Differentiation

After completing this chapter you should be able to:

dy
® Find the derivative, f'(x) or d—} of a simple function -» pages 259-268
X
e Use the derivative to solve problems involving gradients, tangents
and normals -» pages 268-270
e |dentify increasing and decreasing functions
d?y
— 0
dx?

-» pages 270-271

® Find the second order derivative, f”(x) or fa

simple function

-» pages 271-272

e Find stationary points of functions and determine their

nature

Sketch the gradient function of a given function
® Model real-life situations with differentiation

Differentiation is part of calculus, one of
the most powerful tools in mathematics.
You will use differentiation in mechanics to
model rates of change, such as speed and
acceleration.

-» Exercise 12K Q5

-» pages 273~276
-» pages 277-278
-> pages 279-281

« Section 5.1

Write each of these expressions in the
form x" where n is a positive or negative
real number.
a x3xx’ b Vx?

XZ
d [— « Sections 1.1, 1.4

Vx

Find the equation of the straight line that

passes through:

a (0,-2)and (6,1) b (3,7)and (9, 4)

¢ (10,5) and (-2, 8) « Section 5.2
Find the equation of the perpendicular to

the line y = 2x — 5 at the point (2, -1).

<« Section 5.3
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@ Gradients of curves

The gradient of a curve is constantly changing. You can use a tangent to find the gradient of a curve
at any point on the curve. The tangent to a curve at a point 4 is the straight line that just touches the
curve at A4.

® The gradient of a curve at a given point is defined as the gradient of the tangent to the
curve at that point.

}’lr
25

The tangent to the curve at (1, 0) has gradient 1, so
the gradient of the curve at the point (1, 0) is equal
to 1.

The tangent just touches the curve at (1, 0).
It does not cut the curve at this point, although it
may cut the curve at another point.

~15 4450} 05

The diagram shows the curve with equation y = x2. YA
The tangent, 7, to the curve at the point A(1, 1) is shown. 6
Point 4 is joined to point P by the chord AP. 54 2 -
a Calculate the gradient of the tangent, 7. 44
b Calculate the gradient of the chord 4P when P : 3
has coordinates: :

i (2.4

i (1.5,2.25)

i (1.1, 1.21)

iv (1.01, 1.0201)
v (I+h (1+h)?

¢ Comment on the relationship between your
answers to parts a and b.
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Differentiation

Use the formula for the gradient of a straight line

a Gradient of tangent = X, = X,

3 -1

2 -1
=2

b i Gradient of chord joining (1,1) to (2, 4)
4 -1
TE=1
=3

ii Gradient of the chord joining (1,1) to
(155;,.:2.25)
_ 225 ~ 1

between points (x;, y;) and (x;, y,). ¢ Section 5.1

L The points used are (1, 1) and (2, 3).

m Explore the gradient of the

chord 4P using technology.

This time (xy, y4) is (1, 1) and (x,, »,) is (1.5, 2.25).

15~ 1
_1.25
05
=25

iii Gradient of the chord joining (1.1) to
(1.1, 1.21)
_ .21 =1
1.1 —1
_o2
o1
=21

iv Gradient of the chord joining (1, 1) to

(1.01, 1.0201)

10201 - 1
101 = 1

_ 0,020
0.01

= 2.01

v Gradient of the chord joining (1,1) to
(A +h (1 +h?
(1 + h?2 -1

a+h -1
1+ 2h+h*-1
NIRRT =
=2h+h2

— This becomes

h
=2+h

This point is closer to (1, 1) than (1.1, 1.21) is.

This gradient is closer to 2.

h is a constant.
Q+h2=0Q+hA+h)=1+2h+N

h@ + h)
h

You can use this formula to confirm the answers
to questions i to iv. For example, when 4= 0.5,
(14 h, (1+h)3) =(1.5,2.25) and the gradient of

c As P gets closer to A, the gradient of the
chord AP gets closer to the gradient of
the tangent at A.

the chordis 2 + 0.5 =2.5.

As h gets closer to zero, 2 + & gets closer to 2,
so the gradient of the chord gets closer to the
gradient of the tangent.
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Exercise @

1

2

258

The diagram shows the curve with equation y = x2 — 2x. g
a Copy and complete this table showing estimates for 4
the gradient of the curve.
3 o
Xx-coordinate -1 01123
Estimate for gradient of curve 2
b Write a hypothesis about the gradient of the curve at |
the point where x = p. R i >
¢ Test your hypothesis by estimating the gradient of .
the graph at the point (1.5, —0.75).
e
m Place a ruler on the graph
to approximate each tangent.
The diagram shows the curve with equation y = v1 — x2.

The point 4 has coordinates (0.6, 0.8).
The points B, C and D lie on the curve with x-coordinates 0.7, 0.8 and 0.9 respectively.

y‘r
y=nl=-x
0.8+ 4 B
0.6 &
D
0.4
0.2
~1.0-08 0.6 04 -d.zoj 02 04 06 08 1.0 X

=0.2

a Verify that point A4 lies on the curve.
b Use a ruler to estimate the gradient of the curve at point A.

¢ Find the gradient of the line segments:
i AD
i AC m Use algebra for part c.
iii 4B

d Comment on the relationship between your answers to parts b and c.



Differentiation

3 Fis the point with coordinates (3, 9) on the curve with equation y = x.

a Find the gradients of the chords joining the point F to the points with coordinates:
i (4,16) ii (3.5,12.25) iii (3.1,9.61)
iv (3.01,9.0601) v 3+h (3+h)

b What do you deduce about the gradient of the tangent at the point (3, 9)?

4 Gis the point with coordinates (4, 16) on the curve with equation y = x2,
a Find the gradients of the chords joining the point G to the points with coordinates:
i (5,25 ii (4.5,20.25) iii (4.1, 16.81)
iv (4.01, 16.0801) v (4+h,(4+h)
b What do you deduce about the gradient of the tangent at the point (4, 16)?

@ Finding the derivative

You can use algebra to find the exact gradient of a curve at a given point. This diagram shows two
points, 4 and B, that lie on the curve with equation y = f(x).

VA y="fx)

As point B moves closer to point A4 the gradient of chord 4B
gets closer to the gradient of the tangent to the curve at 4.

You can formalise this approach by letting the x-coordinate of 4 be x; and the x-coordinate of B be
X, + h. Consider what happens to the gradient of AB as & gets smaller.

VA y=fx)

Point B has coordinates (x, + /1, f(xo + /).

Point A4 has coordinates (xg, f(xg)). m h represents a

small change in the value
of x. You can also use éx to
represent this small change. It
is pronounced ‘delta x".

X

Ol x Xo+h
0 0
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The vertical distance from 4 to Bis f(x, + /1) — f(x,).
The horizontal distance is x, + & — x, = A.

flxo+ h) = fxo)

Soth ient of ABi
o the gradient o is ; y

As h gets smaller, the gradient of 4B gets closer to the gradient of the tangent to the curve at A.
This means that the gradient of the curve at 4 is the limit of this expression as the value of 4
tends to 0.

You can use this to define the gradient function.

dy

® The gradient function, or derivative, of the curve y = f(x)
s i m lim means ‘the
is written as f'(x) or dr h—0

limit as 4 tends to 0". You can't
evaluate the expression when

f(x + h) - f(x)

f'(x) = lim h =0, but as i gets smaller
=0 h the expression gets closer to a
The gradient function can be used to find the gradient of fixed (or limiting) value.

the curve for any value of x.

Using this rule to find the derivative is called differentiating from first principles.

The point 4 with coordinates (4, 16) lies on the curve with equation y = x2.
At point 4 the curve has gradient g.

a Show that g = /lim0(8 + h).
b Deduce the value of g.

| f4 + h) - f(4) Use the definition of the derivative with x = 4.
5=, h
2 = e
= lim e 1| The function is f(x) = x2 Remember to square
e h everything inside the brackets. « Section 2.3
. 16+ 8h + h? - 16
= lim
h—0 h
. Bh + h? The 16 and the —16 cancel, and you can cancel 4
= lim : .
h—0 h in the fraction.
= /“mo &+ h)
. = As h — 0 the limiting value is 8, so the gradient at
g =

point A4 is 8.
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Differentiation

Prove, from first principles, that the derivative of x* is 3x2

N B
fox) = x o+ ) — 00 ‘From first principles’ means that you have to use
£(x) = /”m ’—IJ the definition of the derivative. You are starting
i k your proof with a known definition, so this is an
= e (x + h)?> = (x)° example of a proof by deduction.
h—0 h
. X3 + 3x2h + 3xh? + h® — x3 (x + h)? = (x + h)(x + h)?
h—0 h L = (x + h) (2 + 2hx + h?)
 3x2h 4 3xh? + b3 which expands to give x> + 3x2h + 3xh? + h°
. /,hTo h
- h(3x% + 3xh + h?) ]
= /;I‘Lno ; Factorise the numerator.

= lim (3x2 + 3xh + h?)
h—0

Any terms containing h, k%, 1%, etc will have a
limiting value of 0 as 4 — 0.

As h — O, 3xh — O and h? — O.
So f'(x) = 3x?

Exercise @

1

E/P) 5
E/P) 6
E/P) 7

For the function f(x) = x2, use the definition of the derivative to show that:

a f'(2)=4 b f'(-3)=-6 ¢ f'(0)=0 d '(50) =100
flx) = x2

a Show that f'(x) = llim0(2x + h). b Hence deduce that f'(x) = 2x.

The point 4 with coordinates (-2, —8) lies on the curve with equation y = x°.
At point A4 the curve has gradient g.

a Show that g = ,limo(12 — 6h + h?). b Deduce the value of g.

The point 4 with coordinates (-1, 4) lies on the curve with Problem-solving

equation y = x* — 5x.

. : . D howi
The point B also lies on the curve and has x-coordinate (-1 + /). B e DN

points 4 and B and the

a Show that the gradient of the line segment AB is given chord between them.

by h* - 3h - 2.
b Deduce the gradient of the curve at point 4.
Prove, from first principles, that the derivative of 6x 1is 6. (3 marks)
Prove, from first principles, that the derivative of 4x2 is 8x. (4 marks)
f(z) = az?, where a is a constant. Prove, from first principles, that f'(z) = 2az. (4 marks)
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Challenge

fl =
o o ) =f() il e il
a Given that f'(x) = /!I—mo—h—’ show that f/(x) = ,,l'_',no L
b Deduce that f'(x) = — iz
X

@ Differentiating x”

You can use the definition of the derivative to find an expression for the derivative of x” where 7 is
any number. This is called differentiation.

= For all real values of 7, and for a constant a:

o Iff(x)=x" then f(x)=nx"-1 m

d =
If y = x" then % =nxn-1 f'(x) and — both represent the

d
derivative. You usually use dl
X

o Iff(x) = ax” then f'(x)=anx"-1 when an expression is given in

d =
Ify=ax" then %:anx"'1 e

Example

Find the derivative, f’(x), when f(x) equals:

a xo0 b x> ¢ x2 d x?x x3 e i}
X
a f(x) = x*© Multiply by the power, then subtract 1 from the
So F'(x) = 6x° power:
" - ‘ 6% %= 1= 60
X) =Xz
So f(x) = %.\“5
9 L The new poweris 3 — 1= -1
B 2\7 x_% =3 i
c f(x) = x-2 Vx <« Section 1.4
So ti(x) = =253
-
X3
, . | You can leave your answer in this form or write it
d fx)=x% x x as a fraction.
= ,\‘5
U2 = -4
S0 f(x) = 5x You need to write the function in the form x”
before you can use the rule.

X2 x x3=x2+3

=x°
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Differentiation

) = - 5
c fle) = ¥ . e Use the laws of indices to simplify the fraction:
=
1 y5 = y1-5=y—4
So f'(x)= —4x-> e B 2
_ 4
T
Example o
L dy
Find i when y equals:
: | 5
a 7x? b —4x> ¢ 3x2 d % e V36x?
dy Use the rule for differentiating ax" with @ =7 and

a 7 x 3x3-1 = 21x?

ax n = 3. Multiply by 3 then subtract 1 from the power.

dy 1 1 ) )
et e b 2R = x| Thisis the same as differentiating xz then

multiplying the result by —4.

Write the expression in the form ax”. Remember
a can be any number, including fractions.

Simplify the number part as much as possible.

m Make sure that the
Exercise @ functions are in the form x”

f differentiate.
1 Find f'(x) given that f(x) equals: =T

a x’ b x® c x d x: e xi f Vx
1 1 1 1
13 -4 2 L kK — 1 —
52 X3 6
m x3 x x° n x?xx3 0 X xXx? P a5 rs
Ay
2 Find p given that y equals:
a 3x? b 6x° c %x“ d 20xi e 6x7

4 x6 X . 2 . [5x4 x 10x
-1 ax” X _~ X7 x 1Ux
b 10x £ 2x3 h 8 x3 NG ) 2 x2
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3 Find the gradient of the curve with equation y = 3Vx at the point where:
ax=4 b x=9

]

1
C xX=g d x= :
¢ " Problem-solving

dy
4 Given that 2y? —= x*=0and y > 0, find R (2 marks) Try rearranging unfamiliar equations
i into a form you recognise.

@ Differentiating quadratics

You can differentiate a function with more than one term by differentiating the terms one-at-a-time.
The highest power of x in a quadratic function is x2, so the highest power of x in its derivative will

be x.
® For the quadratic curve with equation m The derivative is a straight line with
Y =ax?+ bx + ¢, the derivative is given by gradient 2a. It crosses the x-axis once, at the
dy point where the quadratic curve has zero
—=2ax+b . S . ;
dx gradient. This is the turning point of the
quadratic curve. « Section 5.1

d
You can find this expression ford—y by differentiating each of the terms one-at-a-time:
X

ax® EBISERNER 2ax! = 2ax bx = bx! 16x°=h c 0

!

The quadratic term tells An x term differentiates Constant terms
you the slope of the to give a constant. disappear when
gradient function. you differentiate.

)

Find i given that y equals:

a x2+ 3x b 8&2-7 ¢ 4x2-3x+5

a y=x2+ 3x Differentiate the terms one-at-a-time.

50 - ox 4 3
Od.\‘— X +

The constant term disappears when you

b y=8x2-7 . : . ~
dv differentiate. The line y = -7 has zero gradient.
S0 — =16x
dx
= - . . 1
& y=432 — 3% % 5 4x* —3x+ 5 is a quadratic expression with
a=4,b=-3andc¢=5.
So d— =8x-3 “
The derivative is 2ax + b =2 x 4x — 3 = 8x — 3.
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Differentiation

Example o

Let f(x) = 4x? — 8x + 3.
a Find the gradient of y = f(x) at the point (%, 0).
b Find the coordinates of the point on the graph of y = f(x) where the gradient is 8.

¢ Find the gradient of y = f(x) at the points where the curve meets the line y = 4x - 5.

a Asy=4x2-8x+3 Differentiate to find the gradient function. Then
dy substitute the x-coordinate value to obtain the
o | o= o= B0 gradient.
So /(1) = -4
Put the gradient function equal to 8. Then solve the
dy r equation you have obtained to give the value of x.
b — i) = bxi-8=25 r Substitute this value of x into f(x) to give the
Sox=2 value of y and interpret your answer in words.
Soy=12)=3

- . h ) ) )
he point where the gradient is 8 is (2. S To find the points of intersection, set the

equation of the curve equal to the equation of
. A — B4 5 = A%=5 the line. Solve the r.esultlng quadra'tlc equation
to find the x-coordinates of the points of
intersection. « Section 4.4

4x2 - 12x+ 6=0
x2-3x+2=0
x-2)x-1=0
Sox=1orx=2
At x = 1, the gradient is 0.
At x

Exercise @

L dy
1 Find —— when y equals:

Substitute the values of x into f'(x) = 8x — 8 to
give the gradients at the specified points.

m Use your calculator to check

solutions to quadratic equations quickly.

Il

2, the gradient is &, as in part b.

dx
a 2x2—6x+3 b%x2+12x c 4x2-6
d 8x2+ 7x+12 e 5+4x-5x7

2 Find the gradient of the curve with equation:

a y = 3x2 at the point (2, 12) b y = x? + 4x at the point (1, 5)
¢ y=2x?-x - 1atthe point (2, 5) d y= %xz + %x at the point (1, 2)
e y =3 - x?at the point (1, 2) f y =4 - 2x?at the point (-1,2)

3 Find the y-coordinate and the value of the gradient at the point P with x-coordinate 1 on the
curve with equation y = 3 + 2x — x2.

4 Find the coordinates of the point on the curve with equation y = x> + 5x — 4 where the
gradient is 3.
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@ 5 Find the gradients of the curve y = x2 — 5x + 10 at the points 4 and B where the curve meets
the line y = 4.

® 6 Find the gradients of the curve y = 2x2 at the points C and D where the curve meets the line
y=Xx+3.

® 7 f(x)=x-2x-8
a Sketch the graph of y = f(x).
b On the same set of axes, sketch the graph of y = f'(x).

¢ Explain why the x-coordinate of the turning point of y = f(x) is the same as the x-coordinate
of the point where the graph of y = f’(x) crosses the x-axis.

@ Differentiating functions with two or more terms

You can use the rule for differentiating ax" to differentiate functions with two or more terms.
You need to be able to rearrange each term into the form ax”, where ais a constant and # is a real
number. Then you can differentiate the terms one-at-a-time.

® If y=f(x) + g(x), then :—‘;} =f'(x) £ g’'(x).

. dy
Find dx given that y equals:
a 4x3+2x b x3+x2 - xz ¢ TxT+4x2
a y =4x3+ 2x
P
Se I =12x7 + 2 Differentiate the terms one-at-a-time.
-_ 3 2 _ yv3
b dll’ L Kk Be careful with the third term. You multiply the
So Z = 3x% 4 2x — gx7z term by%and then reduce the power by 1 to
: get —1
c y= %\é + 4x2
50 ay _ % " %_\__ + 8 L Check that each term is in the form ax” before
dx e 5 differentiating.
= X772+ 6x
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Differentiate:
1
a—— b x33x +1
4 (e D
1
a Let y=——=
4\ X
-
= Z'\
y 1.3
Therefore e =X

b Let y=x33x+1)

=3x*+x3

dy
Therefore a: =12x3 + 3x?

= 3x2(4x + 1)

X2

c lLety= £

1_2
x X2
x1-2x72

dy
Therefore I =—x244x3

__ 1.4
T X2 X3
_4-x
==
1 Differentiate:
a x4+ x! b 2x5+ 3x7?

Differentiation

Use the laws of indices to write the expression in
the form ax™.
i

X

o -
Lix 4 Jx

X

Nl

X X

N
i
N

Multiply out the brackets to give a polynomial
function.

Differentiate each term.

Express the single fraction as two separate
fractions, and simplify: -’% =
X X

Write each term in the form ax” then
differentiate.

You can write the answer as a single fraction with
denominator x>.

¢ 6x3+2x1+4

2 Find the gradient of the curve with equation y = f(x) at the point 4 where:

a f(x)=x’-3x+2and Aisat (-1,4)

b f(x)=3x2+2x"'and 4isat (2, 13)

3 Find the point or points on the curve with equation y = f(x), where the gradient is zero:

a f(x)=x*-5x

c f(x)=x%—6x+1

4 Differentiate:

a 2Vx b%
X
2 = = 1
ex3+\/§ f X+ 5
2x3 + 3x

Vx

b f(x) = x3 — 9x? + 24x — 20
d f(x) = x" + 4x

1
¥ 5 d 1i(x-2)
2x + 3 h3x2—6
X X

k 3202 + 2x) 1 Gx-2)(ax+ i)
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5 Find the gradient of the curve with equation y = f(x) at the point 4 where:

2x -6 .
a f(x) = x(x + 1)and 4 is at (0, 0) b f(x) = \\'3 and 4 is at (3, 0)
4 .
¢ f(x) = % and A4 is at (%, 2) d f(x)=3x—- = and 4 is at (2, 5)
X 3

6 f(x)= % + x, where p is a real constant and x > 0.
pVx

Given that '(2) = 3, find p, giving your answer in the form /2 where a is a
rational number. (4 marks)

® 7 fx)=2-xp

a Find the first 3 terms, in ascending powers of x, of the

binomial expansion of f(x), giving each term in its m Use the binomial
simplest form. expansion with a =2, b = —x
b If x is small, so that x* and higher powers can be ignored in f'(x), andn=29. ¢« Section 8.3

show that f'(x) = 9216x - 2304.

@ Gradients, tangents and normals

You can use the derivative to find the equation of the tangent to a curve at a given point. On the
curve with equation y = f(x), the gradient of the tangent at a point 4 with x-coordinate a will be ' (q).

u =
:::ntta‘:ﬁ:ncto::)r;:l:ai::v(;yf( a')’;xlzaast the The equation of a straight line with
aduation ! gradient m that passes through the point (xy, y,)
q isy -y =m(x - x;). ¢ Section 5.2

y—"f(a) =f'(a)(x - a)

The normal to a curve at point A4 is the straight line through A which is perpendicular to the tangent
to the curve at 4. The gradient of the normal will be — %
a
® The normal to the curve y = f(x) at the point with y4
coordinates (a, f(a)) has equation

-1
y—"f(a) = f,(a)(x a)

Normal
at 4

y="f(x)

Tangent
atA4
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Find the equation of the tangent to the curve

First differentiate to determine the gradient

y = x3 = 3x2 + 2x — 1 at the point (3, 5). function.
y=x3-3x2+2x -1 Then substitute for x to calculate the value of the
dy gradient of the curve and of the tangent when
;R=3.\‘2—6.\‘+2 !

When x = 3, the gradient is 11. ! . )
You can now use the line equation and simplify.

So the equation of the tangent at (3, 5) is
y-5=1x=-3) |
y=1x-286 |

Example @ _ Write each term in the form ax” and differentiate

] ] ) to obtain the gradient function, which you can use
Find the equation of the normal to the curve with to find the gradient at any point.
equation y = 8 — 3/x at the point where x = 4.

1]

Find the y-coordinate when x = 4 by substituting
y= Bl 8% into the equation of the curve and calculating

=&_3x%—| 8-3/4=8-6=2.

Find the gradient of the curve, by calculating

b P - PO |
ax=2" " A a3 3.1 3
: dcs2 Ae=2—= 14

When x = 4, y = 2 and gradient of curve 1

3 i I B
and of tangent = —2 Gradient of normal Sradient of curve
So gradient of normal is %. EEE
Equation of normal is i _(_g) =3

=2y —
P oa 3<“? 4 Simplify by multiplying both sides by 3 and
3y-6=4x-16 collecting terms.

3y - 4x+10=0

A 'Y
@ Explore the tangent and

normal to the curve using technology.

Exercise @

1 Find the equation of the tangent to the curve:

a y=x2—7x + 10 at the point (2, 0) b y=x+ i at the point (2, 215)

¢ y = 4/x at the point (9, 12) dy =2ix;lat the point (1, 1)

e y=2x3+ 6x + 10 at the point (-1, 2) f y=xt- %at the point (1, —6)
2 Find the equation of the normal to the curve:

a y = x2 — 5x at the point (6, 6) b y=x*- % at the point (4, 12)

® 3 Find the coordinates of the point where the tangent to the curve y = x? + 1 at the point (2, 5)
meets the normal to the same curve at the point (1, 2)
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@ 4 Find the equations of the normals to the curve y = x + x? at the points (0, 0) and (1, 2), and
find the coordinates of the point where these normals meet.

@ 5 Forf(x) =12 - 4x + 2x2 find the equations of the tangent and the normal at the point
where x = —1 on the curve with equation y = f(x).

6 The point P with x-coordinate % lies on the Problem-solving

curve with equation y = 2x2.

The normal to the curve at P intersects the
curve at points P and Q.

Find the coordinates of Q. (6 marks)

Challenge m Use the discriminant to find the value of m

The line L is a tangent to the curve with equation when the line just touches the curve. « Section 2.5
y=4x2+1. L cuts the y-axis at (0, —8) and has a

positive gradient. Find the equation of L in the

formy=mx +c.

Draw a sketch showing the curve, the point P and
the normal. This will help you check that your
answer makes sense.

@ Increasing and decreasing functions

You can use the derivative to determine whether a function is increasing or decreasing on a
given interval.

® The function f(x) is increasing on the interval [a, b] m If £(x) > 0 for all values
if f (X) = 0 for all values of x such that a < x<b. in the interval, the function is said to

® The function f(x) is decreasing on the interval [q, 5] be strictly increasing. If you need to

if f'(x) < 0 for all values of x such that a < x < b. - th.at = function is increasing or
decreasmg In your exam you can use

paY =X +x y=x‘-2x* either strict or non-strict inequalities.

\
= m The interval [q, 5]

is the set of all real numbers,
X, that satisfy a < x < b.

(-1,-1) (1,-1)
The function f(x) = X3 + x is The function f(x) = x4 - 2x2is
increasing for all real values of x.  increasing on the interval [~1, 0]

and decreasing on the interval [0, 1].

Show that the function f(x) = x3 + 24x + 3 is

: ) First differentiate to obtain the gradient function.
increasing for all real values of x.

f(x) = x3 + 24x + 3 ?tate that the c’ondition for an increasing function
F(x) = 3x2 + 24 is met. In fact f'(x) = 24 for all real values of x.

x2 = O for all real values of x
S0 3x2 + 24 = O for all real values of x.
So f(x) is increasing for all real values of x.
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Differentiation

Find the interval on which the function

f(x) = x3 + 3x2 — 9x is decreasing. Find f’(x) and put this expression < 0.
f(x) = x> + 3x2 — 9x Solve the inequality by considering the three
oo = 332 4 6x — 9 regionsx < -3,-3<x<1landx=1, orby

ff(x) <Othen3x?+6x-9=<0
So 3(x2+2x-3)<0 W

3x+3)x-1=<0O Write the answer clearly.
So -3=sx=1 4\
cid e
Explore increasing and

So f(x) is decreasing on the interval =3, 1.

sketching the curve with equation
y=3x+3)(x-1) « Section 3.5

decreasing functions using technology.

Exercise @

1

E/P) 3

E/P) 4

Find the values of x for which f(x) is an increasing function, given that f(x) equals:

a 3x2+8x+2 b 4x — 3x? ¢ 5—8x-2x? d 2x3 - 15x% + 36x
e 3+3x-3x7+x° f 533+ 12x g x*+2x? h x*-8x
Find the values of x for which f(x) is a decreasing function, given that f(x) equals:
a x>-9x b 5x—x2 ¢ 4-2x-x° d 2x3 - 3x? - 12x
e 1-27x+x3 f x+—2x—5 gxl:+9x‘% h x%(x+3)
Show that the function f(x) = 4 — x(2x? + 3) is decreasing forall x € R. (3 marks)
a Given that the function f(x) = x2 + px is increasing on the interval [-1, 1], find
one possible value for p. (2 marks)
b State with justification whether this is the only possible value for p. (1 mark)

@ Second order derivatives

You can find the rate of change of the gradient function by differentiating a function twice.

d2
y=5x° [EEER ay =15x2 [DEENENE —}% =30x
dx/ dx

L

This is the gradient function. It describes This is the rate of change of the gradient
the rate of change of the function with function. It is called the second order
respect to x. derivative. It can also be written as f"(x).
» Differentiating a function y = f(x) m The derivative is also called the
twice gives you the sezcond order first order derivative or first derivative.
A4 The second order derivative is sometimes

derivative, f"(x) or —
dx just called the second derivative.
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Given that y = 3x5 + % find:

dy b d?y
Ay dx?
a y=3x"+ %
— 3x5 4 '4\__2 Express the fraction as a negative power of x.
dy — Differentiate once to get the first order derivative.
S0 ——=15x% - 8&x3
dx 8
= 15x% — E
2y
b d—}z = 6Ox3 + 24x4 Differentiate a second time to get the second
dz 24 order derivative.
= 60x3 + 4
X
(DT @
1
Given that f(x) = 3/x + —, find:
(x) ¥
a f'(x) b f"(x)
1 Don't rewrite your expression for f'(x) as a

a f(x)=3Vx + =

2Vx fraction. It will be easier to differentiate again if
=3x7+21x2 you leave it in this form.

Flx) = 3x—2 = 1x3
The coefficient for the second term is

b ) = —Sx-%4+ 3x3 I 3 1\ 3
B

The new power is —% -1= —g
. dy o dy
1 Find dx and Fe when y equals:
a 1232 + 3x + 8 b15x+6+% c9&—% d (5x +4)3x - 2) e 3";8

2 The displacement of a particle in metres at The velocity of the particle will be f'() and

time ¢ seco?ds 1s modelled by the function its acceleration will be /().
f( t) = tk\/_t 2 -> Statistics and Mechanics Year 2, Section 6.2
{

The acceleration of the particle in ms=2 is the second derivative of this function.
Find an expression for the acceleration of the particle at time 7 seconds.

d?y Problem-solving

@ 3 Given that y = (2x - 3)3, find the value of x when ~—=0.
dx When you differentiate with

respect to x, you treat any

@ 4 f(x)=px3-3px2+x2-4
When x = 2, f(x) = —1. Find the value of p. other letters as constants.
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@ Stationary points

A stationary point on a curve is any point where the curve has gradient zero. You can determine
whether a stationary point is a local maximum, a local minimum or a point of inflection by looking
at the gradient of the curve on either side.

Differentiation

= Any point on the curve y = f(x) where f'(x) = 0 is called a stationary point. For a small positive

value /:
Type of stationary point f(x—h | f(x) | fF(x+h
Local maximum Positive 0 Negative
Local minimum Negative 0 Positive
. . . Negative 0 Negative
Point of inflection
Positive 0 Positive

Point 4 is a local
maximum.

A

\ A
The origin
is a point of
inflection.

N

=Y

B point B

is a local
minimum.

w The plural of

maximum is maxima and the
plural of minimum is minima.

m Local maxima and

local minima are sometimes
called turning points.

m Point 4 is called

a local maximum because it

is not the largest value the
function can take. It is just the
largest value in that immediate
vicinity.

a Find the coordinates of the stationary point on the curve with equation y = x4 —=32x.

b By considering points on either side of the stationary point, determine whether it is a local
maximum, a local minimum or a point of inflection.

Solve the equa

Substitute the

a y=xt=32x
% = 4x3 - 32_‘
dy

Let —d—u\_' =10 |
Then 4x3 - 32=0 |
4x5 =32
»B=86
x=2_ |
Soy=24-32x2 |
=16 - 64
=-48 ]

So (2, —48) is a stationary point.

equation to fin

: ; dy
Differentiate and let —=0.
dx

tion to find the value of x.

value of x into the original
d the value of y.
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b Now consider the gradient on either side

of (2, —48).
aalues x=19 |x=2| x=21
of x
. -4.56 5.04 which
Cradient which is —ve i is +ve
Shape of \ /
curve -

[ [ I

Make a table where you consider a value of x slightly
less than 2 and a value of x slightly greater than 2.

Calculate the gradient for each of these values of
x close to the stationary point.

‘— Deduce the shape of the curve.

From the shape of the curve, the point (2, —48)
is a local minimum point.

In some cases you can use the second derivative,

= If a function f(x) has a stationary point when
® if f’(a) > 0, the point is a local minimum

® if f"(a) < 0, the point is a local maximum

If f”(a) = 0, the point could be a local minimum, a local
maximum or a point of inflection. You will need to look at

points on either side to determine its nature.

Example

a Find the coordinates of the stationary points o
y=2x3-15x24+24x +6

2

4

b Find
in e

and use it to determine the nature of

a y=2x3-15x2+24x+ 6

dy )
—— =6Xx%2 - 30x + 24
dx

Putting 6x2 - 30x + 24 = O

m Explore the solution using O

technology.

f"(x), to determine the nature of a stationary point.

m f”(x) tells you the rate

of change of the gradient
function. When f'(x) = 0
and f”(x) > 0 the gradient is
increasing from a negative
value to a positive value,

so the stationary point is a
minimum.

X =a, then:

n the curve with equation

the stationary points.

Differentiate and put the derivative equal to zero.

Solve the equation to obtain the values of x for

6x—-4)(x -1 = OJ

S0 x=4orx=1

When x =1,

y=2-15+24+¢6=17

When x = 4,

y=2%x64-15x16+24 X 4+6
=-10

So the stationary points are at (1, 17)

and (4, -10).
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the stationary points.

Substitute x = 1 and x = 4 into the original
equation of the curve to obtain the values of y
which correspond to these values.



d?y

b - = 12x — 30

2y ]
When x = 1, —= = =18 which is < O
dx?

So (1,17) is a local maximum point.
29

dy
When x = 4, — = 18 which is > O
dx?

So (4,-10) is a local minimum point. __|

Differentiation

Differentiate again to obtain the second
derivative.

Substitute x = 1 and x = 4 into the second
derivative expression. If the second derivative is
negative then the point is a local maximum point.
If it is positive then the point is a local minimum
point.

. ' 1 . . .
a The curve with equation y = < + 27x? has stationary points at x = *a. Find the value of a.

b Sketch the graph of y = % +27x3.

a y=x'1+27x3

dy

1
= a2 P =i 2
% + Blx 32 + 81x
When 2 = 0.
en o=
-LZ+81,\‘2 =0
s
1
51x2 = ?
Blx4+=1
K= é
A
X = t3
1
50 a= 3
d?y

1 3
When x=-3, y = =y +27(-3) =-4
9V _ 2 iea(-l) = —108
aﬂdm—(_73+16 -3)=-

which is negative.

So the curve has a local maximum at (—% —4).

When x = %
1 173
y=—~+27(3) =4
()
and
d?y 2 1
—d?g = (i)e’ + 162(5) =108
3

which is positive.

b — =2x3+162x= 2 +162x
dx? x3
(. 1

@ Check your solution using your

Write 1 as x~! to differentiate.
D, i

d
Set EZ =0 to determine the x-coordinates of the
X

stationary points.

You need to consider the positive and negative roots:

(3= (DxDx(Px (D=2

To sketch the curve, you need to find the
coordinates of the stationary points and determine
their natures. Differentiate your expression for
dy d?y

to find —
dx elxt

Substitute x = —% and x = % into the equation
of the curve to find the y-coordinates of the
stationary points.

calculator.
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So the curve has a local minimum at (% 4).
The curve has an asymptote at x = O.

— +o0as x — 05sox=0isanasymptote of
X
As x — 00, y — . the curve.

As x — —00, y — —00.

VA Mark the coordinates of the stationary points on
your sketch, and label the curve with its equation.
y=++ 278 — d
1
3
-4

®|—

You could check ol at specific points to help with
your sketch:
dy

dx
® Whenx=1, 45 = "109375 which is negative.

=Y

d
® Whenx=1, d_y = 80 which is positive.
X

Exercise @ m For each part of

1

276

Find the least value of the following functions: ques.tions land2:
a f(x)=x2-12x+8 b fx)=x>—8x—1 ¢ f(x)=5x2+ 2x =

® Set f’(x) = 0 and solve
Find the greatest value of the following functions: to find the value of x

10 _ &2 N 2 _ . at the stationary point.
a f(x)=10-5x b f(x)=3+2x-x> ¢ f(x)=(6+x)(1-x) -
Find the coordinates of the points where the gradient is zero value of f(x).

on the curves with the given equations. Establish whether these

points are local maximum points, local minimum points or points of inflection in each case.

a y=4x?+6x b y=9+x—x2 cy=x-x*-x+1
d y:,\‘(xz—4.\'—3) e y:x+£ f }’=X2+5_:‘
g y=x-3/x h y=xi(x-6) i y=x4-12x2

Sketch the curves with equations given in question 3 parts a, b, ¢ and d, labelling any stationary
points with their coordinates.

By considering the gradient on either side of the stationary point on the curve
y =x* = 3x% + 3x, show that this point is a point of inflection.
Sketch the curve y = x3 — 3x2 + 3x.

Find the maximum value and hence the range of values for the function f(x) = 27 — 2x*.

fix)=x4+3x3-5x2-3x+1

a Find the coordinates of the stationary points of f(x),
and determine the nature of each. m Use the factor theorem
ith small positive integer
b Sketch th h of y = f(x). e P
ete ¢ graph of y = {(x) values of x to find one factor
of f'(x). « Section 7.2



@ Sketching gradient functions

You can use the features of a given function to sketch the
corresponding gradient function. This table shows you features
of the graph of a function, y = f(x), and the graph of its
gradient function, y = f'(x), at corresponding values of x.

y=f(x) y=Ff(x)

Maximum or minimum Cuts the x-axis

Point of inflection Touches the x-axis

Positive gradient Above the x-axis

Negative gradient Below the x-axis

Vertical asymptote Vertical asymptote

Horizontal asymptote

Horizontal asymptote at the x-axis

The diagram shows the curve with equation y = f(x).
The curve has stationary points at (-1, 4) and (1, 0),
and cuts the x-axis at (-3, 0).

Sketch the gradient function, y = f'(x), showing the

coordinates of any points where the curve cuts or meets

the x-axis.

Differentiation

_L‘1k
/\ i
Lol X
A )
e
B
A\ Z N
y=f)
Y ﬂ‘
y =f(x)
(_1 ) 4)
/—3 o 1 x
x y=f(x) y=Ff(x)
x<-1 Positive gradient | Above x-axis
x=-1 Maximum Cuts x-axis
-1 < x <1 | Negative gradient | Below x-axis
x=1 Minimum Cuts x-axis
x>1 Positive gradient | Above x-axis

m Ignore any points where the curve

y = f(x) cuts the x-axis. These will not tell you
anything about the features of the graph of

V=)

@ Use technology to explore

the key features linking y = f(x) and y = f"(x).
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The diagram shows the curve with equation y = f(x). The curve
has an asymptote at y = -2 and a turning point at (=3, —8).

It cuts the x-axis at (=10, 0).
a Sketch the graph of y = f'(x).

b State the equation of the asymptote of y = f'(x).

4

/ y=7)

v S
0]

>
>

X

Exercise

278

Draw your sketch on a separate set of axes. The
graph of y = f'(x) will have the same horizontal
scale but will have a different vertical scale.

You don’t have enough information to work out
the coordinates of the y-intercept, or the local
maximum, of the graph of the gradient function.

The graph of y = f(x) is a smooth curve so the
graph of y = f'(x) will also be a smooth curve.

If y = f(x) has any horizontal asymptotes then
the graph of y = f'(x) will have an asymptote at
the x-axis.

For each graph given, sketch the graph of the corresponding gradient function on a separate set
of axes. Show the coordinates of any points where the curve cuts or meets the x-axis, and give

the equations of any asymptotes.

a y Ar
(-9, 12)

(6, 15)

flx)=(x+ 1)(x-4)?
a Sketch the graph of y = f(x).

b On a separate set of axes, sketch the graph of y = f "(x).

¢ Show that f'(x) = (x — 4)(3x - 2).

x=-7
e VA ! f VA

| y=4
|
—— i

0 ! 5 0 ¥

/ e L TS
\:6:

m This is an x3 graph

with a positive coefficient
of x3. « Section 4.1

d Use the derivative to determine the exact coordinates of the
points where the gradient function cuts the coordinate axes.



@ Modelling with differentiation

dy  smallchangeiny

You can think of — as -
dx  small changein x

. It represents the rate of change of y with respect to x.

Differentiation

If you replace y and x with variables that represent real-life quantities, you can use the derivative to

model lots of real-life situations involving rates of change.

The volume of water in this water butt is constantly changing over time.
If ¥ represents the volume of water in the water butt in litres, and ¢
represents the time in seconds, then you could model ¥ as a function of z.

If V'=1£(z) then (jj—lt/ = f'(r) would represent the rate of change of volume

with respect to time. The units Of?j—lt/ would be litres per second.

Given that the volume, ¥ cm?, of an expanding sphere is related to its radius, rcm, by the formula
V= %’ﬁ 13, find the rate of change of volume with respect to radius at the instant when the radius

is Scm.
V=2nr Differentiate ¥ with respect to r. Remember that
AV _ sy [ misaconstant.
— = 4T
dr
dv = .
When r = 5, s 41 x5 Substitute r = 5.
=314 (3 =.f)
So the rate of change is 314 cm® per cm. —————— Interpret the answer with units.

A large tank in the shape of a cuboid is to be made from 54 m? of sheet metal. The tank has a
horizontal base and no top. The height of the tank is x metres. Two opposite vertical faces are

squares.
2

a Show that the volume, ¥ m3, of the tank is given by V' = 18x — 5x?

b Given that x can vary, use differentiation to find the maximum or minimum value of V.

¢ Justify that the value of ¥ you have found is a maximum.
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a let the length of the tank be y metres.

/

Problem-solving

You don'’t know the length of the tank. Write it as
y metres to simplify your working.

You could also draw a sketch to help you find

the correct expressions for the surface area and
volume of the tank.

Draw a sketch.

Rearrange to find y in terms of x.

Substitute the expression for y into the equation.

Simplify.

ok

Differentiate V" with respect to x and put g 0.
X

Rearrange to find x.

x is a length so use the positive solution.

Substitute the value of x into the expression for V.

Find the second derivative of V.

< y >
Total area, A= 2x%+ 3xy
So 54 = 2x% + 3xy
. B4 = 2x"
r= 8%
But V= x2y
o By?
e fa= x2(54 2x )
3%
by
= 2(54 - 2x?
3( x°)
2
5 V=186x - =x3
o % 3x
b v =18 — 2x?
ax
dav
t —_— =
PU d'\‘ J
0 =18 - 2x2
So X2 =9 ]
x=-30r3
But xis alength so x = 3
[ T
When x = 3, V=18x3~§x33
=54 -18
=36
V = 36 is a maximum or minimum
value of V.
2
c a8 -4x
dx?
a2V

Whenx:B,—2=—4x3=—12

This is negative, so V' = 36 is the maximum

value of V.
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d—V< 0so V=36 isamaximum.
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Differentiation

Exercise @

1

(EP) 10

Find 3¢ where 0= # - 31,
dt
Find d4 where A = 27ir.
dr
Given that r = 1_I2, find the value of % when ¢ = 3.

The surface area, 4 cm?, of an expanding sphere of radius r cm is given by 4 = 472, Find the
rate of change of the area with respect to the radius at the instant when the radius is 6 cm.

The displacement, s metres, of a car from a fixed point at time 7 seconds is given by s = £* + 81.
Find the rate of change of the displacement with respect to time at the instant when 7 = 5.

A rectangular garden is fenced on three sides, and the house forms the fourth side of the

rectangle.

a Given that the total length of the fence is 80 m, show that the area, A, of the garden is given by
the formula A = y(80 — 2y), where y is the distance from the house to the end of the garden.

b Given that the area is a maximum for this length of fence, find the dimensions of the
enclosed garden, and the area which is enclosed.

A closed cylinder has total surface area equal to 6001r.

a Show that the volume, ¥cm3, of this cylinder is given by the formula V' = 30077 — w7,
where rcm is the radius of the cylinder.

b Find the maximum volume of such a cylinder.

A sector of a circle has area 100 cm®.
a Show that the perimeter of this sector is given by the formula
P=2r+2gg,r> 1_97—0 rem

b Find the minimum value for the perimeter.

A shape consists of a rectangular base with a semicircular top, as shown.
a Given that the perimeter of the shape is 40 cm, show that its em
area, A cm?2, is given by the formula
2
il

A =40r - 2r* - N

where rcm is the radius of the semicircle. (2 marks)
b Hence find the maximum value for the area of the shape. (4 marks)

The shape shown is a wire frame in the form of a large

rectangle split by parallel lengths of wire into 12 smaller

equal-sized rectangles. I
ymm

a Given that the total length of wire used to complete
the whole frame is 1512 mm, show that the area of

the whole shape, 4 mm?, is given by the formula

A= 1296x—Q§—x—'

where x mm is the width of one of the smaller rectangles. (4 marks)
b Hence find the maximum area which can be enclosed in this way. (4 marks)
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Mixed exercise @

EP) 1
® 2

282

Prove, from first principles, that the derivative of 10x2 is 20.x. (4 marks)

The point 4 with coordinates (1, 4) lies on the curve with equation y=x3+3x.
The point B also lies on the curve and has x-coordinate (1 + x).

a Show that the gradient of the line segment AB is given by (6x)? + 36x + 6.
b Deduce the gradient of the curve at point A.

A curve is given by the equation y = 3x2 + 3 + Lz where x > 0. At the points 4, B and
X

Con the curve, x = 1,2 and 3 respectively. Find the gradient of the curve at 4, Band C.

Calculate the x-coordinates of the points on the curve with equation y = 7x2 — x?3
at which the gradient is equal to 16. (4 marks)

Find the x-coordinates of the two points on the curve with equation y = x3 — [1x + 1
where the gradient is 1. Find the corresponding y-coordinates.

The function f is defined by f(x) = x + 2, XxXeER, x#0.
X

a Find f'(x). (2 marks)
b Solve f'(x) = 0. (2 marks)
Given that
)" = 3«? - i/—, x> O’
d}’ VX
find dx (3 marks)
A curve has equation y = 12x3 — 2.
Show that <% = 344 _
a Show that dx =Y 24 - x). (2 marks)
b Find the coordinates of the point on the curve where the gradient is zero. (2 marks)
a Expand (x3 — (x5 + 1). d (2 marks)
b A curve has equation y = (x2 - (x—: + 1), x > 0. Find d_y (2 marks)
X
¢ Use your answer to part b to calculate the gradient of the curve at the point
where x = 4. (1 mark)
Differentiate with respect to x:
-2
23 +Vx + vax (3 marks)

X=

The curve with equation y = ax2 + bx + ¢ passes through the point (1, 2). The gradient
of the curve is zero at the point (2, 1). Find the values of «, » and c. (5 marks)



Differentiation

@ 12 A curve C has equation y = x* — 5x% + 5x + 2.

13

14

16

17

18

19

20

. V.
a Find dx in terms of x. (2 marks)

b The points P and Q lie on C. The gradient of C at both P and Qs 2.
The x-coordinate of P is 3.

i Find the x-coordinate of Q. (3 marks)

ii Find an equation for the tangent to C at P, giving your answer in the form
y = mx + ¢, where m and ¢ are constants. (3 marks)

i If this tangent intersects the coordinate axes at the points R and S, find the
length of RS, giving your answer as a surd. (3 marks)

; 8 ; .
A curve has equation y == — x + 3x2, x > 0. Find the equations of the tangent and the

normal to the curve at the point where x = 2.

The normals to the curve 2y = 3x3 — 7x? + 4x, at the points O(0, 0) and A(1, 0),
meet at the point V.

a Find the coordinates of N. (7 marks)
b Calculate the area of triangle OAN. (3 marks)

A curve C has equation y = x* — 2x? —4x - 1 and cuts the y-axis at a point P.

The line L is a tangent to the curve at P, and cuts the curve at the point Q.
Show that the distance PQ is 2/17. (7 marks)

Given that y = . N
%

a find the value of x and the value of y when Ey; =0, (5 marks)
b show that the value of y which you found in part a is a minimum. (2 marks)

A curve has equation y = x3 = 5x* + 7x = 14. Determine, by calculation, the coordinates
of the stationary points of the curve.

The function f, defined for x € R, x > 0, is such that:
fxy=x2—24 L,
%2

a Find the value of f"(x) at x = 4. (4 marks)
b Prove that f is an increasing function. (3 marks)

A curve has equation y = x* — 6x2 + 9x. Find the coordinates of its local maximum. (4 marks)

f(x) = 3x* — 8x3 — 6x2 + 24x + 20
a Find the coordinates of the stationary points of f(x), and determine the nature
of each of them.

b Sketch the graph of y = f(x).
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The diagram shows part of the curve with equation VA
' = f(x), where: B
y=1(x) 50 .
f(x) =200 - -x3, x>0

J

The curve cuts the x-axis at the points 4 and C.
The point B is the maximum point of the curve.

a Find f'(x). (3 marks)

b Use your answer to part a to calculate the
coordinates of B. (4 marks)

The diagram shows the part of the curve with A
equation y =5 — % x? for which y > 0.

The point P(x, y) lies on the curve and O is the origin.
a Show that OP? = %x“ —4x2 + 25, (3 marks) P(x, y)
Taking f(x) = %.\“ —4x? + 25:

b Find the values of x for which f'(x) = 0. (4 marks)
¢ Hence, or otherwise, find the minimum distance

from O to the curve, showing that your answer is 0 X
a minimum. (4 marks)
. y
The diagram shows part of the curve with T B

equation y = 3 + 5x + x2 — x3. The curve
touches the x-axis at 4 and crosses the
x-axis at C. The points 4 and B are
stationary points on the curve.

a Show that C has coordinates (3, 0). (Imark) \_ / -
b Using calculus and showing all your working, 4 o C\ *
find the coordinates of 4 and B. (5 marks)

The motion of a damped spring is modelled using
this graph.

On a separate graph, sketch the gradient function
for this model. Choose suitable labels and units
for each axis, and indicate the coordinates of

any points where the gradient function crosses 0 05 1.2 . -
the horizontal axis. Time (seconds)

Displacement (cm)
1
A, S

e .

8]
—

The volume, V'cm3, of a tin of radius cm is given by the formula V = m(40r — r? — 3).

Find the positive value of r for which (cil—i/ = 0, and find the value of V which
corresponds to this value of r.

The total surface area, 4 cm?, of a cylinder with a fixed volume of 1000 cm? is given

by the formula 4 = 27x2 + 2000

, Where x cm is the radius. Show that when the rate

of change of the area with respect to the radius is zero, X3 = 200
™



Differentiation

ZID 27 A wire is bent into the plane shape A BCDE as shown. Shape A B

/P) 28

(®) 29

ABDE is a rectangle and BCD is a semicircle with diameter BD.
The area of the region enclosed by the wire is Rm?, AE = x metres,
and AB = ED = y metres. The total length of the wire is 2 m.

a Find an expression for y in terms of x. (3 marks) ¢
b Prove that R = %(8 —4x — my). (4 marks)
Given that x can vary, using calculus and showing your working: D
¢ find the maximum value of R. (You do not have to prove that the value
you obtain is a maximum.) (5 marks)

A cylindrical biscuit tin has a close-fitting lid which overlaps the tin

by 1cm, as shown. The radii of the tin and the lid are both x cm. @ $1cm
The tin and the lid are made from a thin sheet of metal of area \!5’

80 cm? and there is no wastage. The volume of the tin is ¥"cm?.

a Show that V' = m(40x — x? — x?). (5 marks)
Given that x can vary:

b use differentiation to find the positive value of x for
which V is stationary. (3 marks) Tin

¢ Prove that this value of x gives a maximum value of V. (2 marks)

d Find this maximum value of V. (1 mark) \_/

e Determine the percentage of the sheet metal used in the
lid when ¥V is a maximum. (2 marks)

B C

The diagram shows an open tank for storing water,

ABCDEF. The sides ABFE and CDEF are rectangles.

The triangular ends ADE and BCF are isosceles, D

and L AED = /. BFC =90°. The ends ADE fa
and BCF are vertical and EF is horizontal.

Given that AD = x metres:
a show that the area of triangle ADE is i x* m? E (3 marks)

Given also that the capacity of the container is 4000 m? and that the total area of the two
triangular and two rectangular sides of the container is S m?:

x2 16000V2

b show that S = 7 + . (4 marks)
Given that x can vary:
¢ use calculus to find the minimum value of S. (6 marks)
d justify that the value of S you have found is a minimum. (2 marks)
Challenge
a Find the first four terms in the binomial expansion of (x + h)’, in ascending powers of /.
b Hence prove, from first principles, that the derivative oficiis T2
285




Chapter 12

Summary of key points

1

10

11

286

The gradient of a curve at a given point is defined as the gradient of the tangent to the
curve at that point.

. , dy
The gradient function, or derivative, of the curve y = f(x) is written as f'(x) or =
f(x + h) = f(x)

h
The gradient function can be used to find the gradient of the curve for any value of x.

f'(x) =hl|Ln0

For all real values of n, and for a constant a:

® |f f(x) = x"then f'(x) = nx"-1 ® [f f(x) = ax” then f'(x) = anx" -1
d
e If y=x"then :—i=nx"‘1 e If y=uax"then d—;‘:_=anx"“l
For the quadratic curve with equation y = ax? + bx + ¢, the derivative is given by
d_i =2ax+bh

d
=) £ g(v), then = = ()  g'(v).

The tangent to the curve y = f(x) at the point with coordinates (a, f(a)) has equation
y=fla@)=f(a)(x-a)

The normal to the curve y = f(x) at the point with coordinates (g, f(a)) has equation
y—fla)= —ﬁ(x—a)
® The function f(x) is increasing on the interval [q, bl if f'(x) = 0 for all values of x such that
a<x<bh.

® The function f(x) is decreasing on the interval [q, bl if f'(x) < 0 for all values of x such that
d=x=1h

d?
Differentiating a function y = f(x) twice gives you the second order derivative, f”(x) or d—J;
X
Any point on the curve y = f(x) where f'(x) = 0 is called a stationary point. For a small positive

value /:

Type of stationary point | f'(x — 4) | (x) | f(x+h)
Local maximum Positive 0 | Negative

Local minimum Negative Positive

0
= g = Negative | 0 Negative
Point of inflection ”

Positive Positive

If a function f(x) has a stationary point when x = a, then:
® if f"(a) > 0, the point is a local minimum
® if f"(a) <0, the point is a local maximum.

If f"(a) = 0, the point could be a local minimum, a local maximum or a point of inflection.
You will need to look at points on either side to determine its nature.





