Binomial expansion

Objectives
After completing this chapter you should be able to:

® Expand (1 + x)" for any rational constant » and determine the range

of values of x for which the expansion is valid - pages 92-97

® Expand (a + bx)" for any rational constant n and determine the range

of values of x for which the expansion is valid - pages 97-100

® Use partial fractions to expand fractional expressions - pages 101-103

Prior knowledge check

1 Expand the following expressions in ascending
powers of x up to and including the term in x2.

a (1+5x)7 b (5-2x)1° c (1-x)2+x)°

« Year 1, Chapter 8

2 Write each of the following using partial
fractions.

—-1l4x +7
(1+42x)(1-5x)

24X° + 48x + 24

The binomial expansion can
be used to find polynomial
approximations for expressions
involving fractional and negative i
indices. Medical physicists use -

24x — 1
(1+2x)¢

these approximations to analyse
magnetic fields in an MRI scanner.

(1+ x)(4-3x)2

« Sections 1.3 and 1.4
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Chapter 4

m Expanding (1 + x)"
If n is a natural number you can find the binomial expansion for (@ + bx)" using the formula:

- m Therearen+1

f T n = = n—=rpr
(a+b)"=d" + (1)&’ 'h+ (Z)H 7 (':?).{t b'+..+b', nen) terms, so this formula
produces a finite
number of terms.

If nis a fraction or a negative number you need to use a different
version of the binomial expansion.

= This form of the binomial expansion can be applied to negative or fractional values of x to

obtain an infinite series.
n(n-1) nin-=1)(n-2) nn-1)...(n-r+1)
x4+ X4+ x4+

(1+x)'=1+nx+

2! 3! r!
= The expansion is valid when |x| <1, n € R.
When n'ls not a naturgl number, none of the LEELENY This expansion is valid for any real
factors in the expression n(n - 1) ... _(" =T 1) value of n, but is only valid for values of x that
are equal to zero. This means that this version satisfy |x| < 1, or in other words, when —1 < x < 1.
of the binomial expansion produces an infinite
number of terms.

Find the first four terms in the binomial expansion of I i =
1_-1_\‘ =1+ x)” Write in index form.
' ~1)(—2)x?
=1+ {—TJ,\' + (—J(_'_}\_ —l 3 4
2l [ Replace n by —1 in the expansion.
(=D(=2)(-=3)x° J
e e R oy : g
3! As n is not a positive integer, no coefficient will
=1 —1x+1x% = Ix3 + ... ever be equal to zero. Therefore, the expansion is
=1=xHNE =2 &... infinite.
For the series to be convergent, |x| < 1.

= The expansion of (1 + bx)", where n is negative or a fraction, is valid for |hx| <1, or |x]| < ﬁ
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Binomial expansion

Find the binomial expansions of

a (1 —‘\‘){
|
b(l + 4x)?

up to and including the term in x%, State the range of values of x for which each expansion is valid.

# {1 =5 Replace n by 1, x by (~x).
=1+ (3)(~x)
(2)(F = =) —— Simplify brackets.
$32
2!
25 - NG - 2) (X . m Be careful working out whether each
N 3! term should be positive or negative:
(L) (=2)(=x)2 + even number of negative signs means term is
=1+ (3)(=x) +“f —‘ positive
) + odd number of negative signs means term is
(3)(-%)(-%)(—,\'}5 negative
i = W s The x? term here has 5 negative signs in total, so
] oo i it is negative.
= lim ¥ gX€ = X2
—
Expansion is valid as long as |-x| <1 Simplify coefficients.
= |x] <1
1 i —— Terms in expansion are (—x), (=x)?, (-=x)°.
b —————=(0+4x)*
(1 + 4x)2 L
=1+ (=2)(4x) Write in index form.
(=2)(=2 = 1)(4x)?
&S BT - —— Replace n by -2, x by 4x.

(=2)(=2 = 1)(=2 - 2)(4x)
+ +

3l o Simplify brackets.
=1+ (—2)(4x)
(-2)(-3)16x2 Simplify coefficients.
i
2
n (=2)(-3)(-4)64x° "
G Terms in expansion are (4x), (4x)?, (4x)°.

=1-8x+ 48x% - 25613 + ... I—

1 @
Expansion is valid as long as |4x| < 1 @ Use technology to explore

why the expansions are only valid
for certain values of x.

;
= x| <3
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Chapter 4

a Find the expansion of v 1 — 2x up to and including the term in x3,

b By substituting in x = 0.01, find a decimal approximation to v2.

a 1-2x=(1-2xz

- e—
1+ (2)N-2%)

()G — -2x)?
Y a

@z = Nz = 2)(=2x)°
3l
1+ (3)-2x)

(H=2)4x?)
Rk
(B=D=2)-8x3)

+ 3 +“._

P

X x3
o gt T
=T ¢

A

L

-

VP I

Expansion is valid if |-2x| <1

=% =3
b [T=2%x001 ~1-001- 29 ]
_ 0012 )

2

94

'|'.

v0.286 =~ 1 - 0.01 - 0.00005

- 0.0000005

(o8

V100 = 0.9899495
."49 ¥ 2

00~ 0.9822495

72

T 0.2699495

= _ 09899495 x 10
Rel =2 2

V2 ~ 1414213571

Write in index form.

Replace n by % X by (-2x).

Simplify brackets.

Simplify coefficients.

Terms in expansion are (-2x), (-2x)?, (=2x)°.

x = 0.01 satisfies the validity condition |x| <3

Substitute x = 0.01 into both sides of the
expansion.

Simplify both sides.
Note that the terms are getting smaller.

Write 0.98 as o

Use rules of surds.

This approximation is accurate to 7 decimal
places.



Binomial expansion

a Find the x? term in the series expansion of f(x).
b State the range of values of x for which the expansion is valid.

a f(x)=(2 + x)(1 + 5x)= Write in index form.
il R P
(1+5x) %=1+ (—2)(5.1)
1\ 3
(=5
51 (5x)°
33
2/ 2/\ 2 . g . k . 1
+ 3 (Bx)3 + ... Find the binomial expansion of (1 + 5x) 2
5 75 5 625 5
Bl=5X+ 8 ==X+ ... Simplify coefficients.
b 7D 5 625 4 !
() =@+ |1 = 2x+ 202 - 22203 4
b = g 16 ) @ Use your calculator to calculate ﬁ
G5 the coefficients of the binomial expansion.

75 5_65
2x—8—+1><—2- 2

oY Problem-solving

4
There are two ways to make an x? term.

b The expansion is valid if |5x| <1 -~ .
= e
= x| <1 Either 2 x g X orxxsx. Add these together to

find the term in x2.

In the expansion of (1 + kx)* the coefficient of x is 20.
a Find the value of k.
b Find the corresponding coefficient of the x? term.

a (1+kx)4 =14+ (—4)kx) +#{k.v)2 + ... —— Find the binomial expansion of (1 + kx)=.

=1—4kx + 10k2x2 + ...
-4k = 20 —‘
k=-5 J

Solve to find k.

b Coefficient of x2 = 10k2 = 10(=5)2 = 250
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Chapter 4

Exercise @

1

2

3

96

For each of the following,

i find the binomial expansion up to and including the x? term
ii state the range of values of x for which the expansion is valid.
a (1+x)* b (1+x)® ¢ (1+x)
d (1+x) e (1+x) f (1+x)=

For each of the following,
i find the binomial expansion up to and including the x* term
ii state the range of values of x for which the expansion is valid.

8 {1+ 3 b (1+3x) ¢ (1+20)}

d (1-5x) e (1+6x)" f(1-2x)"

For each of the following,

i find the binomial expansion up to and including the x* term

il state the range of values of x for which the expansion is valid.
1 1

 Q+snr b (1 + 3% e Vl-x m In part f, write

the fraction as a single

3
d VI -3x e I g 2 - 2‘?‘ power of (1 — 2x).
'|,f1 + %\ 1 —2x
oo LEX
flx) = 1-2x
a SE}OW th.at [tkf %se”rfsﬁ e-).’(?l-arllilin of f(x) up to and mciu;img tl?e m i
x* term is 3x + 6x 2x% (4 marks) as (1 + %)(1 = 2x)-1,
b State the range of values of x for which the expansion is valid.
(1 mark)
— 1
f(x)=v1+ 3x, -3 <x< 3
a Find the series expansion of f(x), in ascending powers of x, up to and including
the x* term. Simplify each term. (4 marks)
b Show that. when x = ﬁ the exact value of f(x) is - ]g (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate
the value of f(0.01). Give your answer to 2 significant figures. (3 marks)

In the expansion of (1 + ax)~* the coefficient of x? is 24.
a Find the possible values of a.
b Find the possible coeflicients of the x* term.



Binomial expansion

® 7 Show that if x is small, the expression | - vis small’ means we can assume
I -x the expansion is valid for the x values
is approximated by 1 + x + %,\'3. being considered, as high powers become

insignificant compared to the first few terms..

6 4
EP) 8 h(0 =1 5 -7 3,

a Find the series expansion of h(x), in ascending powers of x, up to and including

the x? term. Simplify each term. (6 marks)
b Find the percentage error made in using the series expansion in part a to estimate

the value of h(0.01). Give your answer to 2 significant figures. (3 marks)
¢ Explain why it is not valid to use the expansion to find h(0.5). (1 mark)

E/P) 9 a Find the binomial expansion of (1 — 3x): in ascending powers of x up to and including

the x? term, simplifying each term. (4 marks)
b Show that, when x = 100° the exact value of (1 — 3x)71is 1000 (2 marks)
¢ Substitute x = Té—o into the binomial expansion in part a and hence obtain an approximation
to V97. Give your answer to 5 decimal places. (3 marks)
Challenge
he =(143) * x>1
a Find the binomial expansion of h(x) in ascending powers of x up to m Replace x with %
and including the x? term, simplifying each term.
b Show that, when x =9, the exact value of h(x) is 3;}';0

¢ Use the expansion in part a to find an approximate value of v10.
Write your answer to 2 decimal places.

@ Expanding (a + bx)"

The binomial expansion of (1 + x)" can be used to expand (a + bx)" for any constants « and b.

You need to take a factor of a” out of the expression:

(a + bx)" = (a(l + %_\.))” = a”(l + g-\f)” m Make sure you multiply " by every

n

term in the expansion of (1 + ng -
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Chapter 4

= The expansion of (a + bx)”, where n is negative or a fraction, is valid for |gx| <1lor|x|< El

Find the first four terms in the binomial expansion of a V4 + x

1
b (2 4+ 3x)?

State the range of values of x for which each of these expansions is valid.

a VA +x=(4+x):

98

={4f +2))

:2(?+£—i
I

8 128 T 1024 T

X3

) |

4 &4 512

+ s

Expansion is valid if ‘Z‘ <1

= |x| <4

Write in index form.

Take out a factor of 4:.

Write 4: as 2.

Pufes

Expand (1 + %) using the binomial expansion

with n=%and x=%

Simplify coefficients.

Multiply every term in the expansion by 2.

The expansion is infinite, and converges when
E‘ <1, or|x| <4



Expansion is valid if ‘%‘ <

= %(T + (*2)(%) -

+

1

4

=2)=

i)

2l - Po = 2)(

2!

3!

(=2)

((1 + (—2}(%) +

NG

5 )

-3

2

27x3
{—2)(—3)(—4)( 8‘ ) )
+ e b )
1 27x2  27x3
—(1—3. 2 =<5 +)
!
_ 3, _ 27Ix 27x® .
4% 18 )

ek
"4

Exercise @

® 1 For each of the following,
i find the binomial expansion up to and including the x* term

= |x| < 3

Binomial expansion

Write in index form.

Take out a factor of 2-2.

Write 2-2

]
-
=

—2
Expand (1 + %x) using the binomial
3x

expansion withn=-2 and x = >

Simplify coefficients.

Multiply every term by %

The expansion is infinite, and converges

%
2

when 3

<1, x| =

ii state the range of values of x for which the expansion is valid.

€

vV

1

BT

X

(4 _ Y)* d \-’:9 +.X
m ertepartg

I +x = h 124 x

3 & +2 \'I—x
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Chapter 4

f(x)=(5+4x)72, |x]| <%

Find the binomial expansion of f(x) in ascending powers of x, up to and including the
term in x7%. Give each coeflicient as a simplified fraction. (5 marks)

m(x)=v4 - x, |x| <4

a Find the series expansion of m(x), in ascending powers of x, up to and including

the x? term. Simplify each term. (4 marks)
. V35
b Show that, when x = é the exact value of m(x) is ~ 3 (2 marks)
¢ Use your answer to part a to find an approximate value for 35, and calculate the percentage
erTor in your approximation. (4 marks)
. . . . . | 1 s
The first three terms in the binomial expansion of — are 3+ Sx+—ox?+ ...
va+ bx 3 18

a Find the values of the constants a and b.
b Find the coefficient of the x3 term in the expansion.

3+ 2x—2x2
f{_-\) — 4 _ _\_
e .. : 3 s
Prove that if x is sufficiently small, f(x) may be approximated by 2t %.\' - %‘\‘—.
a Expand - l Ao where |x| < % in ascending powers of x up to and including the term in x?,
v =X e
giving each coefficient in simplified surd form. ) (5 marks)
L= l

b Hence or otherwise, find the first 3 terms in the expansion of — as a series in ascending
powers of x. Ead (4 marks

Use the binomial theorem to expand (16 — 3x)7, |x| < % in ascending powers of x,

up to and including the term in x%, giving each term as a simplified fraction. (4 marks)

b Use your expansion, with a suitable value of x, to obtain an approximation to \'15.7.
Give your answer to 3 decimal places. (2 marks)

() =7~ e Wl < 5
ST T TS T

a Show that the first three terms in the series expansion of g(x) can be written
1 107 719 ,

as 15 + T XT3 (5 marks)
b Find the exact value of g(0.01). Round your answer to 7 decimal places. (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate

the value of g(0.01). Give your answer to 2 significant figures. (3 marks)
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Binomial expansion

@ Using partial fractions

Partial fractions can be used to simplify the expansions of %o et
more difficult expressions.

expressing algebraic fractions as
sums of partial fractions.
¢« Chapter 1

4 -5x ) : .
a Express T+ 02 - as partial fractions.
; i 4-5x . Tx 11 25
; Ak Loy WS, A0 5 el
b Hence show that the cubic approximation of A 30 =5 I8 2 — = 4 v = T

¢ State the range of values of x for which the expansion is valid.

4 - 5x _ A B

PN+ -% 1+x T 2-x

The denominators must be (1 + x) and (2 — x).

E A2 —x) + B(1 + x) Add the fractions.
(1 + x(2 - x)

4 -5x = A2 -x)+ B(l +x) —————— Set the numerators equal.
Substitute x = 2:

4-10=Ax0+Bx3 Set x=2to find B.
-6 =3B
B=-2
Substitute x = -1
4+5=Ax3+Bx0 Set x =-1 to find 4.
9= 34
A =3
W - S
1+x)2-x 1+x 2-x Write in index form.
b 4 - 5x - 3 __ 2
O+x(2-x) 1+x 2-x
= 30 #V= 22 =2 Use headings to keep track of your working.
This will help you stay organised and check your
The expansion of 3(1 + x)™' answers.

= 3(1 + (x4 (N-2)5
- 2l Expand 3(1 + x)~! using the binomial expansion

+ (~1J(—2)(—3J§ + ) ‘ with n=-1.

=301 -x+x2=-x%+..)

=3-3x+3x2-3x3+...
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Chapter 4

The expansion of 2(2 — x)~

=2(2(1-3))

=1

=2 x 2-‘(1 = E\) Take out a factor of 2-1.
o EnE(=5) =
=Tix |14 {—1)(—5) + T Expand (1 —%) using the binomial expansion
i\3 g — =
(_”(_2)(_3)(_%) withn=-1and x >
+ R + . il

1]
'Y
|
4
|
-+
|

Hence __4-5x
{1+ x)(2 = x)

=301+ x)" =22 -x" ‘Add’ both expressions.
= (3 — 3x + 3x% - 3x7)

£ 8 The expansion is infinite, and converges when
& l— |x| < 1.

The expansion is infinite, and converges when

R SN ) . i£|<lor|xl<2.
2__\_|5val|d|f’2|<_1=>|_\|<2 2

o——-0

o o
L4 a1 m You need to find the range of values

1
-2 -1 0 1 2 of x that satisfy both inequalities.
The expansion is valid when |x| < 1.

- is valid if |x| <1
I+ x

Exercise @

@ 1 a Express—&d’—as partial fractions.

(1 =x)(2+x)
Sx+4
(1 =x)2+x)

¢ State the set of values of x for which the expansion is valid.

b Hence or otherwise expand in ascending powers of x as far as the term in x2.



Binomial expansion

EP) 4

(2 + x)?

a Express — as partial fractions.

(2 + x)?
and C are to be determined.

. 1 s
b Hence prove that — can be expressed in the form X+ Bx? + Cx* where constants B

¢ State the set of values of x for which the expansion is valid.

6+ 7x + 5x2
(14 x)(1 =x)2+x)

Express as partial fractions.

6+ 7x + 5x2
(1 +x)(1=x)2+x)

¢ State the set of values of x for which the expansion is valid.

b Hence or otherwise expand in ascending powers of x as far as the term in x°,

()= 12%~1 |\‘|<£
BN =0y 200 -3x™M<3

. ; B
Given that g(x) can be expressed in the form g(x) = TP + T
a Find the values of 4 and B. (3 marks)
b Hence. or otherwise, find the series expansion of g(x), in ascending powers of x,

up to and including the x? term. Simplify each term. (6 marks)
a Express M in partial fractions. m First divide the numerator

(x+35)(x—-4) .
by the denominator.
b Hence, or otherwise, expand ot o B in ascendin
’ » CXPANE S (x - 4) g

powers of x as far as the term in x°.

¢ State the set of values of x for which the expansion is valid.

3x*+4x -5 _ i B " &
(x+3)(x=-2) x+3 x-2
a Find the values of the constants A4, B and C. (4 marks)
b Hence, or otherwise, expand %ﬁ% in ascending powers of x, as far as the term in x°,
Give each coefficient as a simplified fraction. (7 marks)
232+ 5x+11 1
()= x -+ 1y b <3
. " A B C
f(x) can be expressed in the form f(x) = — + ox_ 10 + |
a Find the values of 4, Band C. (4 marks)
b Hence or otherwise, find the series expansion of f(x), in ascending powers of x.,
up to and including the term in x%. Simplify each term. (6 marks)

¢ Find the percentage error made in using the series expansion in part b to estimate
the value of f(0.05). Give your answer to 2 significant figures. (4 marks)
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Mixed exercise 0

® 1

104

For each of the following,
i find the binomial expansion up to and including the x? term
ii state the range of values of x for which the expansion is valid.

. p— 1 4
a (1 —4x) b V16 + x C [ ~ox d 7+ 3x

4 g Lo (1+\)2 x=3
A5 1+ 3x B 1= (1 - x)(1 -2x)

: ; ; I \? ; ;
Use the binomial expansion to expand (1 —5X| . |x] <2 in ascending powers of x,

up to and including the term in x?, simplifying each term. (5 marks)

a Give the binomial expansion of (1 + x): up to and including the term in x°.
b By substituting x = } find an approximation to v'5 as a fraction.

The binomial expansion of (1 + 9x)7 in ascending powers of x up to and including the term in
Xis 1+ 6x + ex? + dx3, |x| <%

a Find the value of ¢ and the value of d. (4 marks)
b Use this expansion with your values of ¢ and d together with an appropriate value
of x to obtain an estimate of (1.45)5. (2 marks)

¢ Obtain (1.45)7 from your calculator and hence make a comment on the accuracy
of the estimate you obtained in part b. (1 mark)

In the expansion of (1 + ax)* the coefficient of x2 is -2.
a Find the possible values of a.
b Find the corresponding coefficients of the x> term.

f(x)=(1+3x)", x| <35
a Expand f(x) in ascending powers of x up to and including the term in x?, (5 marks)
b Hence show that, for small x;

ll :3\\ ~ 1= 2x+6x7 - 18x7. (4 marks)

¢ Taking a suitable value for x, which should be stated, use the series expansion in
part b to find an approximate value for % giving your answer to 5 decimal places. (3 marks)

When (1 + ax)” is expanded as a series in ascending powers of x, the coefficients of x and x? are
—6 and 27 respectively.

a Find the values of ¢ and n. (4 marks)
b Find the coefficient of x3. (3 marks)
¢ State the values of x for which the expansion is valid. (1 mark)
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® 12

@ 1

EP) 14

Show that if x is sufficiently small then

-1

Binomial expansion

3 3 3 .9 5

can be approximated by 5 ———x +
A+ x 2

2567

Expand 41_ where |x| < 4, in ascending powers of x up to and including the term in x2.
V4 - x

Simplify each term. (5 marks)

; ; ; 1 e
Hence, or otherwise, find the first 3 terms in the expansion of as a series in

V4 - x
ascending powers of x. (4 marks)

Find the first four terms of the expansion, in ascending powers of x, of
2+3x)", | <3 (4 marks)

Hence or otherwise, find the first four non-zero terms of the expansion, in ascending powers
of x, of:

1 +x )
2+3x° bl <3 (3 marks)
Use the binomial theorem to expand (4 + x)3, [x] < 4, in ascending powers of x,
up to and including the x? term, giving each answer as a simplified fraction. (5 marks)

Use your expansion, together with a suitable value of x, to obtain an approximation

—

to \7" Give your answer to 4 decimal places. (3 marks)

q(x) = 3+ 4.\'}"3, |\| < %

Find the binomial expansion of q(x) in ascending powers of x. up to and including
the term in the x2. Give each coefficient as a simplified fraction. (5 marks)

glx) =

g(x) can be expressed in the form g(x) = -

a
b

f(x) =
(x) [

For x # ——

a

b

30x+ 12
(x+1)(x+4)(x-8)

[x <1

A 3 B i (A

+1 x+4 x-8

Find the values of 4, Band C. (4 marks)

Hence, or otherwise, find the series expansion of g(x), in ascending powers of x,
up to and including the x? term. Simplify each term. (7 marks)

12x + 5 |\‘l<l
1 +4x)2" 4

1 12x+5 _ A4 B

\ = and B tants.
P A+ 1+dx + 1+ 4x)? where 4 and B are constants

Find the values of 4 and B. (3 marks)

Hence, or otherwise, find the series expansion of f(x), in ascending powers of x,
up to and including the term x2, simplifying each term. (6 marks)
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9x? + 26x + 20
15 g(x)= m, x| < 1

a Show that the expansion of q(x) in ascending powers of x can be approximated
to 10 — 2x + Bx? + Cx* where B and C are constants to be found. (7 marks)

b Find the percentage error made in using the series expansion in part a to estimate
the value of g(0.1). Give your answer to 2 significant figures. (4 marks)

Challenge

Obtain the first four non-zero terms in the expansion, in ascending

powers of x, of the function f(x) where f(x) = y3acail

V1 +3x2

Summary of key points

1 This form of the binomial expansion can be applied to negative or fractional values of # to
obtain an infinite series:

nn-1x* nn-1)(n-2)x3 nn—1)..n—r+1)x
+ I +
21 3! r!

The expansion is valid when |x| <1, n € R.

A+x)"=1+nx+

2 The expansion of (1 + bx)", where n is negative or a fraction, is valid for |bx| < 1, or |x| < I%I

3 The expansion of (@ + bx)", where n is negative or a fraction, is valid for |gx| <1lor|x|< El
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