Circles

After completing this unit you should be able to:

e Find the mid point of a line segment -» pages 114 - 115
e Find the equation of the perpendicular bisector to a line segment

-» pages 116 - 117

Know how to find the equation of a circle -» pages 117 - 120

e Solve geometric problems involving straight lines and circles

—-» pages 121 - 122
e Use circle properties to solve problems on coordinate grids

-» pages 123 - 128

e Find the angle in a semicircle and solve other problems involving
circles and triangles -» pages 128 - 132

Prior knowledge check

1 Write each of the following in the form

(x+p)2+q
a 2+10x+28 b x2—-6x+1
c x2—12x d x2+7x ¢ Section2.2

Find the equation of the line passing
through each of the following pairs of
points:

a 4(0,—6) and B(4, 3)

b P(7,-5) and O(-9, 3)

¢ R(~4,-2)and T(5, 10) « Section 5.2 §
~ 3 Use the discriminant to determine
whether the following have two real
solutions, one real solution or no real
solutions.

a x>-Tx+14=0

b x+11x+8=0

€ 4x2+12x+9=0 « Section 2.5
Find the equation of the line that passes
through the point (3, —4) and is perpendicular
to the line with equation 6x-5y-1=0

« Section 5.3 |

| Geostationary orbits are circular orbits
around the Earth. Meteorologists use
~ geostationary satellites to provide

information about the Earth’s surface and
atmosphere.




Chapter 6

@ Midpoints and perpendicular bisectors

You can find the midpoint of a line segment by averaging the y

x-and y-coordinates of its endpoints. (2 y2)

= The midpoint of a line segment with endpoints (x,, y,) and (x,, y,) XX, Y+

. (X1t X2 Vit ), 2

Is ( 2 ' 2 ) w A line segment is a finite part of

a straight line with two distinct endpoints. 0 X
Example Q
The line segment 4B is a diameter of a circle, where A and B are (-3, 8) and (3, 4) respectively.
Find the coordinates of the centre of the circle.
.‘.
A(-3, 8)
{. e Draw a sketch.
B(5, 4) Remember the centre of a circle is the midpoint of
a diameter.
9] X
. . (-3+5 8+ 4 X1 +X )+
The centre of the circle is ( > % ) Use (T' T)
=\ J =W Here (x;, y;) = (=3, 8) and (x,, y,) = (5, 4).
Example e
The line segment PQ is a diameter of the circle centre (2, =2). Given that P is (8, —5), find the
coordinates of Q.
, Problem-solving
; ' In coordinate geometry problems, it is often
e, b) helpful to draw a sketch showing the information
(2. =2)e> given in the question.

—

P(8>-5) (2, =2) is the mid-point of (g, b) and (8, -5).

Let Q have coordinates (a, b). 5 (xl + X Y1+

B+a -5+5b Dl -

g v g )T
" 8 +a " -5 5 b Here (x;, y1) = (8, =5) and (x5, ,) = (a, b).

o ——= =-2

2 2
S+a=4 -5 +b=-4 Compare the x- and y-coordinates separately.
a=-4 b=

So. Qis (-4, 1). Rearrange the equations to find @ and .
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1 Find the midpoint of the line segment joining each pair of points:

a (4,2),(6,8) b (0,6),(12,2) ¢ (2,2).(-4,6)

d (=6, 4), (6, -4) e (7,-4), (-3, 6) f (=5, -5), (=11, 8)

g (6a,4b), (2a, —4b) h (—4u, 0), Bu, -2v) i (a+b,2a->b),3a->b,-b)
i @/2,1)(2v2,7) k (V2 = V3,372 +4/3), 3V2 + V3, =/2 + 2/3)

® 2 The line segment AB has endpoints A(-2, 5) and B(a, b). The midpoint of 4B is M(4, 3).
Find the values of @ and b.

3 The line segment PQ is a diameter of a circle, where P and Q are (-4, 6) and (7, 8) respectively.
Find the coordinates of the centre of the circle.

@ 4 The line segment RS is a diameter of a circle, where R and S Problem-solving

4a 2) (2_a &) . . ; Your answer will be in terms of
are ( 572 and 504 respectively. Find the coordinates e

of the centre of the circle.

5 The line segment 4B is a diameter of a circle, where 4 and B are (-3, —4) and (6, 10) respectively.
a Find the coordinates of the centre of the circle.
b Show the centre of the circle lies on the line y = 2x.

® 6 The line segment JK is a diameter of a circle, where J and K are (%, %) and (—%, 2) respectively.
The centre of the circle lies on the line segment with equation y = 8x + b.
Find the value of b.

@ 7 The line segment 4B is a diameter of a circle, where 4 and B are (0, -2) and (6, —5) respectively.
Show that the centre of the circle lies on the line x — 2y =10 = 0.

@ 8 The line segment FG is a diameter of the circle centre (6, 1). Given F'is (2, -3), find the
coordinates of G.

@ 9 The line segment CD is a diameter of the circle centre (-2, 5a). Given D has coordinates

(3a, —7a), find the coordinates of C. Problem-solving

@ 10 The points M(3, p) and N(q, 4) lie on the circle centre Use the formula for finding the midpoint:
(5, 6). The line segment MN is a diameter of the circle. (3 +q p+ 4) 6.6

Find the values of p and gq. e

@ 11 The points V(-4, 2a) and W(3b, —4) lie on the circle centre (b, 2a). The line segment VWisa
diameter of the circle. Find the values of « and b.

Challenge m You can also

A triangle has vertices at A(3, 5), B(7, 11) and C(p, ¢). The midpoint of side BC'is prove results like this
M(8, 5). using vectors.

a Find the values of p and ¢. -» Section 11.5

b Find the equation of the straight line joining the midpoint of AB to the
point M.

¢ Show that the line in part b is parallel to the line AC.
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Chapter 6

= The perpendicular bisector of a line segment 4B is the straight line
that is perpendicular to 4 B and passes through the midpoint of 4B.

Example a

The line segment AB is a diameter of the circle centre C, where 4 and B are (-1, 4) and (5, 2)
respectively. The line / passes through C and is perpendicular to AB. Find the equation of /.

If the gradient of 4B is m then the gradient

of its perpendicular bisector, /, will be —%

VA

/ Draw a sketch.

[ is the perpendicular bisector of 4B.

A1, 4)
< + +
X%
B(S. 2) T ( 1 : 2 301 : J’2>
ol | x Here (x;, y;) = (=1, 4) and (x,, y,) = (5, 2).
. . (—1+5 4+2 =
Th;c;;tre of the circle is ( > " o ) - Use m = {2 — J:ci Here (x;, y,) = (-1, 4) and

(a2 y2) = (5, 2).
The gradient of the line segment AB 2 ¥2) = (

is g=4 — Remember the product of the gradients of two
I ’ ’7 erpendicular lines is = -1, so : x3=-1
Gradient of [ = 3. perpendi s=-1, =3 =-1.

Th ti fli
© equation or s The perpendicular line / passes through the point

‘ =d= 3("\‘ =8 (2,3) and has gradient 3, so use y — y; = m(x - x;)
y=3=3x—& with m =3 and (x,, ;) = 2, 3).
So y=3x-3

Rearrange the equation into the form y = mx + .

Exercise @

1 Find the perpendicular bisector of the line segment joining each pair of points:
a A(-5,8)and B(7, 2) b C(-4,7) and D(2, 25) ¢ E(3,-3)and F(13,-7)
d P(-4,7)and Q(-4, -1) e S(4,11)and 7(-5, -1) f X(13,11)and Y(5, 11)

2 The line FG is a diameter of the circle centre C, where Fand G are (-2, 5) and (2, 9) respectively.
The line / passes through C and is perpendicular to FG. Find the equation of /. (7 marks)

@ 3 The line JK is a diameter of the circle centre P, where J and K are (0, -3) and (4, —5) respectively.
The line / passes through P and is perpendicular to JK. Find the equation of /. Write your
answer in the form ax + by + ¢ = 0, where a, b and c are integers.

4 Points A4, B, C and D have coordinates 4(—4, -9), B(6, -3), C(11, 5) and D(-1, 9).
a Find the equation of the perpendicular bisector of line segment A4B.
b Find the equation of the perpendicular bisector of line segment CD.

¢ Find the coordinates of the point of intersection of the two perpendicular bisectors.
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Circles

@ 5 Point X has coordinates (7, =2) and point Y has coordinates Problem-solving
(4, ¢). The perpendicular bisector of XY has equation

y = 4x + b. Find the value of ¢ and the value of b.

It is often easier to find unknown
values in the order they are given

Challenge in the question. Find g first, then

find b.
Triangle POR has vertices at P(6, 9), Q(3, -3) and R(-9, 3).

a Find the perpendicular bisectors of each side of the triangle. m
This point of intersection

b Show that all three perpendicular bisectors meet at a single

is called the circumcentre of the
point, and find the coordinates of that point.

triangle. -» Section 6.5

@ Equation of a circle

A circle is the set of points that are equidistant from a fixed point. You can use Pythagoras’ theorem
to derive equations of circles on a coordinate grid.

For any point (x, y) on the circumference of a circle, you can use Pythagoras’ theorem to show
the relationship between x, y and the radius r.

= The equation of a circle with centre (0, 0) and radius r is x* 4+ y2=ra

When a circle has a centre (¢, b) and radius r, you can use the following Y4
general form of the equation of a circle.
= The equation of the circle with centre (a, b) and radius r is

(x—a)?+ (y-Db)2=r2

RS This circle is a translation of the circle
a
X2 + y2 = r? by the vector ( b)' « Section 4.5

Write down the equation of the circle with centre (5, 7) and radius 4.

¥
W . @ Explore the general form of O =
(s ) the equation of a circle using technology.
-7
0 % r Substitute @ = 5, b = 7 and r = 4 into the equation.
(x =52 + (y = 72 = 42
(x-52+(@y-72=16 Simplify by calculating 4% = 16.
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Chapter 6

A circle has equation (x — 3)2 + (y + 4)? = 20.
a Write down the centre and radius of the circle.
b Show that the circle passes through (5, —8).

a Centre (3, —4), radius V20 = 25 —— | 12-20s0r= V20
b (x =372+ (y+4)2=20

Substitute (5, —-8) | Substitute x = 5 and y = -8 into the equation of
(532 + (-8 +4)2 =224 (—4)2 the circle.

=4 +16

=20 (5, —8) satisfies the equation of the circle.

So the circle passes through the point
(5, =8).

Example o

The line segment 4B is a diameter of a circle, where 4 and B are (4,7) and (-8, 3) respectively.
Find the equation of the circle.

Used=/(x, — x,)2 + (2=
Length of AB = J(4 — (-8)) + (7 - 3)? | Heretx,y) =83 and (2 y2) = (4, 7)

=192 3+ 42
=122 + 4 Problem-solving

- \/EO - You need to work out the steps of this problem
=16 x V10 yourself:
= 4/10 + Find the radius of the circle by finding the

length of the diameter and dividing by 2.

So the radius is 2/10.
R R B + Find the centre of the circle by finding the

4+ (-5 : =
The centre is (% i ; 3) = (=2, 5). midpoint of 4B.
The equation of the circle is + Write down the equation of the circle.

(x + 22 + (y - 52 = (2/10)2

Remember the centre of a circle is at the
Or (x + 2% + (y = 5)2 = 40.

midpoint of a diameter. Use (% 1 Z yz).

You can multiply out the brackets in the equation of a circle to find it in an alternate form:
(x—a)l’+@y-b2=r?

2 o - 2 2 5 2 — 3.2 5
X -2ax+at+yt-2by+bi=r Compare the constant terms with the
X2+ )y2—2ax-2by+ PP+ a2 -2 =0 equation given in the key point:

bP+a?-ri=csor=\/f2+g2—¢

® The equation of a circle can be given in the form:
X2 +p2+2fx+2gy+¢c=0

® This circle has centre (-f, -g) and radius ,/fZ + g-c
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Circles

If you need to find the centre and radius of a circle with an equation given in expanded form it is
usually safest to complete the square for the x and y terms.

Find the centre and the radius of the circle with the equation x> + y* — 14x + 16y — 12 =0.

Rearrange into the form (x — @) + (y — b)? = r2. m You need to complete the square for the
2 &y — hx 16y = 12 =0 terms in x and for the termsiny. Section 2.2

- 14x +y?+16y -12=0 (1)
I_ Group the x terms and y terms together.
Comp\etmg the Square for x terms and y terms.

- 14x=(x-7)z-
2+ 16y = (v + 8)7° — 64
Substituting back into (1)
(x=7P-49+(+8PF-64-12=0 Write the equation in the form

(x=7R+(y+82=125 (x—aP+(y-bPr=r2

(x=7)2+ [y +8)2 = /125)°

Move the number terms to the right-hand side of
the equation.

/125 =/25 x /5 =5/5 i Simplify v125.
The equation of the circle 1> s You could also compare the original equation with:
b =77 + by + 8 = [55] r xX2+y2+2fx+2gy+c=0

The circle has centre (7, —=8) and f=-7,g=8and ¢ =-12 so the circle has centre

radius = 5V5. (7, -8) and radius v(=7)2 + 82 — (-12) = 5/5.

Exercise @

1 Write down the equation of each circle:
a Centre (3, 2), radius 4 b Centre (-4, 5), radius 6 ¢ Centre (5, —6), radius 2V/3
d Centre (2a, 7a), radius 5a e Centre (-2v2, -3V2), radius 1

2 Write down the coordinates of the centre and the radius of each circle:
a (x+5°+(y—-42=9 b (x-72+(p-12=16 ¢ (x+4)P2+)2=25
d (x+4a?+(y+aP=144a2 e (x=-3/52+(y+V/5)2 =27

3 In each case, show that the circle passes through the given point:

a (x-2)+(y-5)>=13, point (4, 8) b (x+7) + (y—2)>= 65, point (0, =2)
¢ x?+ y> =252 point (7, -24) d (x = 2a)*> + (y + 5a)*> = 2042, point (6a, —3a)
e (x—-3V5)2+ (y-V5)?=(2/10)? point, (V5, -V5)

® 4 The point (4, —2) lies on the circle centre (8, 1). m Ef=E P the fo iR BEthecifcle

Find the equation of the circle.
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Chapter 6

5 The line PQ is the diameter of the circle, where P and Q are (5, 6) and (=2, 2) respectively.

Find the equation of the circle. (5 marks)
6 The point (1, -3) lies on the circle (x — 3)2 + (y + 4)? = 2. Find the value of r. (3 marks)
7 The points P(2,2), 02+ 3, 5) and R(2 - V3, 5) lie on the circle (x = 2)2 + (y — 4)? = /2.
a Find the value of r. (2 marks)
b Show that APQR is equilateral. (3 marks)
8 a Show that x? + y> — 4x — 11 = 0 can be written in the form (x — a)* + y = 12,

where ¢ and r are numbers to be found. (2 marks) Problem-solving

b Hence write down the centre and radius of the circle with

equation x> +)?—4x-11=0 (2 marks) :i:e%::?ng ())”22 _2“)
X=a)=—0i

9 a Show that x? + 32 — 10x + 4y — 20 = 0 can be written in the form (x — a)2 + (y — b)? = 12,
where @, b and r are numbers to be found. (2 marks)

b Hence write down the centre and radius of the circle with equation
x> 42— 10x+4y-20=0. (2 marks)

10 Find the centre and radius of the circle with each of the following equations.

a x’+)?-2x+8y-8=0

b 24124 [2x — 4y =9 m Start by writing the equation
R ey S in one of the following forms:

¢ X2+ )?—6y=22x-40 (x—a)?+@-b2=r

d X+)2+5x—-y+4=2y+8 X+ yi+2fx+2gy+c=0

e 2x2+2)2—6x+5y=2x-3y-3

11 A circle C has equation x> + y? + 12x + 2y = k, where k is a constant. Problem-solving

a Find the coordinates of the centre of C. (2 marks) =

b State the range of possible values of k. (2 marks) positive radius.

@ 12 The point P(7, —14) lies on the circle with equation x> + y* + 6x — 14y = 483.
The point Q also lies on the circle such that PQ is a diameter.
Find the coordinates of point Q. (4 marks)

13 The circle with equation (x — k)?> + y*> = 41 passes through the point (3, 4).
Find the two possible values of k. (5 marks)

Challenge

1 Acircle with equation (x — k)2 + (y — 2)> = 50 passes through the point (4, —5).
Find the possible values of k and the equation of each circle.

2 By completing the square for x and y, show that the equation x? + 2 + 2fx + 2gy + ¢ =0
describes a circle with centre (—f, —g) and radius /2 + g% — c.
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Circles

@ Intersections of straight lines and circles

You can use algebra to find the coordinates of intersection one point of _ VA no points of

of a straight line and a circle. mtersea{m %ﬁedion
= A straight line can intersect a circle once, by just \

touching the circle, or twice.

Not all straight lines will intersect a given circle. 0 7L

\\
two points of

Example e intersection

Find the coordinates of the points where the line @ Explore intersections of straight O

A

=

y = x + 5 meets the circle 2+ (y-2)2=29. lines and circles using GeoGebra.
X2 4+ (y—-2P2=29 Solve the equations simultaneously, so substitute
X2+ (x+5-22=29 y = x + 5 into the equation of the circle.

&« Section 3.2
X2+ (x+ 32 =29

X2+ x2+6x+9=29 Simplify the equation to form a quadratic equation.
2x2+6x-20=0
x2+3x-10=0 The resulting quadratic equation has two distinct

(x+5)x-2)=0
Sox=-5and x = 2.

x==B:y=-5+5= Oj Now find the y-coordinates, so substitute the
x=2:y=2+5=7 values of x into the equation of the line.
The line meets the circle at (=5, O) and (2, o
T 1 Remember to write the answers as coordinates.

N E 0

Show that the line y = x — 7 does not meet the circle (x + 2)2 + y* =33,

solutions, so the line intersects the circle at two
!/ distinct points.

. 2 2 =
e o 2)f = =20 Try to solve the equations simultaneously, so

(x+22+(x—7)=33 substitute y = x — 7 into the equation of the circle.
X2+ 4x +4 +x2 - 14x + 49 =33

2x2 - 10x +20=0 Use the discriminant b2 — 4ac to test for roots of

x2-5x+10=0 the quadratic equation. & Section 2.5
Now b2 —4ac=(-52-4x1x10

=25-40 Problem-solving

=-15 =~
If b2 — 4ac > 0 there are two distinct roots.
b2 — 4ac < O, so the line does not meet the If b2 — 4ac = 0 there is a repeated root.
circle. If b2 — 4ac < 0 there are no real roots.
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Chapter 6

Exercise @

1

EmP) 6

(E/P) 7

E/P) 8

E/P) 10

£/P) 11

/P) 12

122

Find the coordinates of the points where the circle m Substilile y=01hio the eqiation.
(x = 1)> + (y = 3)> = 45 meets the x-axis.

Find the coordinates of the points where the circle (x — 2)2 + ( ¥+ 3)? = 29 meets the y-axis.

The line y = x + 4 meets the circle (x — 3) + (v - 5)2 = 34 at 4 and B.
Find the coordinates of 4 and B.

Find the coordinates of the points where the line x + y + 5 = 0 meets the circle

X2+ 6x + 32+ 10y - 31 =0.
Problem-solving

Show that‘the 11r:e r-y _710 = 0 does not Attempt to solve the equations simultaneously.
meet the circle x? — 4x + 2 = 21. Use the discriminant to show that the resulting
quadratic equation has no solutions.

a Show that the line x + y = 11 meets the circle with equation x? + (y — 3)> = 32 at only one
point. (4 marks)

b Find the coordinates of the point of intersection. (1 mark)

The line y = 2x — 2 meets the circle (x — 2)2 + (»-2)*>=20at 4 and B.

a Find the coordinates of 4 and B. (5 marks)
b Show that 4B is a diameter of the circle. (2 marks)
The line x + y = @ meets the circle (x=p)y*+ (y=6)>=20at (3, 10), where ¢ and p are constants.

a Work out the value of a. (1 mark)
b Work out the two possible values of p. (5 marks)

The circle with equation (x — 4)2 + (y + 7)% = 50 meets the straight line with equation
X —y—=>5=0at points 4 and B.

a Find the coordinates of the points 4 and B. (5 marks)
b Find the equation of the perpendicular bisector of line segment AB. (3 marks)
¢ Show that the perpendicular bisector of 4B passes through the centre of the circle. (1 mark)
d Find the area of triangle OA4B. (2 marks)

The line with equation y = kx intersects the circle with equation x? — 10x + 32— 12y + 57 =0 at
two distinct points.

a Show that 2142 — 60k + 32 < 0. (5 marks)
b Determine the range of possible values for k. Round your answer to 2 decimal places. (3 marks)

The line with equation y = 4x — 1 does not intersect Problem-solving

the circle with equation x2 + 2x + 12 = k. Find the If you are solving a problem where

range of possible values of k. there are 0, 1 or 2 solutions (or points of
intersection), you might be able to use

The line with equation y = 2x + 5 meets the circle ——
the discriminant.

with equation x? + kx + 32 = 4 at exactly one point.
Find two possible values of k. (7 marks)



Circles

@ Use tangent and chord properties

You can use the properties of tangents and chords within circles to solve
geometric problems. A tangent to a circle is a straight line that intersects
the circle at only one point.

= Atangent to a circle is perpendicular to the radius of the circle at
the point of intersection.

{J

tangent

A chord is a line segment that joins two points on the

; . erpendicular
circumference of a circle. re

bisector centre

f circl
= The perpendicular bisector of a chord will go through the ol piree

centre of a circle.

m Explore the circle theorems 0

using GeoGebra.
Example @

The circle C has equation (x — 2)? + (y = 6)* = 100.
a Verify that the point P(10, 0) lies on C.

b Find an equation of the tangent to C at the point (10, 0), giving your answer in the form
ax+by+c=0.

Substitute (x, ) = (10, 0) into the equation for the

a (x-2P+(y-62=(10-2) +‘(3‘—é)2’f circle.
= 82 + (-6)°

The point P(10, 0) satisfies the equation, so P lies

= 64 + 36
S 100 f e j on C.
b The centre of circle C is (2, 6). Find the =——— A circle with equation (x — a)? + (y — b)* = r* has
gradient of the line between (2, 6) and P. centre (a, b).
=2 -0 _ 6 __3 Use the gradient formula with (x;, y;) = (10, 0)
'\2 '\1 2 = 1O "‘8 4 and (x2, yz) = (2, 6)
The gradient of the tangent is 2
‘ 3 The tangent is perpendicular to the radius at that
¥ By il = ) point. If the gradient of the radius is m then the
4
y-0= §("‘ -10) gradient of the tangent will be —%
3y = 4x — 40 \~ =
) B Substitute (x,, y;) = (10, 0) and m = 5 into the
4~ 3y = 40 =0 equation for a straight line.
Leave the answer in the correct form. Simplify.
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Chapter 6

A circle C has equation (x — 5)2 + (y + 3)? = 10.
The line /is a tangent to the circle and has gradient —3.
Find two possible equations for /, giving your answers in the form y=mx +c.

Problem-solving

VA
Draw a sketch showing the circle and the two
possible tangents with gradient -3. If you are

5 \ — solving a problem involving tangents and circles

there is a good chance you will need to use the
radius at the point of intersection, so draw this on
your sketch.

This line will intersect the circle at the same
points where the tangent intersects the circle.

Find a line that passes through the centre of
he ci hat i icul the t ts. : :
e ol Hiat: i perpeniclievlar ta the: tangents The gradient of the tangents is -3, so the

gradient of a perpendicular line will be:—;z %

The gradient of this line is %

The coordinates of the centre of circle are

(5, -3) A circle with equation (x — a)? + (y — b)2 = 12 has

Y=y, =mkx - x,) centre (a, b).

1
y+3=—{(x-5) - i
3 Substitute (xy, y;) = (5, -3) and m = 1 into the

J4+ 3= %\ _g | equation for a straight line.
y= %.\‘ - % This is the equation of the line passing through
the circle.
x=52+(+32=10 o=
1 14 2
(x=5)° + (—x——+ 3) =10
3 5, : 1 o= -
, Substitute y = 3*-3 into the equation for a
1 5
(x=5)2+ (“gx - g) =10 circle to find the points of intersection.
x2-10x+ 25 + %.\—2 - g,\- + 29—5 =10 Simplify the expression.
10 , 100 250 _
5% g X + g = 10

10x2 — 100x + 250 = 90
10x% = 100x + 160 = O
x2-10x+16 =0
x=-8x-2=0

Factorise to find the values of x.
x=8orx=2

Substitute x =8 and x = 2 into y = %x - %

y= —%:—2 ory=-4
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So the tangents will intersect the circle at

(8, =2) and (2, =4)

Y=y =mx-x)

v+

2=-3x-28)
y=-3x+ 22

Y=y =mx—Xxy)

y+4=-3x-2)

Substitute (x;, ;) = (8, —2) and m = =3 into the

equation for a straight line.

This is one possible equation for the tangent.

equation for a straight line.

y=-3x+2

The points P and Q lie on a circle with centre C, as shown in the diagram.

The point P has coordinates (=7, —1) and the point Q has coordinates (3, =5).

M is the midpoint of the line segment PQ.

The line / passes through the points M and C.

a Find an equation for .

Given that the y-coordinate of Cis -8,
b show that the x-coordinate of Cis —4
¢ find an equation of the circle.

a The midpoint M of line segment PQ is:

(

Gradient of PQ = %

X, +

-1+ (-5)

2

Xo Y1+ yg)
2

_},‘

(—7 +3
2
(-2, -3)

’ 2!

2=¥ _-5- (1)

)

Substitute (x;, y;) = (2, —4) and m = =3 into the

This is the other possible equation for the tangent.

P(-7,-1) 0

=Y

Q(3l _5)

Use the midpoint formula with (x;, y,) = (=7, -1)

and (x, y,) = (3, -5).

Use the gradient formula with (xy, y;) = (-7,-1)

2 — X
=4 2
10 5

-~ 3-(7)

The gradient of a line perpendicular to
A=)
PQis >

Y=y =mx-—xy)

)+3=%(x+2) |
y+3=%\‘+5

y=%x+2 —

)~=%\‘+2

—8=§x+2 J

2
%x:—10
X=—4

and (xZ, yz) = (3, —5)

Problem-solving

If a gradient is given as a fraction, you can find
the perpendicular gradient quickly by turning the
fraction upside down and changing the sign.

equation of a straight line.

Simplify and leave in the form y =mx + c.

Substitute (x,, y,) = (=2, =3) and m =3 into the

The perpendicular bisector of any chord passes

through the centre of the circle. Substitute y = -8

into the equation of the straight line to find the

corresponding x-coordinate.

Solve the equation to find x.
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¢ The centre of the circle is (-4, ~8). The radius is the length of the line segment CP

To find the radius of the circle: or CO.

CO = (X, — x,)% + (2 — )2

=B - (-4)? + (-5 - (-8))? Substitute (xy, yy) = (=4, =8) and (x, y,) = (3,-5).

=V49 +9 = /58
S the girsle has d nadius of {56 Substitute (a, b) = (4, —8) and r = /58 into the
The equation of the circle is: equation of a circle.

(x—a@ + (y - b2 =r

(x+42 +(y+8?2=58

Exercise @

1

The line x + 3y — 11 = 0 touches the circle (x + 1)> + (y + 6)2 = 12 at (2, 3).
a Find the radius of the circle.
b Show that the radius at (2, 3) is perpendicular to the line.

The point P(1, -2) lies on the circle centre (4, 6).
a Find the equation of the circle.
b Find the equation of the tangent to the circle at P.

The points 4 and B with coordinates (-1, —9) and (7, =5) lie on the circle C with equation
(x=12+(y+3)2=40.

a Find the equation of the perpendicular bisector of the line segment AB.
b Show that the perpendicular bisector of 4B passes through the centre of the circle C.

The points P and Q with coordinates (3, 1) and (5, -3) lie on the circle C with equation

2

X?=d4x +)y?+4y =2,
a Find the equation of the perpendicular bisector of the line segment PQ.
b Show that the perpendicular bisector of PQ passes through the centre of the circle C.

The circle C has equation x2 + 18x + y2 = 2y + 29 = (). V4
a Verify the point P(-7, —6) lies on C. (2 marks)
b Find an equation for the tangent to C at the

point P, giving your answer in the form
y=mx+b. (4 marks)

¢ Find the coordinates of R, the point of intersection of the tangent and the y-axis. (2 marks)
d Find the area of the triangle APR. (2 marks)
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@ 6 The tangent to the circle (x + 4)2 + (y — 1)> = 242 at (7, —10) meets the y-axis at S and the x-axis at 7.

a Find the coordinates of S and 7. (5 marks)

b Hence, find the area of AOST, where O is the origin. (3 marks)
@ 7 The circle C has equation (x + 5)* + (y + 3)> = 80.

The line /is a tangent to the circle and has gradient 2.

Find two possible equations for / giving your answers in \ &

the form y = mx + c. (8 marks) —>

X
E/P) 8 The line with equation 2x+y—-5=01isa
tangent to the circle with equation EobiEmeo g
(x-32+(y-pP=5 The line is a tangent to the circle so it must

intersect at exactly one point. You can use

a Find the two possible values of p. (8 marks) = :
. ] the discriminant to determine the values of
b Write down the coordinates of the centre p for which this occurs.
of the circle in each case. (2 marks)

E/P) 9 The circle C has centre P(11, —5) and passes through the
point Q(5, 3).

a Find an equation for C. (3 marks)
The line /, is a tangent to C at the point Q.
b Find an equation for /;. (4 marks)

The line /, is parallel to /; and passes through the midpoint
of PQ. Given that /, intersects C at 4 and B

¢ find the coordinates of points 4 and B (4 marks)
d find the length of the line segment 4B, leaving your
answer in its simplest surd form. (3 marks)
10 The points Rand S lie on a circle with centre C(a, —2), VA !
as shown in the diagram. R(2,3) A
The point R has coordinates (2, 3) and the point S
has coordinates (10, 1). / M Sao, i)
M is the midpoint of the line segment RS. - x
The line / passes through M and C.
a Find an equation for /. (4 marks)
b Find the value of a. (2 marks)
¢ Find the equation of the circle. (3 marks) B
d Find the points of intersection, 4 and B, of the line / and the circle. (5 marks)
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11 The circle C has equation x? — 4x + 32 — 6y = 7.
The line / with equation x — 3y + 17 = 0 intersects the circle
at the points P and Q.

a Find the coordinates of the point P and the

point Q. (4 marks)
b Find the equation of the tangent at the point P

and the point Q. (4 marks)

¢ Find the equation of the perpendicular bisector
of the chord PQ. (3 marks)

VA

RS\

d Show that the two tangents and the perpendicular bisector intersect at a single point

and find the coordinates of the point of intersection.

Challenge

1 The circle C has equation (x — 7)2 + (y + 1)2=5.

The line / with positive gradient passes through (0, —2) and is a
tangent to the circle.

Find an equation of /, giving your answer in the form y=mx+c.

=

2 The circle with centre C has equation (x — 2)2 + (y=12=10.

The tangents to the circle at points P and 0O meet at the point R with
coordinates (6, —1).

a Show that CPRQ is a square.

b Hence find the equations of both tangents.

@ Circles and triangles

A triangle consists of three points, called vertices.

It is always possible to draw a unique circle through the three
vertices of any triangle. This circle is called the circumcircle of
the triangle. The centre of the circle is called the circumcentre
of the triangle and is the point where the perpendicular
bisectors of each side intersect.
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(2 marks)

Problem-solving

Use the point (0, —2) to write
an equation for the tangent

in terms of m. Substitute this
equation into the equation for
the circle.

r Circumcircle

VA
/é <

xﬁ/



diameter of the circumcircle.

You can state this result in two other ways:

Circles

= If ZPRQ = 90° then R lies on the circle with diameter PQ.

For a right-angled triangle, the hypotenuse of the triangle is a A
P vQ

= The angle in a semicircle is always a right angle.

To find the centre of a circle given any three points on the circumference:

= Find the equations of the perpendicular bisectors

of two different chords.

Perpendicular
bisectors intersect
= Find the coordinates of the point of intersection of at the centre of
the perpendicular bisectors. thedirle.

The points 4(-8, 1), B(4, 5) and C(-4,9) lic on the
circle, as shown in the diagram.

a Show that 4B is a diameter of the circle.

b Find an equation of the circle.

a Test triangle ABC to see if it is a right-
angled triangle.
AB? = (4-(-8)P + (5 - 17

=122 + 42 = 160
AC? = (~4—(=8)2 + (9 = 17
= 42 + 82 = 80

BC? = (-4 — 42 + (9 - 57

_(ep+a =80 —

Now, 80 + 80 = 160 so AC? + BC? = AB?

So triangle ABC is a right-angled triangle
and AB is the diameter of the circle.

b Find the midpoint M of AB. L
(4\'1 + -\‘2’ yit J"e) _ (—6 - 45 1+ 5)
2 2 2 2
= (-2, 3)
The diameter is V160 = 4/10 l_
The radius is 2V10
(x —a)? + (y — b =r? L

(x+2)2 + (y— 3)2 = (2/T0)°
(x+ 2)2 + (y — 3)2 = 40

VA
C(-4,9)

B(4, 5)

D

Use d2 = (x, — x,)? + (y; — y,)? to determine the
length of each side of the triangle ABC.

A(-8,1)

Use Pythagoras’ theorem to test if triangle ABC
is a right-angled triangle.

If ABC is a right-angled triangle, its longest
side must be a diameter of the circle that passes
through all three points.

The centre of the circle is the midpoint of 4B.

Substitute (x;, 1) = (=8, 1) and (x,, y,) = (4, 5).

From part a, AB? = 160.

The radius is half the diameter.

Substitute (a, b) = (-2, 3) and r = 2/10 into the
equation for a circle.
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Example @

The points P(3, 16), Q(11, 12) and R(-7, 6) lie on the circumference of a circle. The equation of the
perpendicular bisector of PQis y = 2x.

a Find the equation of the perpendicular bisector of PR.
b Find the centre of the circle.
¢ Work out the equation of the circle.

a

130

X1+ X Y+ }’2)

The midpoint of PR is ( >

3+ (=7) 16+6)
= ! =(-2, 1"
2 ° 2 2.1
. Y= 6-16.,
The gradient of PR is Xa-x, “7_3
--10_,
T =10~ —

The gradient of a line perpendicular to
PR is —1.

Y=y =mx - x) F
y=1=-1(x-(-2)
y-n=-x-2 l—‘
y=-x+9
Equation of perpendicular bisector to
PQ: y=2x —
Equation of perpendicular bisector to
PR:y=-x+9
2x=-x+9
3x=9
x=3 B
y=2x
y=23) =6

The centre of the circle is at (3, 6).

Find the distance between (3, 6) and

L

i
:

o1, 12).
d=\lx; = x)% + (3 - y)?

d=J(11-3)2+ (12 - 6)2

d=»64+36
d=v100 = 10 ===

The circle through the points P, Q and R
has a radius of 10.

The centre of the circle is (3, 6).

The equation for the circle is
(x =32+ (y - 6)2 =100

m Explore triangles and

their circumcircles using GeoGebra.

The perpendicular bisector of PR passes through
the midpoint of PR.

Substitute (x;, y;) = (3, 16) and (x,, y,) = (-7, 6)
into the midpoint formula.

Substitute (x, y;) = (3, 16) and (x,, y,) = (-7, 6)
into the gradient formula.

Substitute m = -1 and (x,, y,) = (-2, 11) into the
equation for a straight line.

Simplify and leave in the form y = mx + .

Solve these two equations simultaneously to find
the point of intersection. The two perpendicular
bisectors intersect at the centre of the circle.

This is the x-coordinate of the centre of the circle.

Substitute x = 3 to find the y-coordinate of the
centre of the circle.

The radius of the circle is the distance from the
centre to a point on the circumference of the
circle.

Substitute (x;, y;) = (3, 6) and (x,, y,) = (11, 12)
into the distance formula.

Simplify to find the radius of the circle.

Substitute (a, b) = (3, 6) and r = 10 into
(x—aP+(y-bp=r



1 The points U(-2, 8), ¥(7,7) and W(-3, —1) lie on a circle.
a Show that triangle UVW has a right angle.
b Find the coordinates of the centre of the circle.

¢ Write down an equation for the circle.

2 The points 4(2, 6), B(5, 7) and C(8, -2) lie on a circle.
a Show that AC is a diameter of the circle.
b Write down an equation for the circle.
¢ Find the area of the triangle ABC.

3 The points 4(=3, 19), B9, 11) and C(-15, 1) lie on the circumference of a circle.
a Find the equation of the perpendicular bisector of
i AB ii AC
b Find the coordinates of the centre of the circle.

¢ Write down an equation for the circle.

4 The points P(-11, 8), O(=6, =7) and R(4, ~7) lie on the circumference of a circle.

a Find the equation of the perpendicular bisector of
i PO ii OR

b Find an equation for the circle.
Problem-solving
@ 5 The points R(-2, 1),_S(4, 3) apd 7(10, =5) 'he on the ‘ Use headings in your working
circumference of a circle C. Find an equation for the circle. to keep track of what you are

() 6 Consider the points A(3, 15), B(-13.3). C(=7,-5) and D(8.0) working-out at each stage.

a Show that ABC is a right-angled triangle.
b Find the equation of the circumcircle of triangle ABC.
¢ Hence show that A, B, C and D all lie on the circumference of this circle.

@ 7 The points A(-1, 9), B(6, 10), C(7, 3) and D(0, 2) lie on a circle.
a Show that ABCD is a square.
b Find the area of ABCD. y
¢ Find the centre of the circle.

3
>

8 The points D(~12, =3), E(-10, b) and F(2, =5) lie Y N
on the circle C as shown in the diagram. 0 X
Given that zDEF =90° and b > 0 D(-12, -3) \
a show thatbh =1 (5 marks) F(2,-5)

b find an equation for C. (4 marks)
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9 A circle has equation x? + 2x + y2 — 24y - 24 =0

a Find the centre and radius of the circle. (3 marks)
b The points A(-13, 17) and B(11, 7) both lie on the circumference of the circle.

Show that AB is a diameter of the circle. (3 marks)
¢ The point C lies on the negative x-axis and the angle ACB = 90°.

Find the coordinates of C. (3 marks)

Mixed exercise o

@ 1 The line segment QR is a diameter of the circle centre C, where Q and R have coordinates
(11, 12) and (-5, 0) respectively. The point P has coordinates (13, 6).

a Find the coordinates of C.

b Find the radius of the circle.

¢ Write down the equation of the circle.
d Show that P lies on the circle.

(P) 2 Show that (0, 0) lies inside the circle (x - 5)% + (y + 2)? = 30.
3 The circle C has equation x2 + 3x + % + 6y = 3x — 2y — 7.

a Find the centre and radius of the circle. (4 marks)
b Find the points of intersection of the circle and the y-axis. (3 marks)
¢ Show that the circle does not intersect the x-axis. (2 marks)

4 The centres of the circles (x — 8)2 + (y — 8)2 = 117 and (x+ 1)+ (y-3)>=106 are Pand Q
respectively.

a Show that P lies on (x + 1)> + (y — 3)2 = 106.
b Find the length of PQ.

® 5 The points 4A(-1, 0), B(% g) and C(%, —9) are the vertices of a triangle.
a Show that the circle x? + y2 = | passes through the vertices of the triangle.

b Show that A4BC is equilateral.

(E/P) 6 A circle with equation (x — k)% + (y — 3k)? = 13 passes through the point (3, 0).
a Find two possible values of k. (6 marks)
b Given that k& > 0, write down the equation of the circle. (1 mark)

E/P) 7 The line with 3x — y — 9 = 0 does not intersect the circle with equation x2 + px + y2 + 4y = 20.
Show that 42 - 10/10 < p <42 + 10/10. (6 marks)

@ 8 The line y = 2x — 8 meets the coordinate axes at 4 and B. The line segment 4B is a diameter
of the circle. Find the equation of the circle.

® 9 The circle centre (8, 10) meets the x-axis at (4,0) and (a, 0).
a Find the radius of the circle.
b Find the value of a.
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10 The circle (x — 5)* + y* = 36 meets the x-axis at P and Q. Find the coordinates of P and Q.

11 The circle (x + 4)* + (y — 7)® = 121 meets the y-axis at (0, m) and (0, n).
Find the values of m and n.

@ 12 The circle C with equation (x + 5)? + (y + 2)> = 125 meets the positive coordinate axes at
A(a, 0) and B(0, b).

a Find the values of @ and b. (2 marks)
b Find the equation of the line AB. (2 marks)
¢ Find the area of the triangle OAB, where O is the origin. (2 marks)

@ 13 The circle, centre (p, ¢) radius 25, meets the x-axis at (-7, 0) and (7, 0), where g > 0.
a Find the values of p and gq.

b Find the coordinates of the points where the circle meets the y-axis.

® 14 The point A(=3, —7) lies on the circle centre (5, 1). Find the equation of the tangent to the
circle at 4.

@ 15 The line segment 4B is a chord of a circle centre (2, —1), where 4 and B are (3, 7) and (=5, 3)
respectively. 4C is a diameter of the circle. Find the area of AABC.

E/P) 16 The circle C has equation (x — 6)> + (y = 5)* = 17.
The lines /, and /, are each a tangent to the circle
and intersect at the point (0, 12).

Find the equations of /; and /,, giving your
answers in the form y = mx + c. (8 marks)

17 The points 4 and B lie on a circle with centre C,
as shown in the diagram.

The point 4 has coordinates (3, 7) and the
point B has coordinates (5, 1).

M is the midpoint of the line segment A4B.
The line / passes through the points M and C.

a Find an equation for / (4 marks)
Given that the x-coordinate of Cis —2:

b find an equation of the circle (4 marks)

¢ find the area of the triangle ABC. (3 marks)
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18 The circle C has equation (x — 3)*> + (y + 3)> = 52. x/
The baselines /; and /, are tangents to the circle and
have gradient %

a Find the points of intersection, P and Q, of the

Ay
tangents and the circle. (6 marks) ] o . ,2 .
b Find the equations of lines /, and /, giving your 1
answers in the form ax + by + ¢ = 0. (2 marks)

19 The circle C has equation x? + 6x + 2 =2y = 7.

The lines /; and /, are tangents to the circle.
They intersect at the point R(0, 6).

a Find the equations of lines /, and /,, giving your

answers in the form y = mx + b. (6 marks)
b Find the points of intersection, P and Q, of the

tangents and the circle. (4 marks)
¢ Find the area of quadrilateral APRQ. (2 marks)

20 The circle C has a centre at (6, 9) and a radius of V50.
The line /; with equation x + y — 21 = 0 intersects the circle at the points P and Q.
a Find the coordinates of the point P and the N

point Q. (5 marks)
b Find the equations of /, and /, the tangents at the A
points P and Q respectively. (4marks) |
¢ Find the equation of /,, the perpendicular bisector
of the chord PQ. (4 marks)
d Show that the two tangents and the perpendicular
bisector intersect and find the coordinates of R,
the point of intersection. (2 marks) Z
e Calculate the area of the kite 4APRQ. (3marks)

@ 21 Theline y = -3x + 12 meets the coordinate axes at 4 and B.
a Find the coordinates of 4 and B.
b Find the coordinates of the midpoint of AB.
¢ Find the equation of the circle that passes through 4, B and O, where O is the origin.

E/P) 22 The points A(-3, -2), B(-6, 0) and ({1, ¢) lie on the circumference of a circle such that

£BAC =90°.
a Find the value of ¢. (4 marks)
b Find the equation of the circle. (4 marks)
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E/P) 23 The points R(~4, 3), S(7. 4) and T(8, -7) lie on the circumference of a circle.
a Show that RT is the diameter of the circle.

b Find the equation of the circle.

(4 marks)
(4 marks)

@ 24 The points A(-4, 0), B(4, 8) and C(6, 0) lie on the circumference of circle C.

Find the equation of the circle.

@ 25 The points A(-7, 7), B(1,9), C(3, 1) and D(-7, 1) lie on a circle.

a Find the equation of the perpendicular bisector of:
i AB ii CD
b Find the equation of the circle.

Challenge

The circle with equation (x — 5)% + (y — 3)% = 20 with centre 4
intersects the circle with equation (x — 10)? + (y — 8)> = 10 with
centre B at the points P and Q.

a Find the equation of the line containing the points P and Q
in the formax + by + ¢=0.

b Find the coordinates of the points P and Q.
¢ Find the area of the kite APBQ.

Summary of key points

1 The midpoint of a line segment with endpoints

X+ X Yi o+
(x1, y1) and (x, ,) Is ( 1 2 )1 Zy;_)

VA

YA
(x5 ¥2)
2
(x 1 }'1) =
0 X

2 The perpendicular bisector of a line segment AB is the straight line that is perpendicular to

AB and passes through the midpoint of 4B.

If the gradient of ABism
then the gradient of its
perpendicular bisector, /,

: 1
will be =
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The equation of a circle with centre (0, 0) and radius r is x2 + 32 = 12,

The equation of the circle with centre (g, b) and radius r is (x — a)2 + (y — b)2 = 12.

The equation of a circle can be given in the form: x2 + )2+ 2fx + 2gy + ¢=0

This circle has centre (—f, —g) and radius \/f2 + g2 - ¢

A straight line can intersect a circle once, by just touching one point of A no points of

h
; . = :
the circle, or twice. Not all straight lines will intersect a '”tefse“'on\ ':}tersemon
given circle. \

™ two points of
intersection

A tangent to a circle is perpendicular to the radius of the circle at the
point of intersection.
{J
tangent

The perpendicular bisector of a chord will go through the perpendicular
centre of a circle. bisector

* If ZPRQ =90° then R lies on the circle with diameter 18] R

» The angle in a semicircle is always a right angle. A
P - 0

10 To find the centre of a circle given any three points:
» Find the equations of the perpendicular
bisectors of two different chords. Perpendicular
+ Find the coordinates of intersection of the bisectors intersect
perpendicular bisectors. et
the circle
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