Radians

After completing this unit you should be able to:
® Convert between degrees and radians and apply
this to trigonometric graphs and their transformations
-» pages 114-116
® Know exact values of angles measured in radians
= pages 117-118

Find an arc length using radians - pages 118-122
® Find areas of sectors and segments using
radians - pages 122-128

® Solve trigonometric equations in radians - pages 128-132

Use approximate trigonometric values when 6 is small
-> pages 133-135

&)
Prior knowledge check

1 Write down the exact values of the
following trigonometric ratios.

a cos120° b sin225° ¢ tan(-300°)

d sin (—480°) ¢ Year 1, Chapter 10
2 Simplify each of the following expressions.

a (tanfcosf)? + cos2f

1 [ sinf cosh
b=1———— cC 1-———
cos%f | tand

« Year 1, Chapter 10
3 Show that

a (sin2f +cos2M)2 =1+ 2sin26 cos 26
=
b —-2— - 2sing = EE_OS—G
sinf sinf

« Year 1, Chapter 10

L 4 Solve the following equations for ¢ in the
interval 0 < @ < 360°, giving your answers
to 3 significant figures where they are not

Radians are units for measuring angles. . :

They are used in mechanics to describe B-Ses0he =2 o252l =)

circular motion, and can be used to work out ¢ 6tan?f +10tanfd - 4 =tan4

the distances between the pods around the d 10+ 5cosf = 12sin2¢

edge of a Ferris wheel. - Exercise 58 Q13 § « Year 1, Chapter 10
"R, VN Y A NS =& A0 A




Chapter 5

@ Radian measure

So far you have probably only measured angles in degrees, with one degree representing e of a

complete revolution or circle.

360

You can also measure angles in units called radians. 1 radian is the angle subtended at the centre of
a circle by an arc whose length is equal to the radius of the circle.

If the arc AB has
length r, then ZAOB
is 1 radian.

The circumference of a circle of radius r is an
arc of length 27 r, so it subtends an angle of
2 radians at the centre of the circle.

® 27 radians = 360°

® 7 radians = 180°
180°

L

Convert the following angles into degrees.
T 4

m 1 radian =

— b —rad
a 3 rad 15
K&l ‘ 4T
a Ej raad ‘ b '1'5‘ rac
z ) B 1860°
= g X 160 — =4 % 15
= 157.5° = 48°

You always use radian measure when you
are differentiating or integrating trigonometric
functions. -+ Sections 9.1, 11.1

m This means that

1 radian = 57.295...°

180°
m

1 radian = % so multiply by

T 180° _ 7
— X —— ==X
3wy

180°

Convert the following angles into radians. Leave your answers in terms of .

a 150° b 110°
a 150° = 150 X —— rad Ao B2 ) s
. 180 = 180 radians, so multiply by 180
— ET radc
b 110° = 110 x —= rad
1860 - :
Mo Your calculator will often give you exact answers
- % rad | intermsof m.
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You should learn these important angles in radians:

B 30°= % radians B 60° = % radians ® 180° =  radians
B 45° =% radians B 90° = % radians ® 360° = 27 radians

Example o @ Use your

calculator to evaluate
trigonometric functions in
Give your answers correct to 2 decimal places where appropriate. radians.

a =in(0.3rad) = 0.30 (2 d.p)
B & m You need to make sure your
b cos(rrad) = ~1 calculator is in radians mode.

Find: a sin(0.3rad) b cos(wrad) ¢ tan(2rad)

c tan(Z2rad) = -2.19 (2 dp)

) ) If the range includes values given in terms of 7.
Sketch the graph of y =sinxfor0 = x <

X . ¥
<M. *——— you can assume that the angle has been given in
radians.

y=sinx —L sin (%) =5sin90° =1

Example o

Sketch the graph of y = cos(x + 7) for 0 < x < 2.

y=cos(x +mx)

The graph of y = cos (x + a) is a translation of the

graph y = cosx by the vector (_(;f)

115




Chapter 5

Exercise

1 Convert the following angles in radians to degrees.

o 3 5w 5t 3
120 T ‘1z 43 ¢ B B 2K
2 Convert the following angles to degrees, giving your answer to 1 d.p.
a 0.46rad b 1rad ¢ 1.135rad d V3rad
3 Evaluate the following, giving your answers to 3 significant figures.
a sin(0.5rad) b cos(v2rad) ¢ tan(1.05rad) d sin(2rad) e sin(3.6rad)

4 Convert the following angles to radians, giving your answers as multiples of 7.
a 8° b 10° ¢ 22.53° d 30° e 112.5°
f 240° g 270° h 315° i 330°

5 Convert the following angles to radians, giving your answers to 3 significant figures.
a 50° b 75° ¢ 100° d 160° e 230° f 320°

6 Sketch the graphs of:
a y=tanxfor0<x<2nm b y=cosxfor-r=sx=m

Mark any points where the graphs cut the coordinate axes.

7 Sketch the following graphs for the given ranges, marking any points where the graphs cut the
coordinate axes.

a y=sin(x-m)for-rsx=<m b y=cos2xfor0=x=<27
T o §
e y= lan(x + %) for-rsx<mw d y=singx+1for0=x= (i

g s
L7

- . . I
8 The diagram shows the curve with equation y = cos (.\' - ——) —2r < x = 2nm.

3

Va

Problem-solving

Make sure you write down the coordinates of all
/ 0 / x four points of intersection with the x-axis and the
coordinates of the y-intercept.

Write down the coordinates of the points at which the curve meets the coordinate axes. (3 marks)

Challenge
Describe all the angles, 6, in radians, that satisfy: m You can use nr, where n is an integer, to
a cosf=1 describe any integer multiple of 7.
b sinf=-1

¢ tanf is undefined.
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Radians

You need to learn the exact values of the trigonometric ratios of these angles measured in radians:

L | i Goat. 3 a tan T L3
. sin =3 s o= 5~ 5" 3
. T /3 w_1 T
- = L] et ® tan_—=/3
L] sing- = coso =3 i
. 1 \'E T 1 »'E ™
n —=——=— BEoS—=—=— ®tan—-=1
=22 4= 2 2 4
You can use these rules to find sin, cos or tan of any A
positive or negative angle measured in radians using
the corresponding acute angle made with the x-axis, 6. =0 S A 0
® sin ('ﬂ' - 9) =sinf I,"f a H..III
® sin (7 + 6) = -sin@ \0_~—0 o] x
B sin (27 — @) = —sin@ T+6 T c 2r—40
B cos(m—0) =-cosh

B cos (m + ) = —cos O
® cos (27— 0) =cos @
B tan (7w - 0) = -tan@
® tan (7w + 0) =tané

B tan (27 — 6) = -tan@

Find the exact values of*

The CAST diagram shows you which trigonometric
ratios are positive in which quadrant. You can also use the
symmetry properties and periods of the graphs of sin, cos
and tan to find these results. « Year 1, Chapter 10

Problem-solving

You can also use the symmetry properties of

V= COS.x:
3 . (=T y
a Ccos— b sin(— a
3 6
P=c0s X
]_ .
a le
4
3 ‘\
—>X
e () 0 >
3w
2 = | =i
47 S
cOos 3 :{Of‘;.ﬂ—"‘:‘;):_Lu‘: ‘
ST e
7 1 [ 4r. =
50 cos -4?—' =—— is 3 bigger than .
2 2

mpl

L Usecos(m + 0) = —cosé.
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Chapter 5

b s
w { \\ »{)
PN
5ir1(-—€) = 51,1Eg = 5in% Use sin (r = 0) = sinf.
20 —JII'I( %] = é

Exercise @

1 Express the following as trigonometric ratios of eithcr}g % -:;E and hence find their exact values.
a s.in'%r b sin (—%) ¢ sin “TT
d cos% e cos S: f L0§'5'4I
g tan 2X h tan (—-%{1) i —:T

2 Without using a calculator, find the exact values of the following trigonometric ratios.

a '13"5 b si ( 5") ( ﬁ)
SHE 5 n(=3 ¢ cos|{—¢

117 ST (27!
d cos 7] e tan— 3 f tan (—T)

=

@ 3 The diagram shows a right-angled triangle ACD on another

; , , 2V6
right-angled triangle ABC with AD = %— and BC =

Show that DC = kv2, where k is a constant to be determined.
2

@ Arc length

Using radians greatly simplifies the formula for arc length.

= To find the arc length / of a sector of a circle use the \
formula / = 18, where r is the radius of the circle and 6 ;
is the angle, in radians, contained by the sector. /
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Radians

S ETE o
Find the length of the arc of a circle of radius 5.2¢cm, m £ xplors the arclongth O

given that the arc subtends an angle of 0.8 rad at the

of a sector using GeoGebra.
centre of the circle.

—————— Use/=rf, withr=52and 8=08.

Arc length = 5.2 x 0.8 = 416¢cm -

Example o

An arc AB of a circle with radius 7cm and centre O has a length of 2.45¢m. Find the angle ZAOB
subtended by the arc at the centre of the circle.

l=rf Use/=rf, with/=2.45and r=17.
245 =70
?_,jE} -9
! = 0.35rad *— Using this formula gives the angle in radians.

An arc AB of a circle, with centre O and radius r cm. subtends an angle of # radians at O.
The perimeter of the sector AOB is Pcm. Express r in terms of P and 6.

Problem-solving

When given a problem in words, it is often a good
idea to sketch and label a diagram to help you to
visualise the information you have and what you

need to find.
P=rf+ 2r
=r(2 + 0)— - L The perimeter = arc AB + OA4 + OB, where
Sl B ‘ arc AB = ro.
(2 +6) —— Factorise.
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Chapter 5

f

The border of a garden pond consists of a straight edge 4B of length

2.

4m, and a curved part C, as shown in the diagram.

The curved part is an arc of a circle, centre O and radius 2m.
Find the length of C.

A 24m B

0
@ Explore the area of a sector O

using GeoGebra.

A g Ny Problem-solving

5 Look for opportunities to use the basic
sin X = - trigonometric ratios rather than the more

< = 0.C435...rad corrlpllca'ied cgsme; rule or sine rut.e.. AOB is
Acote /AOB = 2x rad an isosce es‘tnang e, s0 yc.)u can divide it into
congruent right-angled triangles. Make sure your

4%

=2 = 5
2 x 0:6435... calculator is in radians mode.
=1.28670...rad
So 6 =27 — 1.2870...) rad ——
C subtends the reflex ledat O,
= 4.9961...rad | spgte ek

so length of C =26,

So length of C=2.29m (3 i) ‘

L f#+acute ZAOB =27 rad

1

An arc AB of a circle. centre O and radius rcm, subtends an angle ¢ radians at O.
The length of ABis /cm.

a Find/when: i r=6,0=045 ii r=4.5,60=0.45 iii r=20,6= %n‘
b Find r when: i /=10,0=0.6 ii /=1.26,6=0.7 iii /=1.57,0= f—_)rr
¢ Find @ when: i /=10,r=7.5 i 1=45.r=5625 iii I=V12,r=V3

A minor arc AB of a circle, centre O and radius

10cm. subtends an angle x at O. The major arc m The minor arc 4B is the shorter
AB subtends an angle 5x at O. Find, in terms arc between points A and B on a circle.

of 7, the length of the minor arc AB.

An arc AB of a circle, centre O and radius 6¢cm, has length /em. Given that the chord 4B has
length 6¢cm, find the value of /, giving your answer in terms of .

The sector of a circle of radius y'10 cm contains an angle of V5 radians,
as shown in the diagram. Find the length of the arc, giving your answer
in the form py/q cm, where p and ¢ are integers.

m».:m V'Tﬁcm
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=/P) 8

/P) 10

2cm

Referring to the diagram, find:

Problem-solving

a the perimeter of the shaded region

when 6 = 0.8 radians. 0 The radius of the larger
b the value of # when the perimeter of arcis3 +2=>5cm.
the shaded region is 14cm. Bies

A sector of a circle of radius »rcm contains an angle of 1.2 radians. Given that the sector has
the same perimeter as a square of area 36cm?, find the value of r.

A sector of a circle of radius 15cm contains an angle of ¢ radians. Given that the perimeter of
the sector is 42cm, find the value of 6.

In the diagram A4 B is the diameter of a circle,
centre O and radius 2cm.
The point Cis on the circumference such that

2 . gﬂ'
ZCOB = = radians. 3
3 A 0 2cm 2
a State the value, in radians, of ZCOA. (1 mark)

The shaded region enclosed by the chord AC, arc CB and AB is the template for a brooch.
b Find the exact value of the perimeter of the brooch. (5 marks)

The points A and B lie on the circumference of a circle with centre O and radius 8.5 cm.

The point C lies on the major arc AB. Given that ZACB = 0.4 radians, calculate the length of
the minor arc AB.

In the diagram OAB is a sector of a circle, centre O and radius Rcm. and
£LAOB = 20 radians. A circle, centre C and radius rcm, touches the arc
ABat T and touches O4 and OB at D and E respectively, as shown.

a Write down, in terms of R and r, the length of OC. (1 mark)
b Using AOCE, show that Rsinf = r (1 + sin6). (3 marks)

: . 3 . ;
¢ Given that sinf = 4 and that the perimeter of the sector OAB is

21 cm, find r, giving your answer to 3 significant figures. (7 marks) N

The diagram shows a sector 40B.
The perimeter of the sector is twice the length of the arc 4B.

Find the size of angle 40B. b

A circular Ferris wheel has 24 pods equally spaced on its circumference.

. . . ;
Given the arc length between each pod is —,:Em, and modelling each pod as a particle,

a calculate the diameter of the Ferris wheel.

Given that it takes approximately 30 seconds for a pod to complete one revolution,
b estimate the speed of the pod in km/h.
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13 The diagram shows a triangular garden, POR, with

14 The shape X'YZ shown is a design for an earring.

Chapter 5

PO=12m, PR=7mand ZQPR = 0.5 radians. The curve SR is
a small path separating the shaded patio area and the lawn, and
is an arc of a circle with centre at P and radius 7m.

Find:

a the length of the path SR (2 marks)

b the perimeter of the shaded patio, giving your answer
to 3 significant figures. (4 marks)

X

Smm Smm

Y Z

The straight lines XY and XZ are equal in length. The curve YZ is an arc of a circle with centre
O and radius Smm. The size of £YOZ is 1.1 radians and XO = |Smm.

a Find the size of ZX0Z, in radians, to 3 significant figures. (2 marks)

b Find the total perimeter of the earring, to the nearest mm. (6 marks)

@ Areas of sectors and segments

Using radians also greatly simplifies the

formula for the area of a sector. m A sector of a circle is the
= To find the area A4 of a sector of a portion of a circle enclosed by two
1 radii and an arc. The smaller area is
circle use the formula 4 = —z-l" 0, known as the minor sector and the

where r is the radius of the circle larger is known as the major sector.
and @ is the angle, in radians,
contained by the sector.

Find the area of the sector of a circle of radius 2.44cm, given that the sector subtends an angle of
1.4 radians at the centre of the circle.

>
0
]
Q
.
o
1]
oS
or

S 12 x 2442 x 1.4 Use A = %;—29 with r=2 44 and 8'=1.4

=417 cm? (2 =f)
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Radians

,4

In the diagram, the area of the minor sector A0B is 28.9cm?.
Given that £40B = 0.8 radians, calculate the value of r.

B
269 =112 x 08 = 04r2
So =289 _ 5558 L Letarea of sector be 4 cm?, and use 4 = %raf).
04 '
r=y72.66 =865 = : .
1 Use the positive square root in this case as a

length cannot be negative.

A plot of land is in the shape of a sector of a circle of radius 55m. The length of fencing that is
erected along the edge of the plot to enclose the land is 176 m. Calculate the area of the plot of land.

@ Explore the area of a segment o

using GeoGebra.

A

(0]
L Draw a diagram including all the data and let the
55m angle of the sector be 6.

B
- Problem-solving

Arc AB=176 - (55 + 55)
R In order to find the area of the sector, you
need to know #. Use the information about the

66 =556 - :
S& a8 adiis perimeter to find the arc length A4B.

1
Area of plot = = x 552 x 1.2 As the perimeter is given, first find length of arc AB.
I8?5 me
Use the formula for arc length, / = 6.
Use the formula for area of a sector, 4 = %rf 0.

You can find the area of a segment by subtracting the area of triangle OPQ from the area of sector OPOQ.

P

Using %:-29 for the area of the sector and %ah sin# for the area of a triangle:

1o 1,
A—Z.' 7 2: sin#

& %;-2(9 — sin 6)
Q

® The area of a segment in a circle of radius ris 4 = %:-3 (6 —sinf)
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Chapter 5

The diagram shows a sector of a circle. Find the area of the shaded segment.

Tecm

7cm

Area of segment = = x 72(1.2 - sin1.2) ——————

2
1
=5 % 49 x 0.26796..

=

6.57cm? (3 s.f)

0

In the diagram above, O4B is a sector of a
circle, radius 4m. The chord AB is 5m long.
Find the area of the shaded segment.

Calculate angle AOB first:

Use A = %rz(f) — sin@) with r =7 and ¢ = 1.2 radians.

Make sure your calculator is in radians mode
when calculating sin f.

Problem-solving

In order to find the area of the segment you need
to know angle 4OB. You can use the cosine rule
in triangle AOB, or divide the triangle into two
right-angled triangles and use the trigonometric
ratios.

) _ 42442 -5°2

cos£AOB = x4 x4 ‘
_ b
32

So £AOB = 1.3502...
Area of shaded segment

1« 42(1.3502... - in1.3502..)

x 16 x 0.37448..
00m? (3 a.f)

W = |

124

L Use the cosine rule for a non-right-angled
triangle.

m Use unrounded values in your

calculations wherever possible to avoid rounding
errors. You can use the memory function or
answer button on your calculator.



Radians

Example

In the diagram, 4B is the diameter of a circle of radius rcm, and ZBOC = 6 radians. Given that the
area of AAOC is three times that of the shaded segment. show that 30 — 4sin# = 0.

c
6\
4 P& A
Area of segment = area of sector — area of triangle.
1
Area of segment = —r2(# — sinf) )
== 2 e — ZAOB = radians.
Area of AAOC = ;;-r-::'-:\in{:—u -9
1 Area of A4OC =3 X area of shaded segment.
= —résint r
2 .
; i l Problem-solving
So —r2sinfl = 3 x —r2(f — sinf - =
& 2 ( o You might need to use circle theorems or
sinfl = 3(f - sind) properties when solving problems. The angle in a
So 30 -4sinf=0 semicircle is a right angle so zACB = %

Exercise

;

1 Find the shaded area in each of the following circles. Leave your answers in terms of 7 where
appropriate.
a

@E
Q&
DE

2 Find the shaded area in each of the following circles with centre C.
b

4em 0.2rad

C 4cm Sc;n C

(&
®
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Chapter 5

For the following circles with centre C, the area A of the shaded sector is given. Find the value

of x in each case.

a b

A= 157recm?

c

A=12cm’

The arc AB of a circle, centre O and radius 6¢cm, has length 4cm.
Find the area of the minor sector 40B.

The chord AB of a circle, centre O and radius 10cm, has length 18.65¢m and subtends an angle
of f# radians at O.

a Show that cosf = —0.739 (to 3 significant figures).

b Find the area of the minor sector A0B.

The area of a sector of a circle of radius 12cm is 100cm?. Find the perimeter of the sector.
The arc AB of a circle, centre O and radius rcm, is such that Z40B = 0.5 radians.

Given that the perimeter of the minor sector 40B is 30cm,

a calculate the value of r

b show that the area of the minor sector AOB is 36 cm?

¢ calculate the area of the segment enclosed by the chord 4B and the minor arc AB.

The arc AB of a circle, centre O and radius xcm, is such that angle AOB = I radians.

12

Given that the arc length AB is [cm,

-

a show that the area of the sector can be written as —
The area of the full circle is 36007 cm?.
b Find the arc length of 4B.

¢ Calculate the value of x.

In the diagram, AB is the diameter of a circle of
radius rem and ZBOC = 0 radians.

Given that the area of ACOB is equal to that of the
shaded segment, show that § + 2sinf = 7.

In the diagram, BC is the arc of a circle, centre O
and radius 8§ cm. The points 4 and D are such that
0OA = OD = 5¢cm. Given that ZBOC = 1.6 radians,
calculate the area of the shaded region.
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P) 15

Radians

In the diagram, 4B and AC are tangents to a circle, centre O i,
and radius 3.6cm. Calculate the area of the shaded region, A
y 2T s 3.6cm
given that ZBOC = Tradlans.
o
C
In the diagram, AD and BC are arcs of circles with centre O, such that B

OA=0D=rcm, AB=DC =8cm and ZBOC = f radians.
a Given that the area of the shaded region is 48 cm?, show that

= g - (4 marks)
b Given also that r = 106, calculate the perimeter of the shaded
region. (6 marks)

A sector of a circle of radius 28 cm has perimeter Pcm and area 4 cm?.
Given that 4 = 4P, find the value of P.

The diagram shows a triangular plot of land. The sides 4B, BC
and CA have lengths 12m, 14m and 10m respectively. The lawn
is a sector of a circle, centre 4 and radius 6 m.

a Show that ZBAC = 1.37 radians, correct to 3 significant figures.
b Calculate the area of the flowerbed.

The diagram shows OPQ, a sector of a circle with centre O, O _R o
radius 10cm, with ZPOQ = 0.3 radians.

The point R is on OQ such that the ratio OR: RQ is 1: 3.
The region S, shown shaded in the diagram, is bounded by
OR. RP and the arc PQ.

10cm

Find: P
a the perimeter of S, giving your answer to 3 significant figures (6 marks)
b the area of S, giving your answer to 3 significant figures. (6 marks)

The diagram shows the sector OA4B of a circle with centre O.
radius 12cm and angle 1.2 radians.

The line AC'is a tangent to the circle with centre O, and OBCis a
straight line.

The region R is bounded by the arc 4B and the lines AC and CB.

a Find the area of R, giving your answer to 2 decimal places. (8 marks)
The line BD is parallel to AC.

b Find the perimeter of DAB. (5 marks)
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Chapter 5

@ 17

D

The diagram shows two intersecting sectors: 4 BD, with radius Scm and angle 1.2 radians,

and CBD. with radius 12cm.
Find the area of the overlapping section.

Challenge

Find an expression for the area of a sector of a
circle with radius r and arc length .

m Solving trigonometric equations

In Year 1, you learned how to solve trigonometric equations in degrees. You can solve trigonometric

equations in radians in the same way.

Find the solutions of these equations in the interval 0 < ¢

= 2

a sinf=0.3 b 4cosfl =2 ¢ Stanf+3=1

a sinfl=0.3
So f = 0.304622654...

Va

sinf = 0.3 where the line y = 0.3 cuts the curve. =
Hence @ = 0.305rad or 2.84rad (3 s.f)

128

Draw the graph of y = sin  for the given
interval.

Find the first value using your calculator in
radians mode.

Since the sine curve is symmetrical in
the interval 0 < f < 7, the second value is
obtained by m — 0.30469...



b 4cosfl =2

LS
&

=

Laf=) W=

OV

¢ Stanf+3 =1
5tand = -2
tanf = -0.4

e
_m|:|_ —

tanfl = —0.4 where the line y = 0.4 cuts the

tan'(-0.4) = -0.3805... rad
So 0=276108... rad (2.76rad to 3 sf) w0
f =5.90267... rad (5.90rad to 3 =.f)

m When the interval is given in

radians, make sure you answer in radians.

t First rewrite in the form cosé = ...

Use exact values where possible.

Putting T in the four positions shown gives

-;L. 2?:'743_7 and % but cosine is only

positive in the 1st and 4th quadrants.

the angles

For the 2nd value, since we are working in
radians, we use 27 — # instead of 360° - f.

Draw the graph of y = tan # for the interval
—% < < 27 since the principal value given

by tan-!(-0.4) is negative.

Use the symmetry and period of the tangent
graph to find the required values.

m Always check that your final

values are within the given range; in this case
0< 0 <2n (remember 27 =~ 6.283...)
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Chapter 5

Solve the equation 17cos@ + 3sin’f = 13 in the interval 0 < 0 < 2.

Problem-solving

17 cosf + 3 sin?fl =13

17co58 + 3(1 — cos?0) =13 |

17cos + 3 — 3coz0 =13 |
O =3cos?f — 17cosf + 10
0=3Y2-17Y+10
O0=((3Y-2)(Y-5)

Se3Y-2=0 or Y-5=0}

yo2 y=5 |

s or Y=5 |
3 e |

Le cosfl = % or cosf=5
cosf = % -

So f = 0.841068...rad

Second solution is 27 — 0.841068...
= 5442116...
#=0641cr 544 (3 sf)

130

Use the trigonometric identity
sin®f + cos?6 = 1. Trigonometric identities
work the same in radians as in degrees.

This is a quadratic so rearrange to make one
side 0.

If ¥ =cos#, then Y2 = cos?#.

Solve the quadratic equation.

The value of cos@ is between —1 and 1, so
reject cosf = 5.

Solve this equation to find 6.

Since the interval is given in radians, answer
in radians.



Radians

Solve the equation sin 36 =

'~ in the interval 0 < 0 < 2r.

let X = 30 —— — Replace 360 by X and solve as normal.

w

So sin X = -

m|

Remember to transform the interval:
0=40=2rbecomes0 =30 =6n

As X = 30, then the interval for XY is 0= X =6Gnm

¥y

y=sinX
x==X Qf in {j,; o —— Remember X = 36 so divide each value by 3.
3-8 D 3 2 |
e, 3g=T 2m 77 8m 137 14m ‘ _
3 32°"3"3" 3 3 Always check that your solutions for # are in
5o (5 T 27 7w & 13w 147w the given interval for 8, in this case 0 = # = 27

Exercise @

1

Solve the following equations for #, in the interval 0 = # = 27, giving your answers to
3 significant figures where they are not exact.

a cos@=0.7 b sinff=-0.2 ¢ tanfl=5 d cosf =-1

Solve the following equations for 6, in the interval 0 < ¢ < 27, giving your answers to
3 significant figures where they are not exact.

a 4sinf =3 b 7tanf =1 ¢ 8tanfl=15 d V5cosf=v2

Solve the following equations for 6, in the interval 0 < # < 27, giving your answers to

3 significant figures where they are not exact.

a Scosf+1=3 b V3sinf+2=1 ¢ 8tanf-5=35 d V7cosf-1=12
Solve the following equations for 6. giving your answers to 3 significant figures where
appropriate. in the intervals indicated:

a V3tanf-1=0,-r<f<n b 5sinf=1,-r<f<2r

¢ 8cosf=5,-2r<f=<2n d 3cosf-1=0.02, -r <0 <37

e 04tanf—5=-7,0<0<4r f cosf-1=-0827<p=<LT
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Solve the following equations for #, in the interval 0 < ¢ < 27, giving your answers to
3 significant figures where they are not exact.

a Scos20=4 b 5sin36+3=1
¢ V3tandh-5=-4 d V10cos20 +v2 =3/2

Solve the following equations for 6, giving your answers to 3 significant figures where
appropriate, in the intervals indicated.

I
|

b

a V2sin30-1=0, -7 <sfsn b 2cosdl = -1, -7

=f=<
¢ 8tan2f =7, 2r=0<27r d 6¢cos20-1=02, -7 =0=

L

T

Solve the following equations for . in the interval 0 < # < 2, giving your answers to
3 significant figures where they are not exact.

a 4cos’f=2 b 3tan?# +tanf =0

¢ cos’fl—2cosf=3 d 2sin220 — 5cos20=-2

Solve the following equations for #, in the interval 0 = # = 2. giving your answers to
3 significant figures where they are not exact.

a cosf+2sin’+1=0 b 10sin?¢ = 3cos?0

¢ 4cos?f + 8sin?f = 2sin?f — 2cos*H d 2sin?d -7+ 12cosf=0

N il _ a . l
a COS(‘\_E)_\E b sm3.\_—2
¢ cos(20+0.2)=-0.2 —g—ﬁfiag d tan(2(i+%]=1,0£ﬂélrr
a Solve, for—-mr=#<m, (1 +tanf )(5sinf —2)=0. (4 marks)
b Solve, for 0 = x < 27. 4tanx = Ssinx. (6 marks)

Find all the solutions, in the interval 0 < x < 27, to the equation 8cos’x + 6sinx -6 =3
giving each solution to one decimal place. (6 marks)

i ; " 5 T 5% .. i ;
Find, for 0 < x < 2, all the solutions of cos®x — 1 = Jsin®.x — 2 giving each solution to
one decimal place. (6 marks)

Show that the equation 8sin’x + 4sin.x — 20 = 4 has no solutions. (3 marks)

a Show that the equation tan?x — 2tanx — 6 = 0 can be written as tan x = p * /¢ where
p and ¢ are numbers to be found. (3 marks)

b Hence solve, for 0 < x < 37, the equation tan’x — 2tanx — 6 = 0 giving your answers to
1 decimal place where appropriate. (5 marks)

In the triangle ABC, AB=5cm, AC=4cm, ZABC = 0.5 radians and ZACB = x radians.
a Use the sine rule to find the value of sinx, giving your answer to 3 decimal places. (3 marks)
Given that there are two possible values of x,

b find these values of x, giving your answers to 2 decimal places. (3 marks)

2



Radians

@ Small angle approximations

You can use radians to find approximations for m e il s e
the values of sinf), cos and tan 6. concept. Consequently, there is not a fixed set of
numbers which are small and a fixed set which
are not. In this case, it is useful to think of small

® When @ is small and measured in radians:

* sin0=0 as being really close to 0.
« tanf =6
I
¢ cosf=1-— L
2 o _ m Use technology to O
You can see why these approximations work by looking explore approximate values
at the graphs of y = sinf), y = cos# and y = tan @ for of sin @, cos # and tan @ for values
values of # close to 0. of ¢ close to 0.
y=tanf
A '1-n ¥ 3
y=sinf
0 ¥ 0 b

y=cosf y=0

_1':”

When 6 is small, find the approximate value of:

4 sin2f + tan# cosdf — 1
20 fsin20

sin26 + tanf _ 260 + 6

If sinfl = § then sin 20 = 20

20 Y
_30_3
20 2
When 8 is small. sin20 + tanf _ 3 Note that this approximation is only valid when 6
20 2 is small and measured in radians.
| _ (40)
cosdf=1_"" & "~ 2 46)?
fsin28 ~ Ox20 osPm1 ‘%50 cosdf =1~
1 - 16
BEPYE
=166
L= __ &0
202 T 2p2
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a Show that, when € is small, sin 50 + tan 26 — cos 26 =~ 26>+ 76 — 1.
b Hence state the approximate value of sin 56 + tan 26 — cos 26 for small values of 4.
a For small values of #:

5in50 + tan 20 — cos 20 =~ 50 + 20 — (1 - (2!‘:‘)""] Use thz small angle approximations for sin,
- / cos and tan.

£

70 -=1 +4—fh
2

70=1+ 26°

When # is small,
sin5f8 + tan20 —cos 28 = 262 + 70 - 1
When # is small, terms in #2and @ will also be

b So, for small 6, sin58 + tan 20 — cos 26 = —1 +— small, so you can disregard the terms 26% and

76.
1 When 6 is small, find the approximate values of:
sindf — tan26 1 — cos2f " 3tanfl — @
30 tan26 sinf sin2¢
2 When # is small, show that:
sin3f 3 cosf — 1 ] tan4d + 02
a —; =i R e ¢c ———=4+10
fsindd 46 tan26 4 36 — sin26

Find cos(0.244 rad) correct to 6 decimal places.
Use the approximation for cos# to find an approximate value for cos(0.244 rad).

Calculate the percentage error in your approximation.

& 0 T B

Calculate the percentage error in the approximation for cos 0.75 rad.

e Explain the difference between your answers to parts ¢ and d.

® 4 The percentage error for sin# for a given value of # is 1%. Show that 1006 = 101 sin 6.

: . 4co0s30 -2+ Ssinf .
a When @ is small, show that the expression = MY can be written as 96 + 2. (3 marks)

tn

1 —sin26

.30 — 2 Z
b Hence write down the value of 4605'19_ si_n-:ﬁs Sing when @ is small. (1 mark)
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Challenge

1 The diagram shows a right-angled triangle ABC. 2BAC = 6. An arc, CD, of
the circle with centre 4 and radius AC has been drawn on the diagram in
blue.

D B

=

A )

a Write an expression for the arc length CD in terms of AC and #.
Given that @ is small so that, AC=AD =~ ABand CD = BC,
b deduce thatsinf ~ #and tanf = 6.

2 a Using the binomial expansion and ignoring terms in x* and higher
powers of x, find an approximation for v1 — x2, x| < 1.

2
b Hence show that for small 6, cosf =~ 1 - % You may assume that
sinf = 6.

Mixed exercise o

® 1

£/P) 2

Triangle 4ABC is such that AB= 5cm, AC = 10cm and ZABC = 90°.
An arc of a circle, centre 4 and radius Scm. cuts AC at D.
a State, in radians, the value of ZBAC.

b Calculate the area of the region enclosed by BC, DC and the arc BD.

The diagram shows the triangle OCD with OC= OD = 17¢cm
and CD = 30cm. The midpoint of CD is M. A semicircular
arc A, with centre M is drawn, with CD as diameter.

A circular arc 4, with centre O and radius 17cm., is drawn

Radians

from C to D. The shaded region R is bounded by the arcs
Ay and A,. Calculate, giving answers to 2 decimal places:
a the area of the triangle OCD (4 marks)

b the area of the shaded region R. (5 marks)

The diagram shows a circle, centre O, of radius 6¢m.

The points 4 and B are on the circumference of the circle.
The area of the shaded major sector is 80 cm?.

Given that ZAOB =  radians, where 0 < f < 7, calculate:

A

a the value, to 3 decimal places, of ¢ (3 marks)

b the length in cm, to 2 decimal places, of the minor
arc AB. (2 marks)
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4 The diagram shows a sector OA4B of a circle, centre O and radius rcm.
The length of the arc ABis pcm and ZAOB is f radians.

a Find f in terms of p and r. (2 marks)
b Deduce that the area of the sector is %prcm? (2 marks)
Given that r = 4.7 and p = 5.3, where each has been measured to

I decimal place, find, giving your answer to 3 decimal places:

¢ the least possible value of the area of the sector (2 marks)

d the range of possible values of 6. (3 marks)

® 5 The diagram shows a circle centre O and radius Scm.
The length of the minor arc ABis 6.4cm.

a Calculate, in radians, the size of the acute angle A0OB. (2 marks)
The area of the minor sector AOB is R,cm- and the area of the
shaded major sector is R,cm?,

b Calculate the value of R,. (2 marks)

¢ Calculate R,: R, in the form 1 :p, giving the value of p to
3 significant figures. (3 marks)

6 The diagrams show the cross-sections of two
drawer handles. Shape X is a rectangle ABCD
joined to a semicircle with BC as diameter.
The length AB = dcm and BC = 2dcm.

Shape Y is a sector OPQ of a circle with
centre O and radius 2dcm. Angle POQ is
f radians.

Given that the areas of shapes X and Y are equal,

D c
m
a prove thatf =1+ 1 (5 marks)
Using this value of #, and given that d = 3, Shape X

find in terms of 7:
b the perimeter of shape X
¢ the perimeter of shape Y.

d Hence find the difference, in mm., between the perimeters of shapes X and Y.

7 The diagram shows a circle centre O and radius 6cm.
The chord PQ divides the circle into a minor segment R, of area
A,cm? and a major segment R, of area 4,cm?. The chord PQ
subtends an angle # radians at O.

a Show that 4, = 18(# —sin#). (2 marks)
Given that 4, = 34,
b show that sin =6 —

(4 marks)

12|
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Triangle ABC has AB=9cm, BC=10cm and CA = Scm.
A circle, centre A and radius 3cm, intersects A8 and
AC at P and Q respectively, as shown in the diagram.

a Show that, to 3 decimal places,

ZBAC =1.504 radians. (2 marks)
b Calculate: :
i thearea, in cm?, of the sector APQ C

ii the area, in cm?, of the shaded region BPQC
iii the perimeter, in cm, of the shaded region BPQC.

The diagram shows the sector OA4B of a circle of radius rem.
The area of the sector is |Sem? and ZA40B = 1.5 radians.

a Prove that r = 2//5. (2 marks)
b Find. in cm, the perimeter of the sector OAB. (3 marks)

The segment R, shaded in the diagram, is enclosed by the
arc AB and the straight line AB.

¢ Calculate, to 3 decimal places, the area of R. (2 marks) 0

The shape of a badge is a sector ABC of a circle with centre 4
and radius 4B, as shown in the diagram. The triangle 4BC is B ¢
equilateral and has perpendicular height 3cm.

a Find, in surd form, the length of 4B. (2 marks)
b Find, in terms of =, the area of the badge. (2 marks)
.23
¢ Prove that the perimeter of the badge is —\3—(:'." +6)cm. (4 marks)
A
There is a straight path of length 70m from the point A Railway track

to the point B. The points are joined also by a railway
track in the form of an arc of the circle whose centre is
C and whose radius is 44m, as shown in the diagram.

a Show that the size, to 2 decimal places, of ZACB

is 1.84 radians. (2 marks)
b Calculate:

i the length of the railway track

i the shortest distance from C to the path

iii the area of the region bounded by the railway track and the path. (6 marks)

The diagram shows the cross-section ABCD of a glass prism. 4_4em D
AD = BC =4cm and both are at right angles to DC. g
AB s the arc of a circle, centre O and radius 6¢cm. r
Given that Z40B = 20 radians. and that the perimeter of the 0_,--,’@

6em Lo

cross-section is 2(7 + 7)cm,
a show that (26 + 2sinf - 1) =

b verify that § = %

z .
3 6em ™.

§ ; ) B 4cm C
¢ find the area of the cross-section.
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® 13 Two circles C, and C, both of radius 12¢m have centres O, and O, respectively. O, lies on the
circumference of C,; O, lies on the circumference of C,. The circles intersect at 4 and B, and

EP) 14

16

19

138

enclose the region R.

27

3

b Hence write down. in terms of 7, the perimeter of R.

a Show that Z40,B=

¢ Find the area of R, giving your answer to 3 significant figures.

A teacher asks a student to find the area of the following sector.
The attempt is shown below.

Area = ;.riH
=5 ¥ 3 x50
=225cm?
a Identify the mistake made by the student. (1 mark)
b Calculate the correct area of the sector. (2 marks)
When  is small, find the approximate values of:
costl — 1 2(1 = cosf) — 1
) tan26 tanf — |
- . + 2 cos26 :
a When # is small. show that the expression ————— can be written as 3-26. (3 marks)
tan26 + 3
: .7+ 2cos26 .
b Hence write down the value of L+ 280977 when 6 is small. (1 mark)
tan26 + 3
a When 6 is small, show that the equation
32cos 56 + 203 tan 106 = 182
can be written as
4002 - 2030+ 15=0 (4 marks)
b Hence, find the solutions of the equation
32cos 56 + 203tan 100 = 182 (3 marks)
¢ Comment on the validity of your solutions. (1 mark)
When 6 is small, find the approximate value of cos*# — sin*6.
Solve the following equations for 6, giving your answers to 3 significant figures where
appropriate, in the intervals indicated.
a 3sinf=20=s0=n b sinf=—cosf,-r<=f=m
c tanf}+—l~=2.0 <=6<2r d 2sin20—sinf-1=sin’f, -t <<
tan#
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a Sketch the graphs of y = 5sinx and y = 3cos x on the same axes (0 < x < 27), marking on all
the points where the graphs cross the axes.

b Write down how many solutions there are in the given range for the equation Ssinx = 3cos x.
¢ Solve the equation 5sin.x = 3cos x algebraically, giving your answers to 3 significant figures.

a Express 4sinf — cos (% - H) as a single trigonometric function. (1 mark)
b Hence solve 4sinf) — cos (g - b‘) = 1 in the interval 0 < f# < 27. Give your answers to
3 significant figures. . (3 marks)
: . 3% ; i
Find the values of x in the interval 0 < x < 5 which satisfy the equation
aim )y '~ )
fherd N i =2 (6 marks)
I —sin2x
A teacher asks two students to solve the equation 2cos?x = | for -7 < x < 7.
The attempts are shown below.
Student A: Student B:
COsX = i—?_ 2eoetx =1
V2
——
Reject —% as cosine cannot be negative RS Ry
L
n it v=X _T 2t _2m
.\'=ZOI' \'="'Z _3- 3 3 3
a Identify the mistake made by Student A. (1 mark)
b Identify the mistake made by Student B. (1 mark)
¢ Calculate the correct solutions to the equation. (4 marks)
A teacher asks a student to solve the equation 2tan2x =5 for 0 < x < 2.

The attempt is shown below.

2tan2x =5 Problem-solving
tan2x =25 Solve the equation yourself then compare your
2x =119, 4.33

working with the student’s answer.
x =0.595rad or 217 rad (3 s.)

a Identify the mistake made by the student.

(1 mark)
Calculate the correct solutions to the equation. (4 marks)

Show that the equation

Ssinx =1+ 2cos?x

can be written in the form
2sin?x + 5sinx-3=0 (2 marks)
b Solve, for 0 = x < 2,

2sin’x + 5sinx-3=0 (4 marks)
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26 a Show that the equation
4sin*x+9cosx-6=0
can be written as
dcos’xy —9cosx+2=0
b Hence solve, for 0 = x < 4n,
4sin’x +9cosx-6=0

giving your answers to 1 decimal place.

(£/P) 27 a Show that the equation

tan2x = 5sin 2x

can be written in the form
(1 =5cos2x)sin2x =0

b Hence solve, for 0 = x = 7,

tan2x = 5sin2x

giving your answers to 1 decimal place where appropriate. You must show clearly

how you obtained your answers.

@ 28 a Sketch, for 0 < x < 2, the graph of y = cos [x + %)

b Write down the exact coordinates of the points where the graph meets the
coordinate axes.

¢ Solve, for 0 < x < 27, the equation

¥y =cos (\ + :é) = (.65,

giving your answers in radians to 2 decimal places.

@ 29 Solve, for 0 < x < 7, the equation
A 5
sin (.3_\ +3 ) =0.45

giving your answers in radians to two decimal places.

Challenge

Use the small angle approximations to determine whether the following
equations have any solutions close to & = 0. In each case, state whether
each root of the resulting quadratic equation is likely to correspond to a
solution of the ariginal equation.

a 9sinftanf +25tanfl=6
b 2tanf + 3 =5cos4#
¢ sin4f=37-2cos2f
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Summary of key points

= 3 180°
1 - 2rradians = 360° + m radians = 180° + 1radian = ;
T ™ . T :
2 = 30° =E radians + 45° =T radians + 60° =3 radians
+ 90° =g radians + 180° = 7 radians » 360° = 27 radians

You need to learn the exact values of the trigonometric ratios of these angles measured in radians.

ey | m \? m 1 \.§
=== S—=— s tan—=—=—
i) s 2 6 /3 3
. 3 | T =
. o s B . R
sm3 > cos3 > tan3 v
=1 e T 1 V2 T
* Sin-=—=— * (05— =—=— » tan—=1
4 2 2 e 4

You can use these rules to find sin, cos or tan of any positive or negative angle measured in
radians using the corresponding acute angle made with the x-axis, 6.

* sin(m—6) =sind

* sin(m+0) =-sing

+ sin(2m — ) = —sin@
* cos(m —#) =—cosh
* cos(m + #) = —cosd v 0 2
* cos (27 — 0) = cosd

* tan (7 — @) = —tand
* tan(r + 60) =tanf

+ tan (2w — ) = —tan@

= 5 A f#

T+

1
]
™
5
|
=3

To find the arc length / of a sector of a circle use the formula / = 16,
where r is the radius of the circle and @ is the angle, in radians,
contained by the sector. \

To find the area 4 of a sector of a circle use the formula 4 = 320,

where r is the radius of the circle and @ is the angle, in radians,
contained by the sector.

The area of a segment in a circle of radius r is

A =3r2(0 - sing)

When @ is small and measured in radians:

* sinf=§@ + tanf =40 -cosﬂzl—%z
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