina = 4 Equate the coefficients of the sin x and cos x terms.
Rsina
= : n (1 =i . . - - .
Rcosa 3 L Divide the equations to eliminate R and use tan!
(4 to find a.
a = tan” (g)

S0 a=531°(14dp)

B2 coiP a4 REsHPa= 38 & 4P Square and add the equations to eliminate a and

find R2.

RZ(cos? v + sina) = 25
2=2h s R=5 Usesinfa + cos?a=1.
3sinx +4cosx = 5sin(x + 53.19)

b Recos(x — 3) = Rcosx cos 3 + Rsinx sin f—— Use cos (4 — B) = cos 4 cos B + sin 4 sin Band

multiply through by R.
Let 3sinx + 4cosx = Reosx cos 3 .
+ Rsinx sin3
S0 Rcosf3 =4 and Rsinf3=3 Equate the coefficients of the cos x and sin x terms.
Rsing 3
—=tan@ == L v . S
Recos 3 4 Divide the equations to eliminate R.
S0 3=36.9°(1dp) ) ==
R2cos? 3 + R2sir? B = 32 4 42 Square and add the equations to eliminate o and
find R?,
RZ(cosZ2 3 + sin? 3) = 25
RZ2=2550R=5 Remember sina + cos?a = 1.

3sinx + 4cosx = 5cos(x — 36.9%

A’
m Explore how you can

transform the graphs of y = sin x and
¥ = cos x to obtain the graph of y =3 sinx + 4 cos x
using technology.
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a Show that you can express sin x — 3 cos x in the form Rsin (x — a), where R>0,0<a < . f

b Hence sketch the graph of y = sin x -3 cos x.

a Setsinx —yV3cosx = Rsin(x —a)

sinx — V3 cosx = Rsinx cosa — Rcos x sina

S0 Rcosa=1 and Rsina=y3

Trigonometry and modelling

2

Expand sin (x — @) and multiply by R.

Dividing, tana = V3, s0 a = ’31
Squaring and adding: R = 2

S0 sinx — V3 cosx = 2sin (_\‘ = %)

b y=sinx—-y/3cosx = 2sin (\ ~ %)

A

24

L Equate the coefficients of sin x and cos x on
both sides of the identity.

You can sketch y = 2sin (.\- = %) by

translating y = sin x by % to the right and

then stretching by a scale factor of 2 in the
y-direction.

a Express 2cosf + 5sinf in the form Rcos (6 — a), where R >0, 0 < a < 90°.

b Hence solve, for 0 < 6 < 360°, the equation 2cosf + 5sinf = 3.

a Set 2cosf + 5sinfl = Rcosf cosa
+ Rsinf sinn

So Rcosa=2 and Rsina=5

Dividing, tana: = 2 so a=66.2°

>
Squaring and adding: R = V29
S0 2cosf + 5sinf = V29 cos (f — 68.2°)

b V29 cos(f — 686.2° =3

So cos(f — £5.2°%) = 3

b

V29

A ( 3
COST |=—
J

)= 56.1...°

So 0 - E8.2°=-561.°561.°
A = 12.1° 124.3° (to the nearest 0.1°)

Equate the coefficients of sinx and cos x on both
sides of the identity.

Use the result from part a:
2cosf +5sinf =29 cos (0 — 68.2°).

Divide both sides by v29.

As 0 < < 360°, the interval for (# — 68.2°) is
—68.2° < ) — 68.2° < 291.8°.

3
V29

the 1st and 4th quadrants.

is positive, so solutions for # — 68.2° are in
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f(#) = 12cosf + 5sin# @ O [NC)
a Write f(#) in the form Rcos(f — o). . Use techr?oFogy to explore

) ) maximums and minimums of curves
b Find the maximum value of f(#) and the inithe form Ricos (i =a);

smallest positive value of # at which it occurs,

a Set 12cosf8 + 5s5inf = Rcos (B — a)

Equate sin x and cos x terms and then solve for
R and a.

So 12cosf + 5sinfl = Rcosf cosa

+ Rsinfl sinw

S0 Rcosax =12 and Rsina=5
R =13 and tana = ﬁ =% = 225"
So 12cosf + 5sinfl = 13 cos (0 — 22.6°

The maximum value of cos x is 1 so the maximum

The maximum value of 13 cos (0 — 22.6°)

value of cos (# — 22.6°) is also 1.

is 13.

This occurs when cos (f — 22.6°) = 1

§ - 226°= . -3C0° O° 3G60° ... Solve the equation to find the smallest positive
value of 6.

The smallest positive value of # is 22.6°

Unless otherwise stated, give all angles to 1 decimal place and write non-integer values of R in surd form.

1 Given that 5sinfl + 12cosf = Rsin (f + a), find the value of R, R > 0, and the value of tan .

2 Given that V3 sin# + /6 cos = 3 cos (0 — a), where 0 < o < 90°, find the value of a.

3 Given that 2sinfl = /5 cosf = -3 cos(f + a). where 0 < a < 90°, find the value of .

4

® s

184

a

b Hence sketch the graph of y = cosf — 3 sinf, 0 < <=

a
b
c
d

Show that cos # — V3 sin @ can be written in the form R cos (+a),withR>0and0<a <%

> giving the coordinates of points of
intersection with the axes.

Express 7cos# — 24 sin f in the form Rcos (A + «), with R> 0 and 0 < a < 90°.

The graph of y = 7 cos f — 24 sin # meets the y-axis at P. State the coordinates of P.
Write down the maximum and minimum values of 7 cos @ — 24 sin 6.

Deduce the number of solutions, in the interval 0 < ¢ < 360°, of the following equations:
i 7cost) —24sinf =15 ii 7cosfl—24sinf =26 iii 7cosf —24sinf =-25

f(f) =sinf + 3cosf
Given f(#) = Rsin(# + a), where R > 0 and 0 < o < 90°.

a

b

Find the value of R and the value of a. (4 marks)
Hence, or otherwise, solve f(#) = 2 for 0 < 6 < 360°, (3 marks)
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® u

E/P) 12

(E/p) 13

LY
2
Give the value of a to 3 decimal places. (4 marks)

a Express cos 26 — 2sin 26 in the form Rcos (26 + ), where R>0and 0 <a <

b Hence, or otherwise, solve for 0 < 6 < 7, cos 20 — 2sin 26 = -1.5, rounding your
answers to 2 decimal places. (4 marks)

Solve the following equations, in the intervals given in brackets.

a 6sinx + 8cosx = 5/3, [0, 360°] b 2cos 36 - 3sin 36 =-1,[0,90°]
¢ 8cosf+ 15sinf =10, [0, 360°] d>5 sin% - 12(:05% =-6.5, [-360°, 360°]

=

Express 3 sin 30 — 4 cos 36 in the form Rsin (30 — a), with R>0and 0 <a < 90°. (3 marks)

b Hence write down the minimum value of 3 sin 36 — 4 cos 3¢ and the value of ¢
at which it occurs. (3 marks)

¢ Solve. for 0 < # < 180°, the equation 3 sin 3¢ — 4 cos 36 = 1. (3 marks)

a Express 5sin2f — 3 cos? 6 + 6sin 6 cos § in the form asin26 + hcos 20 + c,
where a, b and ¢ are constants to be found. (3 marks)

b Hence find the maximum and minimum values of 5sin?# — 3 cos?# + 6sin® cos . (4 marks)

¢ Solve 5sin26 — 3cos?f + 6sinf cos @ = —1 for 0 < § < 180°, rounding your
answers to 1 decimal place. (4 marks)

A class were asked to solve 3cosf = 2 — sin @ for 0 < # < 360°. One student expressed the
equation in the form Rcos (¢ — ) = 2, with R> 0 and 0 < o < 90°, and correctly solved the
equation.

a Find the values of R and o and hence find her solutions.

Another student decided to square both sides of the equation and then form a quadratic
equation in sin 6.

b Show that the correct quadratic equation is 10sin># —4sinf - 5 = 0.

¢ Solve this equation, for 0 < € < 360°.

d Explain why not all of the answers satisfy 3cosf/ =2 - sin 6.

a Given cotf + 2 = cosec f, show that 2sinf + cosf = 1. (4 marks)
b Solve cotf + 2 = cosecf for 0 < 6 < 360°. (3 marks)
a Given V2 cos (6 = %) + (/3 = 1)sin @ = 2, show that cos# + 3 sinf = 2. (4 marks)
b Solve V2 cos (8 - %) +(W/3 -1)sinf=2for0=<0=<2m (2 marks)
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14 a Express 9cos# + 40sin# in the form Rcos(f — ), where R > 0 and 0 < o < 90°.

Give the value of a to 3 decimal places. (4 marks)
18
= = < 360°
b 80) =55 9cos o+ a0sme’ 0 =0 =360
Calculate:
i the minimum value of g(0) (2 marks)
ii the smallest positive value of # at which the minimum occurs. (2 marks)

15 p(6) = 12cos20 — 5sin 26

Given that p(f) = Rcos (26 + o), where R >0 and 0 < o < 90°,

a find the value of R and the value of a. (3 marks)
b Hence solve the equation 12 cos 26 — 5sin 20 = —6.5 for 0 < ¢ < 180°. (5 marks)
¢ Express 24 cos’ — 10sin 6 cos # in the form a cos 20 + bsin 26 + ¢, where a. b

and ¢ are constants to be found. (3 marks)
d Hence, or otherwise, find the minimum value of 24 cos2# — 10sin  cos 6. (2 marks)

@ Proving trigonometric identities

You can use known trigonometric identities to prove other identities.

a Show that 2 sin g cos g cosfl = %sin 26.

b Show that 1 + cos46 = 2 cos?26.

a sin24 =2sind cos 4 0
r Substitute 4 = > into the formula for sin 24.

sinfl = 2 5’mﬁ cosf)—

2 2
g Problem-solving

LHS = 2 sin— cosﬁ cost

2 2 Always be aware that the addition formulae can
= sinf cos 6 be altered by making a substitution.
= B2 sin 26
2 0 0
= RHS Use the above result for 2 sin > cos >

b LHS =1 + cos 48
1+ 2cos220 -1

= 2cos® 26 L— Use cos24 = 2 cos? A — 1 with A4 = 20.
= RHS

Remember sin 260 = 2 sin# cos f.
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Prove the identity tan 20 = 2

cotf —tant

2tant
1 - tan< @
Divide the numerator and denominator by
tané.

LHS = tan 268 =

So tan 20 = TZ—

— tanf

tanf

. S
cotl — tanf

Prove that v3 cos 46 + sin 46 = 2 cos (46‘ -

RHS = 2co5(49 - —Z)

2

V3 cos 40 + sin46 = LHS

Exercise @

® 1 Prove the following identities.
cos 24

——=——=cosA—-sinA4
cos A +sin A
1 —cos26 tan d

sin26

e 2(sin3 0 cos @ + cos?f sin f) = sin 26

g cosec —2cot2f cosf) = 2sinf

i an T :l—sinl\‘
(4 ')' cos 2x

Problem-solving

Dividing the numerator and denominator by
a common term can be helpful when trying to
rearrange an expression into a required form.

Problem-solving

Sometimes it is easier to begin with the RHS of

= 2cos44l cos% + 2sin4fsin g *—L the identity.
- \g s 1
2 cos 40 (?) + 2sin40 (_] Use the addition formulae.

Write the exact values of cos% and 5in%

sinB cosB

. = Y4 =
b i COSA_2(:osec:..A sin(B-A)
sec? 0
—_—= 20
d 1 —tan?d e
f 51939_0053952
sinff  cosf
secd-1_ .0
B o+ 1 - Ay
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® 2 Prove the identities:

cosA sin4 cos(4+ B)

a sin(A + 60°) + sin(A4 — 60°) = sin 4 b GnB cosB— snBoash
sin(x + y) cos (X + y)
¢ ‘Thsxcosy = lenx+ tany d e Ty + 1 =cotxcoty
T o m _cotA4cotB -1
e cos(6+§) +y3sinfd = sm(9+ 6) f cot(A+B):——c0lA +cot B
g sin®(45° +60) +sin?(45°-0) =1 h cos(A + B)cos(A4 — B)=cos* A4 —sin’ B
3 a Show that tan f + cot ¢ = 2 cosec 26. (3 marks)
b Hence find the value of tan 75° + cot 75°. (2 marks)
(E/P) 4 a Show that sin 36 = 3sin 6 cos? 6 — sin* 6. (3 marks)
b Show that cos 36 = cos* 8 - 3sin?f cos 6. (3 marks)
o TS
¢ Hence, or otherwise, show that tan 36 = M_& (4 marks)
1 —3tan6
d Given that ¢ is acute and that cosf = l,. show that tan 36 = 12;2 (3 marks)
5 a Usingcos24 =2cos’4 — 1 = | — 2sin? A. show that:
,X _ l+cosx . +X _1—cosx
i cos’s = > i sin?5 = 3
b Given that cos# = 0.6, and that # is acute, write down the values of:
Y
i cos3 ii. sin 3 iii tan >
A _ 1
¢ Show that cos“? = §(3 +4cosA+cos2A).
(E/P) 6 Show that cos*f = 3 + 3c0s 26 + £ cos 46. You must show each stage of your
working. (6 marks)
E/P) 7 Prove that sin’(x + y) - sin® (x — y) = sin 2x sin 2y. (5 marks)
E/P) 8 Prove that cos26 — 3 sin26 = 2 cos (28 + 33':) (4 marks)
E/P) 9 Prove that 4cos (29 - -g—) = 2/3 — 4/3 sin?0 + 4sin  cos b. (4 marks)
® 10 Show that:
1 == ? 1 E _ mn 24 — = 7 =i _E
a cosf+sinfl = \~Slﬂ(9+ 4) b v3sin20 - cos20 = h51n(26' 6)
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Challenge

1 a Show that cos (4 + B) —cos (4 — B) = —2sin 4 sin B.

P-Q)_

[P+ Q) .
b Hence show that cos P — cos Q =-2sin 7 sint=—

¢ Express 3 sin.x sin 7x as the difference of cosines.
7))
cos ;

=
lUr__ 57 _V3+/2

He i i ' in=r e
b Hence, or otherwise, show that 2 sin 2 cos >4 >

: : i
2 a ProvethatsmP+stsZsm( >

m Modelling with trigonometric functions

You can use trigonometric functions to model real-life situations. In trigonometrical modelling
questions you will often have to write the model using R sin (x + a) or Rcos (x + a) to find maximum
or minimum values.

The cabin pressure, P, in pounds per square inch (psi) on an aeroplane at cruising altitude can be
modelled by the equation P =11.5 — 0.5 sin (1 — 2), where ¢ is the time in hours since the cruising
altitude was first reached, and angles are measured in radians.

a State the maximum and the minimum cabin pressure.

b Find the time after reaching cruising altitude that the cabin first reaches a maximum pressure.

¢ Calculate the cabin pressure after 5 hours at a cruising altitude.

d Find all the times during the first 8 hours of cruising that the cabin pressure would be exactly 11.3 psi.

a Maximum pressure = 11.5 = 0.5 x (1) = 12 psi -1 = sin(t - 2) =< 1. Use the maximum and
minimum values of the sine function to find the
maximum and minimum pressure.

Minimum pressure = 11.5 — 0.5 x 1 = 11 psi

b 11.5 -05sin{t-2) =12
-05sin(t—2)=05 L J
: Set the model equal to 12, the maximum pressure.
sin(t — 2) = -1
t—-2=..., —%. ?ﬁ. Remember the model uses radians.
t = Q.43 hours = 26 min Multiply 0.43 by 60 to get the time in minutes,
& Felis <088~ L— Substitute 7 = 5.
= 1.5 - 0.070...

11.43 psi

@ Explore the solution to this

modelling problem graphically using
technology.
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d 1.5 -05sin(t-2)=13 Set the model equal to 11.3.
-0.5sin(t — 2) = -0.2
sin(t — 2) = 04 Use sin~1(0.4) to find the principal solution, then
t-2=-3553..,0415..., 273..., ——  use the properties of the sine function to find
G6.6947... other possible solutions in the range 0 < 7 < 8.
{ = 241 hours, 4.73 hours.
t=2h 25min, 4 h 44 min ‘_ O0=r=8s0-2=(-2=6.Thereare two

solutions in the required range.

Exercise @

® 1 The height, &, of a buoy on a boating lake can be modelled by / = 0.25 sin (18007)°, where / is
the height in metres above the buoy’s resting position and ¢ is the time in minutes.

a State the maximum height the buoy reaches above its resting position according to this model.

b Calculate the time, to the nearest tenth of a second, at which the buoy is first at a height of
0.1 metres.

¢ Calculate the time interval between successive minimum heights of the buoy.

@ 2 The angle of displacement of a pendulum, 6, at time ¢ seconds after it is released is modelled
as # = 0.03 cos (25¢), where all angles are measured in radians.

a State the maximum displacement of the pendulum according to this model.
b Calculate the angle of displacement of the pendulum after 0.2 seconds.
¢ Find the time taken for the pendulum to return to its starting position.

d Find all the times in the first half second of motion that the pendulum has a displacement of
0.01 radians.

® 3 The price, P, of stock in pounds during a 9-hour trading window can be modelled by
P=17.4+25mn(0.7¢ — 3), where ¢ is the time in hours after the stock market opens, and angles
are measured in radians.

a State the beginning and end price of the stock.
b Calculate the maximum price of the stock and the time when it occurs.

¢ A day trader wants to sell the stock when it firsts shows a profit of £0.40 above the day’s
starting price. At what time should the trader sell the stock?

® 4 The temperature of an oven can be modelled by the equation 7= 225 — 0.3 sin (2x — 3), where
T is the temperate in Celsius and x is the time in minutes after the oven first reaches the desired
temperature, and angles are measured in radians.

a State the minimum temperature of the oven.
b Find the times during the first 10 minutes when the oven is at a minimum temperature.
¢ Calculate the time when the oven first reaches a temperature of 225.2°C.

5 a Express 0.3 sinf# — 0.4 cos # in the form Rsin(# — o)°, where R > 0 and 0 < a < 90°. Give the
value of o to 2 decimal places. (4 marks)
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£/P) 6

E/P) 7

b i Find the maximum value of 0.3 sinf — 0.4 cos 0. (2 marks)
ii Find the value of 4. for 0 < @ < 180 at which the maximum occurs. (1 mark)
Jack models the temperature in his house, 7°C. on a particular day by the equation
T=23+0.3sin(18x)°-0.4cos(18x)°, x=0
where x is the number of minutes since the thermostat was adjusted.
¢ Calculate the minimum value of T predicted by this model, and the value of x, to 2 decimal

places, when this minimum occurs. (3 marks)
d Calculate. to the nearest minute, the times in the first hour when the temperature is predicted,

by this model, to be exactly 23 °C. (4 marks)
a Express 65cos# — 20sin# in the form Rcos (0 + o), where R>0and 0 <« 42

Give the value of « correct to 4 decimal places. - (4 marks)

A city wants to build a large circular wheel as a tourist attraction. The height of a tourist on the
circular wheel is modelled by the equation

H =70 -65c0s0.2¢t + 205sin 0.2

where H is the height of the tourist above the ground in metres, ¢ is the number of minutes after
boarding and the angles are given in radians. Find:

b the maximum height of the wheel (2 marks)
¢ the time for one complete revolution (2 marks)

d the number of minutes the tourist will be over 100 m above the ground in each
revolution. (4 marks)

a Express 200sin ¢ — 150 cos g in the form Rsin(# — a), where R>0and 0 <« 4%
Give the value of a to 4 decimal places. (4 marks)
The electric field strength, E V/m, in a microwave of width 25 ¢m can be modelled using the

equation
. [4mx
o o) s i) oA
E = 1700 + 200 sm( 75 ) lSOcos( 75

where x is the distance in cm from the left hand edge of the microwave oven.

4rrx )

b i Calculate the maximum value of E predicted by this model.
ii Find the values of x, for 0 = x < 25, where this maximum occurs. (3 marks)

¢ Food in the microwave will heat best when the electric field strength at the centre of the food is
above 1800 V/m. Find the range of possible locations for the centre of the food. (5 marks)

Challenge

Look at the model for the electric field strength in a microwave oven
given in question 7 above. For food of the same type and mass, the
energy transferred by the oven is proportional to the square of the
electric field strength. Given that a square of chocolate placed at a point
of maximum field strength takes 20 seconds to melt,

a estimate the range of locations within the oven that an identical
square of chocolate will take longer than 30 seconds to melt.

b State two limitations of the model.
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Mixed exercise o

® 1 Without using a calculator, find the value of:

. o - 10° o o o _l_ ° —1— 1 0 _"—I = tan 15°
a sin40° cos 10° — cos 40° sin 10 b V_,jc:oasIS —\Esm15 I stnis
\:"g*‘ 1

; . | . .
@ 2 Given that sin x = — where x is acute and that cos (x = y) =sin y, show that tan y =

v 7

® 3 The lines /, and /5, with equations y = 2x and 3y = x — | respectively, are drawn on the same set
of axes. Given that the scales are the same on both axes and that the angles /, and /, make with
the positive x-axis are 4 and B respectively,

a write down the value of tan 4 and the value of tan B:
b without using your calculator, work out the acute angle between /, and /..

® 4 In AABC, AB=5cmand AC=4cm. ZABC = (7 - 30°) and ZACB = (6 + 30°). Using the sine
rule, show that tand = 3/3.

5 The first three terms of an arithmetic series are v3 cos 6, sin (# — 30°) and sin @, where @ is acute.
Find the value of 0,

||.)|

® 6 Two of the angles, 4 and B, in A4BC are such that tan 4 = % tan B =
a Find the exact value of: i sin(4 + B) ii tan2B.
b By writing C as 180° — (4 + B), show that cos C = —%;‘

1

(]

@ 7 The angles x and y are acute angles such that sin x = % and cosy = —%
V v
a Show that cos 2x = —%
b Find the value of cos2y.
¢ Show without using your calculator, that:
itan(x+y)=7 ii x—y= %
® 8 Given that sinx cos y = % and cos x sin y = %
a show that sin (x + y) = Ssin(x — 7).
Given also that tan y = k, express in terms of k:
b tanx
¢ tan2x
E/P) 9 a Given that V3sin 20 + 2sin26 = 1, show that tan 26 = —%— (2 marks)
v
b Hence solve, for 0 < § < 7, the equation v3 sin 26 + 2sin26 = 1. (4 marks)
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®) 13
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a Show that cos 26 = 5sin # may be written in the form asin’6 + bsin 6 + ¢ = 0, where a, b

and ¢ are constants to be found. (3 marks)
b Hence solve, for -7 =< # < =, the equation cos 26/ = 5sin . (4 marks)
a Given that 2 sin x = cos (x — 60)°, show that tan x = 3 1 "T (4 marks)

—¥J

b Hence solve, for 0 < x = 360°, 2sin x = cos (x — 60°), giving your answers to

1 decimal place. (2 marks)
a Given that 4 sin (x + 70°) = cos (x + 20°), show that tan x = —%lan 70°. (4 marks)

b Hence solve, for 0 < x =< 180°, 4sin (x + 70°) = cos (x + 20°), giving your answers
to 1 decimal place. (3 marks)

a Given that o is acute and tan o = 3, prove that
3sin(0 + o) +4cos (0 + a)=Scosb

b Given that sin x = 0.6 and cos x = —0.8, evaluate cos (x + 270°) and cos (x + 540°).

a Prove, by counter-example, that the statement
sec(A4 + B) = sec A + sec B, for all 4 and B
is false. (2 marks)

b Prove that tan @ + cot = 2cosec 20, 6 # f_iz?i ne 2. (4 marks)

Using tan 26 = ABEE with an appropriate value of 6,
1 —tan®6

a show that tan-g: =y2 -1.

b Use the result in a to find the exact value of tan%—r

a Express sinx — 3 cos x in the form Rsin (x — a), with R>0 and 0 < o < 90°. (4 marks)

b Hence sketch the graph of y =sinx — /3 cos x. for —360° < x < 360°, giving the coordinates
of all points of intersection with the axes. (4 marks)

Given that 7 cos 260 + 24sin 20 = Rcos (26 — «), where R> 0 and0<a< % find:

a the value of R and the value of «, to 2 decimal places (4 marks)
b the maximum value of 14 cos®6 + 48sin 6 cos 6. (1 mark)
¢ Solve the equation 7cos 26 + 24sin 26 = 12.5, for 0 < f < 7, giving your answers to

2 decimal places. (5 marks)
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™
a Express 1.5sin 2x + 2 cos 2x in the form Rsin(2x + a), where R>0and 0 < a < Y

giving your values of R and o to 3 decimal places where appropriate. (4 marks)
b Express 3sin.x cos x + 4 cos? x in the form asin 2x + hcos 2x + ¢, where @, b and ¢

are constants to be found. (3 marks)
¢ Hence, using your answer to part a, deduce the maximum value of

3sinx cos x + 4 cos? x. (1 mark)

a Given that sin3§ = 2sin f, show that v17 sin (@ + o) = 1 and state the value of «. where

0=a=90° (3 marks)
b Hence, or otherwise, solve sin3g =2sinf for 0 < § = 360°. (4 marks)
a Given that 2cosf = 1 + 3sinf, show that Rcos (6 + o) = 1. where R and o are constants

to be found, and 0 =< a < 90°. (2 marks)
b Hence, or otherwise, solve 2cosf =1 + 3sinf for 0 < § < 360°. (4 marks)

Using known trigonometric identities, prove the following:

a secH cosec = 2 cosec 26 b tan (E + \J - tan (E - x) = 2tan2x
+ 4
¢ sin(x + y)sin(x - y) = cos?y — cos? x d 1+ 2cos26 +cosdf = 4cos?H cos 26
1 —cos2x ,
a Use the double-angle formulae to prove that ————== = tan? x. (4 marks)
1 +cos2x
. 1 —cos2x ;
b Hence find, for -7 < x < 7, all the solutions of Tt 3, leaving your answers
in terms of 7. (2 marks)
a Prove that cos? 26 — sin* 26 = cos 4. (4 marks)
b Hence find, for 0 < 6 < 180°, all the solutions of cos* 26 — sin® 2¢ =% (2 marks)
l —cos26 .
a Prove that Sn20 = tan 6. (4 marks)
b Verify that 6 = 180° is a solution of the equation sin 26 = 2 — 2 cos 26. (1 mark)
¢ Using the result in part a, or otherwise, find the two other solutions, 0 < § < 360°,
of the equation sin 26 = 2 — 2 cos 26. (3 marks)
The curve on an oscilloscope screen satisfies the equation y=2cosx—5sinx.

a Express the equation of the curve in the form y = R cos (x + ), where R and

aareconstantsand R > 0and 0 = o < % (4 marks)

b Find the values of x, 0 < x < 27, for which y=-1. (3 marks)
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@ 26 a Express 1.4sinf — 5.6 cos 6 in the form Rsin (6 — ), where R and « are constants,

£/P) 27

R>0and 0 < a <90°. Round R and a to 3 decimal places. (4 marks)
b Hence find the maximum value of 1.4sinf — 5.6 cos # and the smallest positive value
of # for which this maximum occurs. (3 marks)
The length of daylight, d(7) at a location in northern Scotland can be modelled using the equation
~ 360r)° : (360:)"
dir)=12 5.6005( 365 + 1.4sin 365

where ¢ is the numbers of days into the year.

¢ Calculate the minimum number of daylight hours in northern Scotland as given by
this model. (2 marks)

d Find the value of f when this minimum number of daylight hours occurs. (1 mark)

a Express 12sin x + 5cosx in the form Rsin (x + «), where R and « are constants,
R>0and0<a <90° Round a to 1 decimal place. (4 marks)

A runner’s speed, v in m/s, in an endurance race can be modelled by the equation

v(x) = 2.l -, 0 =< x =300

. 2.\')0 (Zx)
2 &
l_sm( s )+ Scos 5
where x is the time in minutes since the beginning of the race.

b Find the minimum value of v. (2 marks)
¢ Find the time into the race when this speed occurs. (1 mark)

Challenge

1 Prove the identities:

cos 20 + cos 40
—2er T = = _cotf
sin 26 — sin 46
b cosx + 2¢0S3x + Cos 5x = 4cos? x cos 3x

2 The points 4, Band C lie on a circle with centre O and radius 1. ACisa

diameter of the circle and point D lies on OC such that ZODB = 90°.

B ; i
m Find expressions

for ZBOD and AB,
then consider the
lengths OD and DB.

Use this construction to prove:
a sin20=2sinf cost b cos26=2cos?f -1
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The addition (or compound-angle) formulae are:

* sin(4+ B)=sinA4 cos B+ cosAsinB sin(4 — B) =sin A4 cos B—cos A sin B
* cos(A+ B)=cosAcos B-sinA4sinB cos(4—B)=cosAcosB+sinAdsinB
‘tan(d+B) = tan4 + tan B tan (4 - B) = tan4 —tan B

l1-tanA tan B

The double-angle formulae are:

* sin24 =2sin 4 cos 4

* 0524 =054 -5ifPA=2c0s°A-1=1-2sin2A4
2tan A

s tan24d =————
1—tan?A4

For positive values of ¢ and 4,
* asinx + b cos x can be expressed in the form Rsin (x + a)
* acosx £ b sin x can be expressed in the form R cos (x F a)

with R>0and 0 < a < 90° (org)

where Rcosa=aand Rsina=band R=/a + b2,

l+tanAtanB



