Trigonometric functions

After completing this chapter you should be able to:

e Understand the definitions of secant, cosecant and cotangent and
their relationship to cosine, sine and tangent - pages 143-145

e Understand the graphs of secant, cosecant and cotangent and their
domain and range - pages 145-149

e Simplify expressions, prove simple identities and solve equations
involving secant, cosecant and cotangent - pages 149-153

e Prove and use sec2x = 1 + tan?x and cosec?x = 1 + cot?x
-» pages 153-157
e Understand and use inverse trigonometric functions and their
domain and ranges. -> pages 158-161

| Prior knowledge check

1 Sketch the graph of y = sinx for
—180° < x =< 180°. Use your sketch to
solve, for the given interval, the equations:
a sinx=08 b sinx=-0.4

¢ Year 1, Chapter 10

1 1

sinx cosx tanx
« Year 1, Chapter 10 | Trigonometric functions can be used to

& model oscillations and resonance in bridges.
3 Find all the solutions in the interval = You will use the functions in this chapter
0 < x < 27 to the equation 3 sin(2x) = 1. together with differentiation and integration
« Section 5.5 &8 in chapters9and 12.

=fanx

2 Prove that




Trigonometric functions

m Secant, cosecant and cotangent

Secant (sec), cosecant (cosec) and cotangent (cot) are known as the reciprocal trigonometric

functions.

H secx= P (undefined for values of x for which cos x = 0)

® cosec x = i (undefined for values of x for which sin x = 0)
X

®cotx= ta:; = (undefined for values of x for which tan x = 0)

You can also write cot x in terms of sin x and cos x.

cos x
sin x

B cotx=

SEN T

Use your calculator to write down the values of*

a sec 280° b cot 115°
1
= @ = = ! GF S R isi
a sec 280 cos 2B0° = 276 (3 si) Make sure your calculator is in degrees mode.
1
15° = re— b =)
b cot 115 fan 115° 0.466 (3 =)

Work out the exact values of*

3
a sec210° b cosec Tﬁ Exact here means give in surd form.
210t — 1
. Seedi cos 210°
Va
S A
30° 3
3010 3
@ C
L 210%is in 3rd quadrant, so cos 210° = —cos 30°.
cos 30° = g s —cos 30° = s
2V3 . ’ ¥
S0 sec 210° = —-2 w— Or sec 210° = —‘33 if you rationalise the
V3 denominator.
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Chapter 6

b cosec 'S = =
2 T
:In( 4 ) Ty 3% E
- _ =% js in the 2nd quadrant, so sin —— = +sin —
J Va 4 4 4
37
e T\
i a
4 4\ o
@ X
T C

So cosec % = 5”1(. “]

5ir1(—z) = Lz_

W

So cosec(?; ] =2

1 Without using your calculator, write down the sign of the following trigonometric ratios.
a sec 300° b cosec 190° ¢ cot 110°
d cot 200° e sec95°

=

2 Use your calculator to find, to 3 significant figures, the values of:

a sec 100° b cosec 260° ¢ cosec 280°
d cot 550° e cot l43£ f sec2.4rad
g cosec l—lloﬂ h sec 6rad
3 Find the exact values (in surd form where appropriate) of the following:
a cosec 90° b cot 135° ¢ sec 180°
d sec 240° e cosec 300° f cot(—45°)
g sec 60° h cosec (=210°) i sec225°
i cot 4x k sec Lz 1 cosec (—iﬁ)
L 3 7% 4
® 4 Prove that cosec(m — X) = COSeC X.
® 5 Show that cot 30° sec 30° = 2,
2 2 =
® 6 Show that cosec% + Sec-—3E — a + by3 where a and b are real numbers to be found.
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Trigonometric functions

Challenge

The point P lies on the unit circle, centre O. The radius OP makes an
acute angle of # with the positive x-axis. The tangent to the circle at P
intersects the coordinate axes at points 4 and B.

N

A

Prove that

a OB=secl

b OA =cosect
¢ AP=cotf

@ Graphs of sec x, cosec x and cot x

You can use the graphs of y = cos x, y = sin x and ¥ =1an x to sketch the graphs of their reciprocal
functions.

Sketch, in the interval —180° < § < 180°, the graph of y = sec 6.

P — First draw the graph y = cos 6.

For each value of 6, the value of sec 4 is the
[ reciprocal of the corresponding value of cos 6.

In particular: cos 0° = 1, so sec 0° = 1;
and cos 180° = -1, so sec 180° = —1.

As 6 approaches 90° from the left, cos @ is +ve but
approaches zero, and so sec # is +ve but becomes
increasingly large.

At 6 = 90°, sec @ is undefined and there is a
vertical asymptote. This is also true for # = —90°.

( As 6 approaches 90° from the right, cos 6 is —ve
but approaches zero, and so sec # is —ve but

becomes increasingly large negative.
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Chapter 6

= The graph of y = sec x, x € R, has symmetry in the y-axis and has period 360° or 27 radians.
It has vertical asymptotes at all the values of x for which cos x = 0.

VBVRY

y=secx

m The domain can also be given as

90°  270°  450° @n+ 1w

—a50° —270° '
51 3'r -I—- (0] :Ir 3=TI' 5{;.- X xeR x= 2 n€’Z
T2 N3 B 2 Z 7 . -
; 1, S 5 | Z is the symbol used for integers, i.e.
: ': 5 : : positive and negative whole numbers
:. ': : ' h including 0.

« The domain of y = sec x is x € R, x # 90°, 270°, 450°,... or any odd multiple of 90°

« Inradians thedomainisx € R, x # _

w 3w 57

T R Rk any odd multiple of—

Therangeof y=secxisy<=-lory=1

» The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at
all the values of x for which sin x = 0.

—360° —180°

V= Cosec x

|V

180°  360°

A

“y

aIT Zfﬂ

/\ @ The domain can also be given as

xeR x#nmnel.

« The domain of y = cosec x is x € R, x # 0°, 180°, 360°,... or any multiple of 180°
« Inradians the domainis x € R, x # 0, 7, 27,... Or any multiple of 7
+ Therangeof y=cosecxisy<-lory=1

® The graph of y = cot x, x € R, has period 180° or 7 radians. It has vertical asymptotes at all
the values of x for which tan x = 0.

g

: ! 1F
-360° \ -180°

y=cotx

180° 360°
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Trigonometric functions

The domain of y = cotxis x € R, x = 0°, 180°, m e

360°,... or any multiple of 180°

In radians the domainisx € R, x 20, m, 2m7,...
or any multiple of =

Therangeof y=cotxisy € R

xeR x#znmnel.

asS

ketch the graph of y =4cosec x. -7 = x < 7.

b On the same axes, sketch the line y = x.

¢S

a,

tate the number of solutions to the equation 4cosec x — x =0, -7 < x = .

. y=4cosec x is a stretch of the graph of
y=4cosecx ™ . = i

1 ¥ = cosec x, scale factor 4 in the y-direction.

1 You only need to draw the graph for -r < x = 7.

y=x

b

B0 e

n

c

I
t >
( X

™

|

n
M+

4cosecx—-x=0

4cosec x = X Problem-solving

¥ =4 cosec x and y = X do not intersect The solutions to the equation f(x) = g(x)
for = = x = 7 so the equation has no correspond to the points of intersection of the
solutions in the given range, graphs of y = f(x) and y = g(x).

Sketch, in the interval 0 < § < 360°, the graph of y = 1 + sec20.

¥k : i \ y=sech
:' ; of the graphs of reciprocal =
; | trigonometric functions using technology.

=
@ Explore transformations

: . : . ; : Step 1
20° 180° 270°

| 3e0° 0 Draw the graph of y = sec .
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Chapter 6

y =5sec 20

4 5 i ': 5 Step 2
5 5 | | Stretch in the #-direction with scale factor 3
1/ =. =. :

45° 90° 135°180° 225°270°315°360° ¢

/\ /\

14+ sec 29

VA Step 3
\ Translate by the vector (?)
2_

45° BONI35°180° 225°670R 315°360° 6

Exercise @

1 Sketch. in the interval —540° < 6 < 540°, the graphs of:
a y=sect b y=cosect ¢ y=cotf

2 a Sketch. on the same set of axes. in the interval —x < x < m, the graphs of y = cotx and

y=—

b Deduce the number of solutions of the equation cot x + x = 0 in the interval -7 < x < 7.

3 a Sketch. on the same set of axes, in the interval 0 < # < 360°, the graphs of y = sec/ and

y =—cosf.

b Explain how your graphs show that sec # = —cos ¢ has no solutions.

4 a Sketch, on the same set of axes, in the interval 0 < 6 = 360°, the graphs of y = cot# and

¥ =sin26.

b Deduce the number of solutions of the equation cot # = sin 2 in the interval 0 < 6 < 360°.

5 a Sketch on separate axes, in the interval 0 < # < 360°, the graphs of y=tan# and

vy = cot(f + 90°).

b Hence. state a relationship between tan € and cot(¢ + 90°).
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Trigonometric functions

® 6 a Describe the relationships between the graphs of:

i y= tan(() + %) and y =tané ii y=cot(-#)and y=cotf
iii y= cosec(f) + %) and y = cosect iv y= sec(9 - %) and v =secf

b By considering the graphs of y = tan(() + %) y=cot(-0), y = cosec(f) + %) and y = sec(ﬂ - %)

state which pairs of functions are equal.

® 7 Sketch on separate axes, in the interval 0 < # < 360°, the graphs of’

a y=sec2f b y=—cosec ¢ y=1+sech
d y=cosec(d - 30°) e y=2sec(f-60° f y=cosec (26 + 60°)
g y=-cot(26) h y=1-2secé

In each case show the coordinates of any maximum and minimum points, and of any points at
which the curve meets the axes.

8 Write down the periods of the following functions. Give your answers in terms of .
a sec3f b cosec %9 ¢ 2cotd d sec(-0)

! il
=)
A =]
-]

Sketch, in the interval -2r < x < 27, the graph of y = 3 + Scosec x. (3 marks)

b Hence deduce the range of values of k for which the equation 3 + 5 cosec x = k

has no solutions. (2 marks)
3 10 a Sketch the graph of y = | + 2 sec in the interval -7 < 6 < 2. (3 marks)
b Write down the #-coordinates of points at which the gradient is zero. (2 marks)
¢ Deduce the maximum and minimum values of m, and give the smallest
positive values of ¢ at which they occur. (4 marks)

@ Using sec x, cosec x and cot x

You need to be able to simplify expressions, prove identities and solve equations involving sec x,
cosec x and cot x.

® secx =k and cosec x = k have no solutions for -1 < k < 1.

Simplify:
a sind cotd sec
b sin @ cos f(sec @ + cosecf)
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Chapter 6

sinfl cotf secl

Write the expression in terms of sin and cos,

‘c;aerﬂ{?

= sinflx

: 1 cos 6 1
using cotf/ = ——and secl = ——
b sind | cost

st costl!
1

I

1 1

I

sect + cosect

cos * sinf

sinf + cosfl
sinf cos 6

So sint cosf(sect + cosec )
= sinfl + cost

a Prove that

b Hence explain why the equation

a

b

150

cot 6 cosec
sec2 @ + cosec? ()

cos3 .

cot # cosec

sec? @ + cosec? ()

Consider LHS:
The numerator cot f cosecf

_cosf 1 _ cosl

~ sinf " sinf T sin?é
The denominator sec?f + cosec?

1 1

Write the expression in terms of sin and cos,

; 1 1
using sec # = —— and cosec = —
g cos f! sind

L Put over common denominator.

—— Multiply both sides by sin & cos 6.

= 8 has no solutions.

Write the expression in terms of sin and cos,
cosfl

using cot# = —— and cosecf = ——
& sin sin @

Write the expression in terms of sin and cos,

= — 4 ——

cos?f  sin?d 3

> 2 using sec?f = (—1—) =—1_and
_ sin?f + cos®d - cosf/  cos?h
cos? @ sin?d e 12

— 1 sin? 6
~ cos?f sin?

cotf cosec “— Remember that sinf + cos® 6 = 1.

50 — .
sec?f + cosec?f

= ('cos F)) 5 ( 1

~ \sinZf) " \cos?h sinf
cos b % cos? fl sinZ
sin® f 1

=cos’#

& cotf cosecl  _
Since = — =cos” f} we are
sec?f + cosec?d

required to solve the equation cos>8 = &.

cos3f = & = cosf = 2 which has no
solutions since =1 < cosfl = 1.

Remember to invert the fraction when changing
from = sign to x.

Problem-solving

Write down the equivalent equation, and state
the range of possible values for cos 6.



Example o

Solve the equations

a secf=-25 b cot26=0.6

in the interval 0 =< 0 = 360°.

0 = 113.6°% 246.4° = 114°, 246° (3 =.f)
1

tan26

Let X' = 20, so that you are solving
tan X = % in the interval 0 < X = 720~
f

& ®

59.0°\

58.0°

@ C

X =59.0° 239.0°, 419.0°, 599.0°
So 8 = 29.5° 120°, 210°, 300° (3 1)

Trigonometric functions

1
cosf
an equation in the form cosf = k.

Substitute for secf and then simplify to get

Sketch the graph of y = cos x for the given
interval. The graph is symmetrical about # = 180°,
Find the principal value using your calculator
then subtract this from 360° to find the second
solution.

You could also find all the solutions using a CAST
diagram. This method is shown for part b below.

Calculate angles from the diagram.

1
anad
get an equation in the form tan26 = k.

Substitute ; for cot 26 and then simplify to

Draw the CAST diagram, with the acute angle
X=tan"! % drawn to the horizontal in the 1st and
3rd quadrants.

Remember that X = 24,
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Exercise @

|

Rewrite the following as powers of secf), cosecf or cot 6.

1 4 1 1 —sin?f
a — =
sin? 0 tan®# ¢ 2cos?d . sin
sec . 2 2 2
= f Vcosec®# cotf sect g — R
cos*f Vtan f cosfl

Write down the value(s) of cot x in each of the following equations.

sinx _ cosx

a Ssinx=4cosx b tanx=-2 & 3 ==
COosX sinx

3 Using the definitions of sec, cosec, cot and tan simplify the following expressions.
a sinf cotf b tané cotd
¢ tan 26 cosec 26 d cosfsinf (cotf + tanf)
e sin?x cosec x + cos’ x secx f secA—secAsin’A4
g sec’x cos’ x + cotx cosec x sin® x
4 Prove that:
a cosf +sinf tanf = sech b cotf + tan @ = cosec fl sect
¢ cosech —sinfl = cosf cotf d (1 —cosx)(l +secx)=sinxtanx
oS X 1 —sinx = % Gee % cos f _ sin ¢
] -sinx  COSX 1 +cotf 1+tand
5 Solve. for values of # in the interval 0 < < 360°, the following equations.
Give your answers to 3 significant figures where necessary.
a secf=v2 b cosecf =-3 ¢ Scotf=-2 d cosec =2
e 3sec’A—-4=0 f S5cosf=3cotl g cot’d—8tanfl =0 h 2sinf = cosecf
6 Solve. for values of @ in the interval —180° < 6 < 180°, the following equations:
a cosech =1 b secf=-3 ¢ cotf =345
d 2cosec?fl — 3 cosectl =0 e secf=2cosf f 3cotf=2sind
g cosec2f =4 h 2cot?d—cotf-5=0
7 Solve the following equations for values of @ in the interval 0 < 0 < 27. Give your answers in

152

terms of .
a sect=-1 b cotf=-/3

2 \g
3

—_— i 3!
d sech= \-'2tan9(87£%, 9 ;-e—"—‘)

|
¢ cosecy 0= 5



Trigonometric functions

@ 8 In the diagram AB = 6 cm is the diameter of the circle and BT is the r
tangent to the circle at B. The chord AC is extended to meet this D
tangent at D and ZDAB = 1.

a Show that CD = 6(sec — cos #)cm. (4 marks)
b Given that CD = 16 cm, calculate the length of the
chord AC. (3 marks) (.
Problem-solving
A B
AB s the diameter of the circle, 6 cm
s0 LZACB =90°,
@ 9 a Prove that —CEICC_'—\'C;S&:H = Ccosec X. (4 marks)
; X — cotx
b Hence solve, in the interval —x < x < 7. the equation &Sl&—_\cos—(f—\ =2 (3 marks)

@ 10 a Prove that %n_xct_(?_:% -1 =secu. (4 marks)

b Hence explain why the equation %ﬁ% -1= —% has no solutions. (1 mark)
D 11 Solve, in the interval 0 < x < 360°, the equation L+ gabse (8 marks)

1 +tanx

Problem-solving

Use the relationship cot x = EE% to form a quadratic

equation in tan x.

@ Trigonometric identities

You can use the identity sin? x + cos? x = 1 to prove the following identities.

m 1+tan?x=sec’y

a Prove that | + tan?x = sec? x.

b Prove that 1 + cot?x = cosec? x.

m You can use the unit circle definitions of sin and cos to
® 1+ cot?x = cosec? x prove the identity sin? x + cos?x = 1.

« Year 1, Section 10.5

« Year 1, Section 10.5
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Chapter 6

Unless otherwise stated, you can assume the

a sinfx+cos*x = |
siix | costx _ 1 identity sin® x + cos? x = 1 in proofs involving
COS2X | COSEX  COSEX cosec, sec and cot in your exam.
(5in.x' J 1_( 1 ]—’ o )
cosx) T !'=\cosx Divide both sides of the identity by cos? x.
so 1+ tanx =secx
= ST 1
o . Use tanx = == ~and secx = e
b sinfx+coscx=1
s5inZ X = co5° X 1 e : . ; ;
e e et Divide both sides of the identity by sin®x.
Sin= X Sin=xX SiN-X
) 3
(0% X\~ (1 =
il T [P S co 1
— ( sinXx ] - (5'”1 X Use cotx = P and COSEEX = =
so 1+ cot?x = cosec?x

Given that tan A =

and that angle 4 is obtuse, find the exact values of:

1'\-

a secA b sin A
a Using 1+ tan® 4 =sec®4
seccA =147 ﬂ:%
secA == —3 tan? A4 = w.
A
S / A
Problem-solving
- You are told that A is obtuse. This means it lies
in the second quadrant, so cos A4 is negative, and
- C sec 4 is also negative.
secA = —%
sin A
lsing tand = -
b Using ta i
sind =tanAd cos A4
So sind= ] x (-1Z) — c0sA4 = 13,smce cosA-*secA

154
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Prove the identities:

a cosec*f

1 + cos?é

—calig=
SRS 1 —cos?d

b sec’# —cos?f =sin? (1 + sec? )

a lhAS =

cosectfl — cot* @
(cosec? B + cot? B)(cosec? § — cot? b))

cosec? fl + cot? @

1 cos?

~ sin?d sin? f

_ 1 #cos?d

b RHS =

sin® f

1 +cos°f _ RHS

1 — cos2 —

sin?f + sin® @ sec?

sin® #

5iﬂ"u t+ — -
cosfl

sin“ @ + tan2 #

(1 —cos?l) + (sec2fl — 1)
sec?fl — cos” @
LHS

Solve the equation 4 cosec?f) — 9 = cot 6, in the interval 0 < § < 360°.

The equation can be rewritten as

401 + cot?f) — 9 = cot h

So 4dcot?f —cotl —5 =0

(4cotf — S)cotf@ + 1) =0 —

S0 cotf

5
= Zorcotll = -1

tanfl = ; or tanfl = -1

For tanf =

4

Trigonometric functions

This is the difference of two squares, so factorise.

As 1 + cot?# = cosec? 6, so cosec?f — cot2f = 1.

cotf =

; = cosf
Using cosec = Sing

sin @’

Using sin? @ + cos?f = 1.

Write in terms of sin @ and cos 4.

Use secﬁs—l—.

cosf
sin?6 _ (sin 9)2___ 3
cost®  \cos# =

Look at LHS. It is in terms of cos? @ and sec2d),
so use sin®@ +cos?f#=1and 1 +tan2f = secZg.

Problem-solving

You can start from either the LHS or the RHS when
proving an identity. Try starting with the LHS using
cos?f =1-sin?f and sec2f = 1 + tan2p.

This is a quadratic equation. You need to write it
— in terms of one trigonometrical function only,
so use 1 + cot?# = cosec? .

Factorise, or solve using the quadratic formula.
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5 A
s 387 As tan f is +ve, f is in the 1st and 3rd quadrants.
' The acute angle to the horizontal is
tan-' % =38.7°.
T &

If v is the value the calculator gives for tan-'%,
then the solutions are a and (180° + a).

6 =387°% 2127 (3 sf)

For tanf = -1
A
. As tan @ is —ve, # is in the 2nd and 4th quadrants.
S A The acute angle to the horizontal is tan~! 1 = 45°.
45° =

45° = If o is the value the calculator gives for tan=! (-1),

— then the solutions are (180° + a) and (360° + a),

T C as a is not in the given interval.

# = 135° 315° @ Solve this equation %
numerically using your calculator.

Give answers to 3 significant figures where necessary.

1 Simplify each of the following expressions.

a 1+ tan? -;—9 b (secf — 1)(sect + 1) ¢ tan’#(cosec?f — 1)

d (sec?f —1)cotd e (cosec?f —cot* ) f 2—tan2f + sec’f
tan @ sect v 5 . cosecf cotd
MR h (1 -sin?0)(1 + tan®¢ COSEEnen 2
| +tan20 (=smte)l o e)  +cot?

i (sec*d —2sec?f tan*f + tan* 6) k 4cosec? 26 + 4 cosec? 26 cot? 20

. k ; :
@ 2 Given that cosec X = gggec 3+ Where k> 1. find. in terms of k, possible values of cotx.

3 Given that cot @ = —/3, and that 90° < # < 180°, find the exact values of:

a sinf b cos#

4 Given that tanfl = % and that 180° < 6 < 270°, find the exact values of:
a secf b cosf ¢ sinf

5 Given that cosfl = g—f and that @ is a reflex angle, find the exact values of:

a tanf b cosect
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Trigonometric functions

Prove the following identities.

a sectd — tan* @ = sec?f + tan20 b cosec?x —sin?x = cot?x + cos2 x
¢ sec? A(cot’ A —cos?A) =cot* 4 d | —cos?f = (sec’f - 1)(1 —sin?P)
2
HA,A =1-2sin’4 f sec?d + cosec? § = sec?f cosec?
1 +tan" 4
g cosec A sec’ A = cosec A + tan A sec A h (sec — sin#)(sect + sinf) = tan># + cos? 0

Given that 3tan®# + 4sec?f = 5, and that # is obtuse, find the exact value of sin 6.

Solve the following equations in the given intervals.

a sec’f =3tand, 0 < @ < 360° b tan’f -2secl+1=0.-r<f<nx

¢ cosec’f + 1 =3coth, —-180° < § < 180° d cotf=1-cosec’d,0<f=<2rn

e BSec%ﬁzztan%&OEBé%O" f (secl —cosf)’ =tanf -sin’f, 0<f<n
g tan®20 =sec20 - 1,0 < ¢ < 180° h sec?f0— (1 +V3)tanf+V3=1,0<0<2r

Given that tan’k = 2 seck,
a find the value of seck (4 marks)
b deduce that cosk =v2 - 1. (2 marks)
¢ Hence solve, in the interval 0 < k& < 360°, tan2k = 2 sec k. giving your answers to

1 decimal place. (3 marks)

Given that @ =4secx. b = cos x and ¢ = cot x,

a express b in terms of a (2 marks)

16
P16 (3 marks)

b show that ¢ =

Given that x = sec + tan @,

a show that % =secH — tan¥. (3 marks)
b Hence express x? + % + 2 in terms of 6, in its simplest form. (5 marks)
Given that 2 sec’ 6 — tan?# = p show that cosec? 6 = i - 3P = (5 marks)
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VA

" m
y=sinXx, —=
' 2

}I

14

“y

@ Inverse trigonometric functions

m The inverse function of sin x is called arcsin x.

y=arcsinx

e Thedomainof y=arcsinxis-1<sx=<1.

-
x<Z

y =sinx

=

nol

i

T

h

44

y = arcsin X

-y

ISIER

arcsinx

You need to understand and use the inverse trigonometric functions arcsin x, arccos x and arctan x
and their graphs.

m The sin~! function on your

calculator will give principal
values in the same range as
arcsin.

e The range of y = arcsin x is —% < arcsinx < —;5 or —90° =< arcsin x < 90°,

Sketch the graph of y = arcsin x,

Step 1
Draw the graph of y = sin x, with the restricted

domainof —L < x <=
2 2

Restricting the domain ensures that the inverse
function exists since y = sin x is a one-to-one
function for the restricted domain. Only one-to-
one functions have inverses. « Section 2.3

Step 2
Reflect in the line y = x.

The domain of arcsin x is =1 < x < 1; the range is
™ ¥ ™

——=arcsinx = —
2 P4

Remember that the x and y coordinates of points
interchange when reflecting in y = x. For example:
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Trigonometric functions

m The inverse function of cos x is called arccos x.

VA

T

rof=

¥ =arccosx

_'1 9] 1 X

e Thedomainof y=arccosxis-1sx =<1,

e The range of y = arccos x is 0 < arccos x < 7 or 0° < arccos x < 180°.

m The inverse function of tan x is called arctan x.

VA
T

R N R y=arctanx _ )
K— Unlike arcsin x and

arccos x, the function arctan x is
o x defined for all real values of x.

e The domain of y = arctan x is x € R.
e The range of y = arctanx is —% <arctanx < % or —90° < arctan x < 90°.

Work out, in radians, the values of:

/9
. VoL I
a arcsin (_T) b arccos(-1) ¢ arctan(yv3)
a TA
2
5 A You need to solve, in the interval —% sx< %,
the equation sin x = —E.
= it 2
4 The angle to the horizontal is * and, as sin is —ve,
- © itis in the 4th quadrant.
T
2
/3 - m Use your calculator to evaluate
arcsm(—?J - inverse trigonometric functions in radians.
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1‘\= cos X
You need to solve, in the interval 0 = x = 7, the

0 %\‘ X equation cos x = —1.
1. — Draw the graph of y = cos x.

arccos(-1) =7

2 ; > | RS
You need to solve, in the interval = < X< >

®

the equation tan x = 3.

W=

> The angle to the horizontal is % and, as tan is +ve,
it is in the 1st quadrant.

SIE]

You can verify these results using the sin~, cos™!

arctan(V3) = :
b and tan-! functions on your calculator.

In this exercise, all angles are given in radians.

W=

1 Without using a calculator, work out, giving your answer in terms of 7

a arccos(0) b arcsin(l) ¢ arctan(-1) d arcsin(—%)
e arccos(——l—) f arctan(—L) arcsin(sinﬂ) h arcsin(sin 2—7r)
73 3 & 3 3
2 Find:
a arcsin(L) + arcsin(-3) b arccos(}) - arccos(-3) ¢ arctan(l) — arctan(-1)

® 3 Without using a calculator, work out the values of:
a sin(arcsin %) b sin(arcsin (—%))

¢ tan(arctan(—1)) d cos(arccos ()

® 4 Without using a calculator, work out the exact values of:

a sin(arccos(%]) b cos(arcsin(—%]) ¢ tan(arccos(* '.

l‘-‘.)i;:]l
e —
e

\,".

'“-’|t\..ﬂ
——
“-.___/

d sec(arctan(v3)) e cosec(arcsin(—1)) f sin (Zarcsin(
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® 5 Given that arcsin k = a, where 0 < k < 1 and « is in radians, write down, in terms of «, the first
two positive values of x satisfying the equation sin x = k.

Efl’) 6 Given that x satisfies arcsin x = k, where 0 < k < -g-
a state the range of possible values of x } (1 mark)
b express, in terms of Xx,
i cosk ii tank (4 marks)

Given, instead, that —g <k<0,

¢ how, if at all, are your answers to part b affected? (2 marks)

® 7 Sketch the graphs of:

T .
a y == +2arcsin x b y=m-arctanx

¢ y=arccos(2x+ 1) d y=-2arcsin(-x)

@ 8 The function f is defined as f : x ~ arcsin x, =1 < x < 1, and the function g is such that
g(x) = f(2x).

a Sketch the graph of y = f(x) and state the range of f. (3 marks)
b Sketch the graph of y = g(x). (2 marks)
¢ Define g in the form g: x — ... and give the domain of g. (3 marks)
d Define g-! in the form g-!: x — ... (2 marks)
2/P) 9 a Prove that for 0 < x =< 1, arccos x = arcsiny/1 — 12 (4 marks)
b Give a reason why this result is not true for -1 < x < 0. (2 marks)

Challenge

a Sketch the graph of y = sec x, with the restricted domain
Oiximx#g

b Given that arcsec x is the inverse function of secx,0 < x < 7, x = %

’

sketch the graph of y = arcsec x and state the range of arcsec x.
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Mixed exercise o

Give any non-exact answers to equations to 1 decimal place.

1

@66

@ B

10

Solve tan x = 2 cot x, in the interval —180° = x < 90°, (4 marks)
Given that p = 2secf and ¢ = 4 cos #, express p in terms of q. (4 marks)
Given that p = sinf and ¢ = 4 cot 6, show that p>¢*> = 16(1 - p?). (4 marks)

a Solve, in the interval 0 < 6 < 180°,

i cosect =2cotl ii 2cot?f =T7cosecl —8
b Solve, in the interval 0 = # = 360°,
i sec(20 — 15°) =cosec 135° ii sec’f+tanf=3

¢ Solve, in the interval 0 < x < 27,

. m = .. - 4
i cosec(.\' + E) =il D ii sec?x =4

Given that 5sin x cos y + 4cos x siny = 0, and that cot x = 2, find the value of coty. (5 marks)

Prove that:
: COSEC X
a (tan @ + cotf)(sinf + cos #) = sect + cosec ! — s =sec?x
cosec x — sin x
1 —sinx)(1 )= cot x gatx COSX _ rtanx
¢ (1 =sinx)(]l +cosecx)=cosx X S T [ Ty :
1 1 P p ¢ (secd — tanf)(secH + tan @) 2p
+ = lsect/ lan = = COS~
¢ cosectl — 1 cosech + 1 1 + tan-#
n.x 1 S X
a Prove that L +.C0 = 2cosecx. (4 marks)
1 +cosx sin x
; . sin x 1 +cosx 4
b Hence solve, in the interval =27 < x < 27, : = (4 marks)
| +cosx sin x V3
1 +cosf , 4 K
Prove that ————— = (cosec ! + cot f)- (4 marks)
1 - cosf
% m
Given that sec A = =3, where ’E <A<,
a calculate the exact value of tan 4 (3 marks)
3\-‘3
b show that cosec 4 = 5 (3 marks)
Given that sec# = k. |k| = 1, and that 6 is obtuse, express in terms of k:
a cosf b tan’d ¢ cotd d cosecl
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E/P) 14

15

16

17

18

19

® 20

21

22

23

Solve, in the interval 0 = x =< 27, the equation sec(x +E) = 2, giving your answers in
terms of 7.
. . S . |
Find, in terms of 7, the value of arcsm[%) - arcsm[—g).
: ’ . 5 2V3
Solve, in the interval 0 = x < 2, the equation sec’ x — 3 tanx — 2 =0,

giving your answers in terms of .

a Factorise sec x cosec x — 2sec x — cosecx + 2,
b Hence solve sec x cosec x — 2sec x — cosecx + 2 =0, in the interval 0 = x = 360°,

Given that arctan(x - 2) = —%, find the value of x.

On the same set of axes sketch the graphs of y = cosx, 0 =< x < 7, and y = arccos x,
-1 = x = 1, showing the coordinates of points at which the curves meet the axes.

a Given that sec x + tan x = -3, use the identity 1 + tan?x = sec?.x to find the value
of sec.x — tan x.

b Deduce the values of:
i secx ii tanx

¢ Hence solve, in the interval —180° < x < 180°, sec x + tan x = —3,

Given that p = sec ) — tan ) and ¢ = secf + tan 6, show that p =;]1-

a Prove that sec*f — tan* 6 = sec?f + tan20.
b Hence solve, in the interval —180° < # < 180°, sec*#) = tan*# + 3tanb.

0

Sketch the graph of y = sin x and shade in the area representing f:sin x dux.

=

Sketch the graph of y = arcsin x and shade in the area representing f arcsin x d..

n

By considering the shaded areas explain why f sinx dx + f arcsinxdx = ;l

2V3
3

Show that cot 60° sec 60° =

a Sketch, in the interval 27 < x < 27, the graph of y =2 — 3 sec x.

b Hence deduce the range of values of k for which the equation 2 — 3 sec x = k has
no solutions.

a Sketch the graph of y = 3 arcsin x — -, showing clearly the exact coordinates

S

of the end-points of the curve.

b Find the exact coordinates of the point where the curve crosses the x-axis.

(5 marks)

(4 marks)

(5 marks)

(2 marks)
(4 marks)

(3 marks)

(4 marks)

(3 marks)

(3 marks)
(3 marks)

(4 marks)

(3 marks)
(4 marks)

(3 marks)

(2 marks)

(4 marks)
(3 marks)
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5

V1=2a2
24 a Prove that for 0 < x = 1, arccos x = arctan

X

' -
b Prove that for —1 = x < 0, arccos x = k + arctan !

< Where & is a constant to be found.
Summary of key points

1 +secx= 3T (undefined for values of x for which cos x = 0)
+ Cosecx = ﬁ (undefined for values of x for which sin x = 0)
o cotx= E% (undefined for values of x for which tan x = 0)
COS X
s cotx=—
sin x

2 The graph of y = secx, x € R, has symmetry in the y-axis and has period 360° or 2 radians.
It has vertical asymptotes at all the values of x for which cos x = 0.

S + The domain of y=secxisx e R,

: ; o ' X # 90°, 270°, 450°, ... or any odd

: : ! : multiple of 90°.

: : 5 : 5 « In radians the domain is x € R,

! : | : : : w 3w 5n :
-450°  -270°  -90° 90° 270°  450° X#35 7‘ .- orany odd multiple
o 3x a0 =z 3r  5m X T
TR =2 2 2 2 2 Off

: : e : :

': : 5 ': : 5 - Therange of y=secxisy<-lory=1.

3 The graph of y = cosecx, x € R, has period 360° or 27 radians. It has vertical asymptotes at all
the values of x for which sinx =0.

¥ = COSec x + The domain of y = cosecxisx € R,
: A : : x # 0°,180°, 360°, ... or any multiple of
' : 1, 180°.
| 14 ; + In radians the domainisx € R, x #0, ,
_3600 _1|800 léoo 3:600 = ZTT, ] any multlple Of m
—Z‘Iﬁ —{rr 0] I ZI?T ;
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4 The graph of y = cotx, x € R, has period 180° or
values of x for which tan x = 0.

y=cotx
VA
: 5 1r 5 :'
-360°\ -180° 180° \  360°
-2 - 0 B 2r X
i , 1F

Trigonometric functions

7 radians. It has vertical asymptotes at all the

+ The domainof y=cotx is x € R, x # 0°,
180°, 360°, ... or any multiple of 180°,

+ In radians the domainis x € R, x # 0, w, 2,
... orany multiple of .

« Therange of y=cotxisy € R.

5 secx =k and cosecx =k have no solutions for -1 <k < 1.

6 You can use the identity sin® x + cos? x = 1 to pro
* 1+tanx=sec?x
* 1+ cot? x = cosec? x

7 The inverse function of sin x is called aresin x.
« Thedomainof y =arcsinxis-1<x <1

' - m §
+ The range of y = arcsin x is —= < arcsinx < g- or

—90° = arcsin x = 90°

8 The inverse function of cos x is called arccos x.
1

=

+ The domain of y = arccos xis -1 < x

+ The range of y = arccos x is 0 < arccos x < 7 or
0° =< arccos x < 180°

9 The inverse function of tan x is called arctan x.
+ The domain of y=arctanxis x € R

* The range of y = arctan x is —-% < arctan x <%

or —90° < arctan x < 9Q°

ve the following identities:

74
il .
2 v=arcsinx
55 6 1x
T
2
VA
]?-
z
¢ ¥ =arccosx
g 0 TR
A
m
""___"“§ """"""""" _1'=arctanx
_JG >
.......... £l
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