Forces and friction

After completing this chapter you should be able to:

e Resolve forces into components - pages 91-96
® Use the triangle law to find a resultant force - pages 93-96
® Solve problems involving smooth or rough inclined

planes -» pages 96-99
e Understand friction and the coefficient of

friction. -» pages 100-103
® Use F=<uUR - pages 100-103

1 A particle of mass 5kg is acted on by two
forces:

F,=@i+2j)Nand F,=(-3i+ 8j)N.
Find the acceleration of the particle in
the form (pi + gj) ms=2
« Year 1, Chapter 10
In the diagram below, calculate
a the length of the hypotenuse
b the size of a.
Give your answers correct to 2 d.p.

7 ~ & Acar’s braking distance is determined by

?_‘i% its speed and the frictional force between

= thecar’s wheels and the road. In wet or icy
@& conditions, friction is reduced so the braking

A
. distance is increased. - Mixed exercise Q9
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Forces and friction

@ Resolving forces

= If a force is applied at an angle to the direction of motion you can resolve it to find the
component of the force that acts in the direction of motion.

This book is being dragged along the table by means of a force of magnitude F. The book is moving
horizontally, and the angle between the force and the direction of motion is 6.

Direction
of motion

The effect of the force in the direction of motion is the length of the line AB. This is called the

component of the force in the direction of motion. Using the rule for a right-angled triangle
adjacent . o . .
cos ) = ——————, you can see that the length of ABis F x cosf. Finding this value is called
hypotenuse

resolving the force in the direction of motion.

= The component of a force of magnitude Fin a certain direction is F cos 6, where @ is the size
of the angle between the force and the direction.

FN
FN D / N
---------- > L ) | FN ._nf_lg.(.}..l-..-.;D
If Facts in the direction If F acts at the right angles If Facts in the opposite direction
D, then the component of to D, then the component to D, then the component of Fin
Fin that direction is of Fin that direction is that direction is
Feos0°=Fx1=F Feos90°=Fx0=0 Fcos 180° = Fx =1 ==F
Example o
Find the component of each force in i the x-direction ii the y-direction

iii Hence write each force in the form pi + ¢j where i and j are the unit vectors in the x and y
directions respectively.

a VA b VA

9N ;

100N
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Chapter 5

a

b

92

i 8=40°
Component in x-direction = Fcos @

Component in y-direction

i (6.89i + 5.79j)N

i " 0

100N

Component in x-direction

I

Il

I

9 x cos40°
6.89N (3 s.f)
90° - 40°

50°

Fcosf
9 x cos 50°% -
579N (3 at)

20° + 18°
108°

Fcost
100 x cos108°
—-30.9N (3 s.f)

160° - 18°

162°

100N

Component in y-direction

iii (~=30.9i — 95.1j)N

Fcosf
100 % cos162°
—-925.1N (3 s.t)

Give your answers correct to three
significant figures.

Make sure you find the angle between the
force and the direction you are resolving in.

You could also use F'sin40° as
sin40° = cos (90° — 40°) = cos 50°

You get a negative answer because you
are resolving in the positive x-direction.
You could also resolve in the negative
x-direction using ¢ = 90° — 18° = 72°,
then change the sign of your answer from
positive to negative:

A

100N

You could use # = 18° then change the sign
of your answer from positive to negative:
-100¢c0s18°=-95.1N (3 s.f).

You can measure ¢ in either the clockwise or
the anticlockwise direction since
cosf = cos(360° — ).



Forces and friction

A box of mass 8kg lies on a smooth horizontal floor. 10N

A force of 10N is applied at an angle of 30° causing the box
to accelerate horizontally along the floor.

a Work out the acceleration of the box. 8ke 304"-]
b Calculate the normal reaction between the box and the floor.
a R>). 10co530° = 8a Resolve the force horizontally and write an equation
g BE of motion for the box. + Year 1, Chapter 10
— i ms=2
T8
b R
A 10N __ Add the weight of the box and the normal
reaction to the force diagram.
Ekg Lo Fsin 6 FN
b4 f
&g » Fcos
1 ¥ . -
Rty R+ 10smad™= g The component in the y-direction is
R - 7(3‘4 = 5 o e =
Fcos(90° — f) = Fsin#l
= 73N (2 sf)

You can use the triangle law of vector addition to find the resultant of two forces acting at an angle
without resolving them into components. P

Two forces P and Q act on a particle as shown. P has a magnitude .
of 10N and Q has a magnitude of 8 N. Work out the magnitude
and direction of the resultant force.

=]

Use the triangle law P
for vector addition.

The resultant force

is the third side of a
triangle formed by

forces Pand Q. You
might need to use

geometry to work 5“
out missing angles ~
in the triangle:

75°
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Chapter 5

R? =& + 107 = 2 x & x 10¢05105® ~———————— Use the cosine rule to calculate the magnitude of R.
= 164 — 160c05105° = 205.411...
R=14332... =14.3N (3 sf) —— Use the sine rule to work out #.
sin(0 + 30°) _ sin105° [
10 14332 . ~_ Remember to use unrounded values in your
N— 11045;:2_50_ e calculations then round your final answer.

Use your diagram to check that your answer

A+ 30° = 42.373...
makes sense.

f=124° (3 s.f)

The resultant force R has a magnitude of
Explore the resultant of two

14.3 N and acts at an angle of 12.4° above ;
) s forces using GeoGebra.
the horizontal.

Three forces act upon a particle as shown.

140N
100N

Given that the particle is in equilibrium, calculate
the magnitude of P.

R(=), 100co0s30° + Pcost = 140c0545°
Pcostfl =12.392... (1)
R(T). 100sin30° + 1405sin45° = Psinf
Psinf = 1456.924...(2)

Resolve horizontally and vertically. You can solve
— these two equations simultaneously by dividing

sind 148.994 . ..
_P:uln _ 148 I to eliminate P.

Pcosf ~ 12.392...

tanf = 12.023... :
-50Lvin
6= 85.245..° Problem solving

PcosB5.2454, . ° = 12.392. .. You could also solve this
P = 150N (3 sf) prOblem by drawing a
triangle of forces.

The particle is in equilibrium,
so the three forces will form a closed triangle:

Exercise @

1 Find the component of each force in i the x-direction ii the y-direction
iii Hence write each force in the form pi + ¢j where i and j are the unit vectors in the x and y
directions respectively.

a b 7 c # d r%
: 8N | :
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Forces and friction

2 For each of the following systems of forces, find the sum of the components in

i the x-direction, ii the y-direction.

a S 8N

3 Find the magnitude and direction of the resultant force acting on each of the particles shown below.
a 5N 35N b ISN c

® 4 Three forces act upon a particle as shown in the diagrams below.
Given that the particle is in equilibrium, calculate the magnitude of B and the value of 6.
a |I5N b 25N ¢ 10N

20N

20N

10N

is pulled by a force of 2N applied at an angle of 30° to the
horizontal, causing the box to accelerate horizontally along
the floor.

R
5 A box of mass 5kg lies on a smooth horizontal floor. The box T N

L
=
s

30°)

a Work out the acceleration of the box.

b Work out the normal reaction of the box with the floor.

5S¢
@ 6 A force P is applied to a box of mass 10kg causing the box to accelerate at 2ms~ along a
smooth, horizontal plane. Given that the force causing the acceleration is applied at 45° to the
plane, work out the value of P. (3 marks)

@ 7 A force of 20N is applied to a box of mass m kg causing the box to accelerate at 0.5ms? along
a smooth, horizontal plane. Given that the force causing the acceleration is applied at 25° to the
plane, work out the value of m. (3 marks)
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@ 8

Challenge

A parachutist of mass 80kg is attached to a canopy by two lines,
each with tension 7. The parachutist is falling with constant
velocity, and experiences a resistance to motion due to air resistance
equal to one quarter of her weight. Show that the tension in each
line, T, is 20V3 g N.

80g
(3 marks)

A system of forces act upon a particle as shown in the diagram. ’
The resultant force on the particle is (2v3i + 2j) N.
Calculate the magnitudes of F, and F,.

(3 marks)

Two forces act upon a particle as shown in the diagram.
The resultant force on the particle is (3i + 5j) N.
Calculate the magnitudes of F; and F..

@ Inclined planes

Force diagrams may be used to model situations involving objects on inclined planes.

= To solve problems involving inclined planes, it is usually easier to resolve parallel to and at

right angles to the plane.

A block of mass 10kg slides down a smooth slope angled at 15° to the horizontal.

a Draw a force diagram to show all the forces acting on the block.

b Calculate the magnitude of the normal reaction of the slope on the block.

¢ Find the acceleration of the block.
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Forces and friction

m The normal reaction force acts at

right angles to the plane, not vertically.

Your working will be easier if you resolve at right

10g
b RN), R=10gcos15°
= 95N (2 sf)

c R(v), 10gcos75°=10a
a=25ms22sf)

A particle of mass m is pushed up a smooth slope by a force of
magnitude 5S¢ N acting at an angle of 60° to the slope, causing the
particle to accelerate up the slope at 0.5ms~>. Show that the mass

aaw [ S
of the particle is kg.
l+g

angles to the plane. The weight of the block acts
at an angle of 15° to this direction.

m The diagonal arrows, R(™\.) and

R(/), show that you are resolving perpendicular

to the slope and down the slope. You can also use
R(//) to show resolution parallel to the slope and
R(_L) to show resolution perpendicular to the slope.

Resolve down the slope and use F = ma.

Draw a diagram to show all the forces acting

!

mg
R(?)., 5gcos60® - mgsin30°=0.5m —
2.5¢ — 0.5mg = 0.5m
2.5g = 05m + 0.5mg
Sg=m + mg
S5g=m(l + g)

on the particle.

Resolve up the slope, in the direction of the
acceleration, and write an equation of motion
for the particle.

You need to find the mass of the particle

o8 k ired
=== asr J
m _] +g 4 as require

— in terms of g, so you don't need to use
g=9.8ms2in your working.
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A particle P of mass 2kg is moving on a smooth slope and is being
acted on by a force of 4N that acts parallel to the slope as shown.

T : 3
The slope is inclined at an angle « to the horizontal, where tana = 4
Work out the acceleration of the particle.
R Draw a diagram to show all the forces acting on
the particle.
P ___ Resolve up the slope, in the direction of the

acceleration, and use Newton's second law,
4N

) Problem-solving

You know that tana = 3

S0 you can draw a = 3
2gN triangle to work out
R(7), 4 - 2gsina = 2a — sina and cosa., o
4 o 3 ; 3 4 4
4-2%8x%x==Fa sina=—and cosa ==
D 5 5
2a =-776 You can use these exact values in your calculations.

a=-3.9ms2 (2 s.f)
The particle accelerates down the slope at You resolved up the slope and the acceleration is
3 G iia~2 ~—— negative, 50 the particle is accelerating down the

slope.

1 A particle of mass 3kg slides down a smooth slope that is inclined at 20° to the horizontal.
a Draw a force diagram to represent all the forces acting on the particle.
b Work out the normal reaction between the particle and the plane.
¢ Find the acceleration of the particle.

2 A force of SON is pulling a particle of mass Skg up a smooth plane that is inclined at 30° to the
horizontal. Given that the force acts parallel to the plane,

a draw a force diagram to represent all the forces acting on the particle
b work out the normal reaction between the particle and the plane
¢ find the acceleration of the particle.

3 A particle of mass 0.5kg is held at rest on a smooth slope that is inclined at an angle a to the
. C : 3
horizontal. The particle is released. Given that tana = e calculate:

a the normal reaction between the particle and the plane
b the acceleration of the particle.
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Forces and friction

A force of 30N is pulling a particle of mass 6kg up a rough slope that is inclined at 15° to the
horizontal. The force acts in the direction of motion of the particle and the particle experiences
a constant resistance due to friction.

a Draw a force diagram to represent all the forces acting on the particle. (4 marks)
Given that the particle is moving with constant speed,

b calculate the magnitude of the resistance due to friction. (5 marks)

A particle of mass mkg is sliding down a smooth slope that is angled at 30° to the horizontal.
The normal reaction between the plane and the particle is SN.

a Calculate the mass m of the particle. (3 marks)
b Calculate the acceleration of the particle. (3 marks)

A force of 30N acts horizontally on a particle of mass Skg that

rests on a smooth slope that is inclined at 30° to the horizontal 30N >
as shown in the diagram.

Find the acceleration of the particle.

30°
(4 marks)
A particle of mass 3kg is moving on a rough slope that is inclined 6N
at 40° to the horizontal. A force of 6N acts vertically upon the
particle. Given that the particle is moving at a constant velocity,
calculate the value of F, the constant resistance due to friction.
40°
(4 marks)
26N

A particle of mass mkg is pulled up a rough slope by a force of 26 N

that acts at an angle of 45° to the slope. The particle experiences a

constant frictional force of magnitude 12N.

Given that tana = % and that the acceleration of the particle is 1 ms™,
/

show that m = 1.08kg (3 s.f).

(5 marks)

Challenge

A partide is sliding down a smooth slope inclined at an angle 6 to the horizontal,
where 0 < 8 < 30°. The angle of inclination of the slope is increased by 60°, and the
magnitude of the acceleration of the particle increases from a to 4a.

3
a Show thattanfl= —‘?3

b Hence find 6, giving your answer to 3 significant figures.
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€ rriction

Friction is a force which opposes motion between two rough surfaces. It occurs when the two surfaces are
moving relative to one another, or when there is a tendency for them to move relative to one another.

This block is stationary. There is no horizontal force
being applied, so there is no tendency for the block

to move. There is no frictional force acting on the

?
¢

block.

W g e
mg

This block is also stationary. There is a horizontal R

force being applied which is not sufficient to move T

the block. There is a tendency for the block to

move, but it doesn’t because the force of friction is T m F
P S G B e

equal and opposite to the force being applied.

As the applied force increases, the force of friction
increases to prevent the block from moving, If the
magnitude of the applied force exceeds a certain

73

R
T Direction

maximum or limiting value, the block will move. ¥

of motion

FM:‘-X

While the block moves, the force of friction will
remain constant at its maximum value,

The limiting value of the friction depends on two things:
® the normal reaction R between the two surfaces in contact
® the roughness of the two surfaces in contact.

-~

ng

You can measure roughness using the coefficient of friction, which is represented by the letter p
(pronounced myoo). The rougher the two surfaces, the larger the value of p. For smooth surfaces there

is no friction and p = 0.

* The maximum or limiting value of the friction between two surfaces, Fy,y, is given by

Fuax = nR

where 1. is the coefficient of friction and R is the normal reaction between the two surfaces.

A particle of mass 5 kg is pulled along a rough horizontal surface by a horizontal force of
magnitude 20 N. The coefficient of friction between the particle and the floor is 0.2.

Calculate:
a the magnitude of frictional force

b the acceleration of the particle.
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49N

R =49
F=uR=02 x 49 = 98N

20 - uR = 5a

a R(T).

b R(—),

ay

5a =20 - 986
=102
20ms—2 (2 sf)

a

Forces and friction

For a moving particle F'= Fyux 50 you can use
F = pR to find the magnitude of the frictional
force.

Write an equation of motion for the particle,
resolving horizontally. Note that the frictional
force always acts in a direction so as to oppose
the motion of the particle.

A block of mass 5kg lies on rough horizontal ground. The coefficient of friction between the block
and the ground is 0.4. A horizontal force P is applied to the block. Find the magnitude of the
frictional force acting on the block and the acceleration of the block when the magnitude of P is

a I0ON b 19.6 N ¢ 30N.
R
A
P e
—»| Skg F
<
: |—>
5gN
R(T). R=5g = 49N
So Fyuy = pR =04 x 42
=19.6N =

The maximum available frictional force is 19.6 N.

a When P = 10N, the friction will only need to
be 10N to prevent the block from sliding and

the block will remain at rest in equilibrium.

First draw a diagram showing all the forces acting
on the block.

The normal reaction will equal the weight as the
force P has no vertical component and there is no
vertical acceleration.

You then need to calculate what the maximum
possible frictional force is in this situation.

Do not round this value as you will need to use it
in your calculations.
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b When P = 196N, the friction will need to be

at its maximum value of 126 N to prevent the = —
An object in limiting equilibrium can

block from sliding, and the block will remain - = = -
, M S either be at rest or moving with constant velocity.

zt rest in limiting equilibrium,

c¢ When P = 30N, the friction will be unable
to prevent the block from sliding. and it
will remain at its maximum value of 19.6 N.
The block will accelerate from rest along
the plane in the direction of P with
acceleration a, where
30 - 19.6 = 5a

a=21ms™= (2 sf)

A particle of mass 2 kg is sliding down a rough slope that is inclined at 30° to the horizontal.
Given that the acceleration of the particle is | ms2, find the coefficient of friction, 1, between the
particle and the slope.

1;/ @ Explore this problem with O

R

different masses, slopes and frictional
coefficients using GeoGebra.

Draw a diagram showing the weight, the frictional
force and the normal reaction.

2gN

R\, R = 2gcos30
= 16.974...
R(.). 2gsin30° - uR = 2a

286 - (16.974.. )Ju= 2

= % m Make sure you use the normal

n reaction, not the weight, when substituting into
046 (2 sf) —
MAX = ptA.

(]

Use F = ma to write an equation of motion for
the particle

Il
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Exercise @

1 Each of the following diagrams shows a body of mass
Skg lying initially at rest on rough horizontal ground.
The coeficient of friction between the body and the

ground is l. In each diagram R is the normal reaction
of the ground on the body and F'is the frictional force
exerted on the body. Any other forces applied to the

body are as shown on the diagrams.

In each case

i find the magnitude of F,

Forces and friction

m The forces acting on the body
can affect the magnitude of the normal

reaction. In part d the normal reaction
is (5g + 14) N, 50 Fyuy = j1(5g + 14) N.

i state whether the body will remain at rest or accelerate from rest along the ground,
iii find, when appropriate, the magnitude of this acceleration.

a $
3N
F Skg >
!
5¢N
d R lal;-\l
6N
F Ske
v
S5¢N
g IT2 14N
= 3N
F 3kg —>
<
5gN
1 R 14N
S5kg
'

b

R
Sk TN
F i~
!
5eN
R 14N
N 9N
F Dkg —>
<
5¢N
R 14N
SN
F 5kg >
y
5¢N
R 28N
S5kg
F =
]
SgN

A"!‘I

— >

A"H

A"'l

S5gN
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2

® 3

In each of the following diagrams, the forces shown cause the body of mass 10 kg to accelerate as
shown along the rough horizontal plane. R is the normal reaction and F'is the frictional force.

Find the normal reaction and the coefficient of friction in each case.

a R b R c R
_ 20V2N
o A P 1
2 10kg / ’ 10kg _60° 452
F g <30 : & | /x-6C = F
g '« - -——
10gN 10gN 10gN
—>> — —>>
I ms™ 0.5ms™ 0.5ms>

A particle of mass 0.5 kg is sliding down a rough slope that is angled at 15° to the horizontal.
The acceleration of the particle is 0.25 m s~2. Calculate the coefficient of friction between the
particle and the slope. (3 marks)

A particle of mass 2 kg is sliding down a rough slope that is angled at 20° to the horizontal.

A force of magnitude P acts parallel to the slope and is attempting to pull the particle up the
slope. The acceleration of the particle is 0.2 m s down the slope and the coefficient of friction
between the particle and the slope is 0.3. Find the value of P. (4 marks)

A particle of mass 5kg is being pushed up a rough slope that is angled at 30° to the horizontal
by a horizontal force P. Given that the coefficient of friction is 0.2 and the acceleration of the
particle is 2m s~ calculate the value of P.

A sled of mass 10kg is being pulled along a rough horizontal F
plane by a force P that acts at an angle of 45° to the horizontal.
The coeflicient of friction between the sled and the plane is 0.1. 45°

Given that the sled accelerates at 0.3 ms2, find the value of P, (7 marks)

s ; : : b X QO i -

A train of mass 1 kg is travelling at 20m s whcp it applies Problem-solving

its brakes, causing the wheels to lock up. The train decelerates

Use the formulae for constant

acceleration.
« Year 1, Chapter 9

at a constant rate, coming to a complete stop in 30 seconds.

a By modelling the train as a particle, show that. in this
model, the coefficient of friction between the railway
track and the

2
3¢’
The train is no longer modelled as a particle, so that the effects of air resistance can be taken into
account,

wheels of the train is p =

b State, with a reason, whether the coefficient of friction between the track and the wheels will
increase or decrease in this revised model.

Challenge

A particle of mass m kg is sliding down a rough slope that is angled at « to the
horizontal. The coefficient of friction between the particle and the slope is p.
Show that the acceleration of the particle is independent of its mass.
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Forces and friction

Mixed exercise o

1

A box of mass 3 kg lies on a smooth horizontal floor. A force 3N
of 3N is applied at an angle of 60° to the horizontal, causing

the box to accelerate horizontally along the floor. AVIET
il = =

a Find the magnitude of the normal reaction of the floor on the box.
b Find the acceleration of the box.

A system of forces acts upon a particle as shown in the
diagram. The resultant force on the particle is (3i + 2j) N.
Calculate the magnitudes F, and F,.

A force of 20 N is pulling a particle of mass 2 kg up a rough slope that is inclined at 45° to the
horizontal. The force acts parallel to the slope, and the resistance due to friction is constant and
has magnitude 4 N.

a Draw a force diagram to represent all the forces acting on the particle.
b Work out the normal reaction between the particle and the plane.
¢ Show that the acceleration of the particle is 1.1 ms=2 (2 s.f0).

A particle of mass 5 kg sits on a smooth slope that is inclined 20N

at 10° to the horizontal. A force of 20 N acts on the particle D

at an angle of 20° to the plane, as shown in the diagram.

Find the acceleration of the particle. (5 marks)
A box is being pushed and pulled across a rough surface ISON
by constant forces as shown in the diagram. 100N

The box is moving at a constant speed. By modelling

the box as a particle, show that the magnitude of the L3/ i FEOR
resistance due to friction Fis 25(3vV2 +2V3)N.
(4 marks) F‘

A trailer of mass 20 kg sits at rest on a rough horizontal plane. A force of 20 N pulls the trailer
at an angle of 30° above the horizontal. Given that the trailer is in limiting equilibrium, work
out the value of the coefficient of friction. (6 marks)

A particle of mass 2 kg is moving down a rough plane that is inclined at o to the horizontal,

where tan o = é. A force of PN acts horizontally upon the particle towards the plane.

4
Given that the coefficient of friction is 0.3 and that the particle is moving at a constant velocity,
calculate the value of P (7 marks)
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A particle of mass 0.5 kg is being pulled up a rough slope that is angled at 30° to the horizontal
by a force of 5 N. The force acts at an angle of 30° above the slope. Given that the coefficient of
friction is 0.1, calculate the acceleration of the particle. (7 marks)

A car of mass 2150 kg is travelling down a rough road that is inclined at 10° to the horizontal.
The engine of the car applies a constant driving force of magnitude 700 N, which acts in the
direction of travel of the car. Any friction between the road and the tyres is initially ignored, and
air resistance is modelled as a single constant force of magnitude F'N that acts to oppose the
motion of the car.
a Given that the car is travelling in a straight line at a constant speed of 22ms~!, find the
magnitude of F. (3 marks)
The driver brakes suddenly. In the subsequent motion the car continues to travel in a straight
line, and the tyres skid along the road, bringing the car to a standstill after 40 m. The driving
force is removed, and the force due to air resistance is modelled as remaining constant.
b Find the coefficient of friction between the tyres and the road. (7 marks)
¢ Criticise this model with relation to
i the frictional forces acting on the car
ii the motion of the car. (2 marks)

Challenge

A boat of mass 400 kg is being pulled up a rough slipway at a constant

5P
at

eed of 5m s~ by a winch. The slipway is modelled as a plane inclined
an angle of 15° to the horizontal, and the boat is modelled as a

particle. The coefficient of friction between the boat and the slipway
is0.2.

At

the point when the boat is 8 m from the water-line, as measured along

the line of greatest slope of the slipway, the winch cable snaps. Show that
the boat will slide back down into the water, and calculate the total time
from the winch cable breaking to the boat reaching the water-line.

~ Summary of key points

1

106

If a force is applied at an angle to the direction of motion, you can resolve it to find the
component of the force that acts in the direction of motion.

The component of a force of magnitude F'in a certain direction is F cos 6, where 6 is the size of
the angle between the force and the direction.

To solve problems involving inclined planes, it is usually easier to resolve parallel to and at
right angles to the plane.

The maximum or limiting value of the friction between two surfaces, Fyuy, is given by Fyax = R
where 4 is the coefficient of friction and R is the normal reaction between the two surfaces.




