Vectors

After completing this chapter you should be able to:

® Use vectors in two dimensions -» pages 231-235
® Use column vectors and carry out arithmetic operations

on vectors -> pages 235-238
® (alculate the magnitude and direction of a vector - pages 239-242
® Understand and use position vectors - pages 242-244
® Use vectors to solve geometric problems -> pages 244-247
® Understand vector magnitude and use vectors in speed

and distance calculations -» pages 248-251
® Use vectors to solve problems in context -» pages 248-251

Prior knowledge check

1 Write the column vector for

the translation of shape

a AtoB 8o
b Ato C D &@vd
c AtoD « GCSE Mathematics .
2 Pdivides the line ABin the ratio AP: PB=17:2.
A * B
P

Find:

AP PB AP

e e m—— G 1 i
a 1B b 1B 2 7B « GCSE Mathematics

3 Find x to one decimal place.

Pilots use vector addition to work
out the resultant vector for their
speed and heading when a plane
encounters a strong cross-wind.
Engineers also use vectors to work
out the resultant forces acting on
¢ Sections 9.1, 9.2 : structures in construction.




@ Vectors

A vector has both magnitude and direction.

You can represent a vector using a directed line segment.

. 0 0
. . —)
This is vector PQ. It starts This is vector QP. It starts
at P and finishes at Q. at Q and finishes at P.
P P

The direction of the arrow shows the direction of the vector. Small (lower case)

" . . a
letters are also used to represent vectors. In print, the small letter will be in bold /
type. In writing, you should underline the small letter to show it is a vector: g or g

— =y P
= If PQ = RS then the line segments PQ and RS are equal in length
and are parallel.

— —_— . . B B

= AB =-BA as the line segment 4B is equal 3 0
in length, parallel and in the opposite -a S
direction to BA.

A A

You can add two vectors together using the triangle law for vector addition.

i B
= Triangle la\.M.for . b w The resultant is the vector sum of
vector addition: two or more vectors.
_— — — c c
AB + BC=AC

—_ — — — B
A c AB+ BC+ CD =AD
— —_ _—
If AB =a, BC=band AC =¢c,thena+b=c 4

EE o
The diagram shows vectors a, b and c. /a/

. s b
Draw a diagram to illustrate the vector addition \ :

a+b+ec

First use the triangle law for a + b, then use it
again for @+ b) + c.
The resultant goes from the start of a to the end

of c.
LLUTED Explore vector addition using O
GeoGebra.

231



Chapter 11

negative vector’:
a-b=a+(-b)

: SUb? Facting alv ect.o e a a m To subtract b, you reverse
equivaient ' adding 8 b the direction of b then add.
a-b

If you travel from P to Q, then back from Q to P, you are back where you started, so your
displacement is zero.

e — Q
= Adding the vectors PQ and QP gives m QP = —PQ

—— —_—
the zero vector 0: PQ + QP =0 So PQ + QP PQ PQ 0.

P

You can multiply a vector by a scalar (or number).
If the number is

If the number is al b negative (= -1)
positive (= 1) the the new vector
new vector has a 3a -2b has a different

different length > * length and
b.ut th_e same \ la -1b / the opposite
direction. —— —— direction.

= Any vector parallel to the vector a may be @ = - =
written as Aa, where A is a non-zero scalar. scalars. They have magnitude but no direction.

Example e
. —_— _— — —
In the diagram, QP =a, QR =b, OS =cand RT =d. a
Find in terms of a, b, ¢ and d: P 4
— e
a PS b RP R
— —
¢ PT d 7S d
T
—_ — —
a PS=PO0+0S=-a+c¢ Add vectors using A PQS.
=c-a
_— — —
b RP=RQO +QP =-b+a Add vectors using ARQP.
=a-b
& P_’T=P_R’+ﬁ=(b_a)+d Add vectors using APRT.

=b+d-a Use PR=-RP =-(@-b)=b-a.

— e — —_ —
d TS =TR + RS = -d + (RQ + QS) ———— Add vectors using ATRS and ARQS.

=-d+(-b+¢)
=c-b-d
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ABCD is a parallelogram. AB =a, AD =b. Find AC.

D C
bM
A . B

_ = —
AC = AB + BC
— —

BC=A4D =b

Vectors

—_—

w This is called the parallelogram law

for vector addition.

Using the triangle law for addition of vectors.

—_—
So AC=a+b

Show that the vectors 6a + 8b and 9a + 12b are parallel.

9a + 12b = 2(Ga + 8b)

.. the vectors are pardllel.

L AD and BC are opposite sides of a parallelogram
so they are parallel and equal in magnitude.

— —_

In triangle ABC, AB =aand AC =b.
P is the midpoint of A4B.

O divides AC in the ratio 3:2.

Write in terms of a and b:

—
a BC

— — - —
a BC = BA + AC

— —
=-AB + AC

—

BC=b-a

— —

— —_—
c AQ =24C=3b
—_— — —_—
d PQ =PA + AQ
—_— —_
= —AP + AQ
3 1
—gb—gd

Here A =2
A
P 0
B C
— —
¢ A0 d PO

T BA=-4B

—_—
AP=14Bso AP =7a

m AP is the line segment between 4
—

and P, whereas AP is the vector from 4 to P.

L 0 divides AC in the ratio 3:2 50 4Q = 24C.

Going from P to Q is the same as going from P to
A, then from 4 to Q.
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Chapter 11

Exercise @

1

234

The diagram shows the vectors a, b, ¢ and d.
Draw a diagram to illustrate these vectors:

A g

aa+c b -b a
cc—d d b+c+d /d‘/
e 2¢+3d f a-2b

g a+b+c+d

ACGl is a square, B is the midpoint of AC, Fis the midpoint ¢ - i
of CG, H is the midpoint of GI, D is the midpoint of A7,

— —_—
AB =band AD =d. Find, in terms of b and d:

— —_ — — B B H
a AC b BE ¢ HG d DF

—_ — — — b4
e AE f DH g HB h FE

_— — — —_ o
i AH i BI kK EI | FB A—™d D :
OACB s a parallelogram. M, O, N and P are

y Q ¢
the midpoints of 04, AC, BC and OB
respectively.
—_— _ M, D
Vectors p and m are equal to OP and OM N
respectively. Express in terms of p and m. m
o —

— —_ — 0
a OA4 b OB ¢ BN d DO P B
e _ - e
e OD f MQ g 00 h AD
— —_ — —
i CD i AP k BM I NO

. —_— —_— — —_ 0

In the diagram, PQ =a, 0S =b, SR = cand PT =d.
Find in terms of a, b, ¢ and d: a b

—_— —
a OT b PR

= — S
¢ TS d TR P

C

In the triangle POR, PQ = 2a and OR =2b. R
The midpoint of PR is M. Find, in terms of a and b:

R e —_—
a PR b PM c OM
ABCD is a trapezium with AB parallel to DC and DC = 34B. Problem-solving
M divides DC such that DM: MC=2:1. E =aand B_C) =h. Draw a sketch to show the
Find, in terms of a and b: information given in the

a AM b BD ¢ MB d DA T=



Vectors

) —_— —_—
7 OABC is a parallelogram. O4 = a and OC =b. 4 B
The point P divides OB in the ratio 5:3.

Find, in terms of a and b:

—

—_— —_—
a OB b OP c AP 0 p C

8 State with a reason whether each of these vectors is parallel to the vector a — 3b:

al2a—6b b 4a-12b ¢ a+3b d 3b-a e 9b-3a f%a—%b
. — —_—
:P) 9 Intriangle ABC, AB =aand AC =b. A
P is the midpoint of 4B and Q is the midpoint of AC. 0
P

a Write in terms of a and b:
—_— — —_— —_—
i BC ii AP iii A0 iv PQ B C
b Show that PQ is parallel to BC.

. . —— —_— _—
13) 10 OABC is a quadrilateral. 04 = a, OC =3band OB =a +2b. A B
a Find, in terms of a and b:
— _—
i AB ii CB
b Show that 4B is parallel to OC. C

:I-?) 11 The vectors 2a + kb and 5a + 3b are parallel. Find the value of k.

@ Representing vectors

A vector can be described by its change in position or displacement relative to the x- and y-axes.

3 . . L
a= (4) where 3 is the change in the x-direction w .

and 4 is the change in the y-direction. is the x-component and

a This i lled col tor the bottom number is the
4 is is called column vector form. - tomponEnt

3
; . P\ _ (AP
= To multiply a column vector by a scalar, multiply each component by the scalar: )\( q) — ( Aq)

+ .
= To add two column vectors, add the x-components and the y-components: (2) +(§)= (I‘; N 's)

= EJaan=(3)

Find a 3a ba+b ¢ 2a-3b
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2
a %a = (;) Both of the components are divided by 3.
= |2 3\_ (5 Add the x-components and the y-components.
ba+rb=()+(3)=(2)
b DTl 2( ) _ 3( 3 ) Multiply each of the vectors by the scalars then
6 —1 subtract the x- and y-components.

= (12) - (5) = (233) = (i)

You can use unit vectors to represent vectors in two dimensions.

= Aunit vector is a vector of length 1. The unit vectors VA
along the x-and y-axes are usually denoted by 01
i and j respectively. i
._ (1} . [0
=)=
e 1 0% (o ¥

= You can write any two-dimensional vector in the form Di + gj.

By the triangle law of addition:

—_— — —

AC =AB + BC
=5i+2j

You can also write this as a column vector: 5i + 2j = (g)

= For any two-dimensional vector: (‘Z) =pi+qj

a=3i-4j,b=2i+7j
Find a%a ba+b ¢ 3a-2b

a %a = %(Si - 4j) = 1.5i - 2j Divide the i component and the j component by 2.

b a+b=3i-4j+2i+7j
=(3+2)i+ (-4 + 7)j=5i + 3j ————— Add the i components and the j components.

¢ 3a - 2b=3(3i - 4j) - 2(2i + 7))

= 9i — 12j — (4i + 14j) Multiply each of the vectors by the scalar then
= (9 = 4)i + (=12 - 14)] subtract the i and j components.
= 5i — 2Gj
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Vectors

a Draw a diagram to represent the vector =3i +j

b Write this as a column vector.

3 units in the direction of the unit vector —i and
1 unit in the direction of the unit vector j.

b -3i+j=(7)

Given thata=2i+ 5j, b=12i — 10jand ¢ = -3i+ 9j, finda+ b +c, using column vector notation in
your working.

Add the numbers in the top line to get 11
a+b+c= (g) 2 (_1120) + ('93) - (2) 7 L___ (the x-component), and the bottom line to get 4
(the y-component). This is 11i + 4j.

Example @
Given a = 5i + 2jand b = 3i — 4j, m Explore this solution as a vector O

find 2a — b in terms of i and j. diagram on a coordinate grid using GeoGebra.
> 10 To find the column vector for vector 2a multiply
o = 2(2) - ( 4)

the i and j components of vector a by 2.

5 b_(10) (3)_ 10-3 _(7)
a-P=14) \w4) " \4-(=4)  \8 To find the column vector for 2a — b subtract the
components of vector b from those of vector 2a.

2a-b=7i+8j

Exercise @

1 These vectors are drawn on a grid of unit squares. vy
Express the vectors vy, vy, V3, V4, Vs and ve in :
A6)

V3

i, j notation and column vector form.
V4
A3

figess

\— Remember to give your answer in terms of i and j.
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Given that a = 2i + 3j and b = 4i — j, find these vectors in terms of i and j.

a 4a b%a ¢ -b d 2b+a

e 3a-2b f b-3a g 4b-a h 2a-3b

Given that a = (9), b= (11) and ¢ = (:8) find:

7 =3 1
a Sa b—%c ca+b+c d 2a-b+c
e 2b+2c-3a f Ja+1b

Given that a = 2i + 5j and b = 3i — j, find:
a \if a + Ab is parallel to the vector i b pif pia + b is parallel to the vector j

Given thatc=3i+4jandd =i - 2j, find:

a \if ¢+ Adis parallel to i + b pif pe +dis parallel to i + 3j
¢ sif ¢ —sdis parallel to 2i + j d zif d - zcis parallel to —2i + 3j
In triangle ABC, 4B = 4i + 3jand AC = 5i + 2j. 7
Find BC. c

(2 marks)

A

OABC'is a parallelogram. . — A B
P divides AC in the ratio 3:2. 04 =2i + 4j, OC ="Ti.
Find in i, j format and column vector format: P

— — E—
a AC b AP ¢ OP

0 o ¢

. (j ) b (10)’ . @) Problem-solving

k - =
3 You can consider b - 2a = ¢ as two linear

Given that b — 2a = ¢, find the values of j and . equations. One for the x-components
(2 marks) and one for the y-components.
(P _(4) . _ 7)
e (—q)’ b= (p)’ €= (4
Given that a + 2b = ¢, find the values of p and q. (2 marks)

The resultant of the vectors a = 3i — 2jand b = Pi = 2pj is parallel to the vector ¢ = 2i — 3j.

Find:

a the value of p (4 marks)
b the resultant of vectors a and b. (1 mark)



Vectors

@ Magnitude and direction

You can use Pythagoras’ theorem to calculate the magnitude of a vector.

. . (X
= Forkhsyactorie 2 +l= (J’)’ m You use straight lines on either side of
the magnitude of the vector is given by: the vector:

jal =2+ )7 al= i3l = |(3)

You need to be able to find a unit vector m A unit vector is any vector with

in the direction of a given vector. magnitude 1.

= A unit vector in the direction of a is -> A unit vector in the direction of a is sometimes
|a written as a.

If |a] = 5 then a unit vector in the direction
a
ofais _g_ //
>
5
Example @

Given that a = 3i + 4j and b = -2i — 4j:
a find |a|

b find a unit vector in the direction of a @ Explore the magnitude of a vector O

¢ find the exact value of |2a + b| using GeoGebra.

& o (3) It is often quicker and easier to convert from i, j
4 form to column vector form for calculations.
la] = V32 + 42—‘
la]=v25 =5 _’ Lo Using Pythagoras.
3i + 4j
b a unit vector is —2— = L
lal 5

0.6

[ p— y
= 5(31 + 4j) or (0.5

3 > c_»o 4 Unless specified in the question it is acceptable
2a+b=2 + = = - : e
e (4) (_4) (8 = 4) (4) to give your answer in i, j form or column vector

form.
|2a + b| = V42 + 42 = /32 = 42

You need to give an exact answer, so leave your
L answer in surd form:

V32 =V16x2 = 4J2 « Section 1.5
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You can define a vector by giving its magnitude, and the angle between the vector and one of the
coordinate axes. This is called magnitude-direction form.

Find the angle between the vector 4i + 5j

and the positive x-axis. This might be referred to as the angle between

the vector and i.

VA

Identify the angle that you need to find.
A diagram always helps.

=Y

o
tan b= 5 You have a right-angled triangle with base 4 units
4 5 and height 5 units, so use trigonometry.
6= tan- (Z) = 51.3° (3 s.)

SoF & y
Vector a has magnitude 10 and makes an angle of 30° with j. |

Find a in i, j and column vector format. 308

.wu

=Y

0

L Use trigonometry to find the lengths of the x-
and y-components for vector a.

=Y

o
cos60° = % x=10co560° =5
sin60° = rd y =10sin60° = 5/3 m The direction of a vector can be
12 given relative to either the positive x-axis (the i

a=5i+5/3ora= (5% ) direction) or the positive y-axis (or the j direction).

Exercise @

1 Find the magnitude of each of these vectors.
a 3i+4j b 6i - 8j c Si+ 12§ d 2i+4j
e 3i—-5j f 4i+7j g -3i+5j h —4i-j

240



10

a =2i + 3j, b=3i—4jand ¢ = 5i - j. Find the exact value of the magnitude of:
aa+b b 2a-c ¢ 3b-2¢

For each of the following vectors, find the unit vector in the same direction.
a a=4i+3j b b=>5i-12j ¢ c=-T7i+24j d d=i-3j

Find the angle that each of these vectors makes with the positive x-axis.
a 3i+4j b 6i — 8j ¢ Si+ 12j d 2i+4j

Find the angle that each of these vectors makes with j.
a 3i-5j b 4i+7j ¢ -3i+5j d —4i-j

Write these vectors in i, j and column vector form.

a Va b ya C VA d ya

L60D
4555 b :

0

=Y
Y

—>
X

0 o

2 /
S

Draw a sketch for each vector and work out the exact value of its magnitude and the angle it
makes with the positive x-axis to one decimal place.

a 3i+4j b 2i—j ¢ =514+
Given that |2i — kj| = 2/10, find the exact value of k. (3 marks)

Vector a = pi + ¢gj has magnitude 10 and makes Problem-solving

an angle 0 with the positive x-axis where =m————
sin 0= % Find the possible values of p and g. e P .

(4 marks)
— —_—

In triangle ABC, AB = 4i + 3j, AC = 6i — 4j. B

—_—
a Find the angle between 4B and i.

— A
b Find the angle between AC and i.
¢ Hence find the size of ZBAC, in degrees, to one decimal place. =

o _ﬁ . . _é . .
In triangle POR, PQ =4i+j, PR = 6i - 8j. . 0 m -
a Find the size of ZQPR, in degrees, triangle is 3ab sin 6.
to one decimal place. (5 marks) « Section 9.3
b Find the area of triangle POR. (2 marks) a ‘
/)
R b
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Challenge

— -
In the diagram 4B = pi + gj and AD = ri + sj.
ABCD is a parallelogram. D
Prove that the area of ABCD is ps — gr-

@ Position vectors

c Problem-solving

Draw the parallelogram
on a coordinate grid, and
choose a position for the
origin that will simplify
your calculations.

You need to be able to use vectors to describe the position of a point in two dimensions.

Position vectors are vectors giving the position of a point, relative to a fixed origin.

—
The position vector of a point A is the vector O4, where O is the origin. J“r

_) a
If OA = di + bj then the position vector of 4 is (b)

= In general, a point P with coordinates (p, ¢) has a position vector

__) p
OP =pi+qj=( )
q
—_— — — — VA
= AB = OB - OA,where OA and A
—_—
OB are the position vectors of

A and B respectively. B

Example @

The points 4 and B in the diagram have coordinates (3, 4)
and (11, 2) respectively.
Find, in terms of i and j:

a the position vector of 4 b the position vector of B

—
¢ the vector AB

=V

)

m Use the triangle law:

—_— — —

AB = A0+OB=—0A +OB

So AB = OB - 0A
¢« Section 11.1

=Y

O 2 4 6 8 10 12

— : 3

a 04 = 3i + 4j In column vector form this is (4)
A ; o LLE

b OB = 1i + 2j In column vector form this is ( 5 )

— o o
c AB = OB - 04

= (i + 2j) = (3i + 4j) = 8i - 2j —— In column vector form this is (_82)
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Vectors

- _—
OA = 5i - 2jand AB = 3i + 4. Find:
a the position vector of B

—_—
b the exact value of |OB| in simplified surd form.

VA
B
0 X
A
a 5;1" o ( a ) and A—B’ _ (3) It is usually quicker to use column vector form for
- 4 calculations.
_— —
OB = OA4 + AB = (_52) + (2) = (‘2) w— Ini, j form the answer is 8i + 2j.

e e~
b |OB| =82 + 22 = /G4 + 4 = /68 = 2/TF——— V68 = V4 x 17 = 2/17 in simplified surd form.

Exercise @

1 The points 4, B and C have coordinates (3, —1), (4, 5) and (=2, 6) respectively, and O is the origin.

Find, in terms of i and j:
.-, . .. __) s _)
a i the position vectors of 4, Band C ii AB iii AC
. . . —_) oo _ﬁ see —)
b Find, insurd form: i |OC]| ii |AB)| i |AC |

— —_—
2 OP =4i-3j,00 =3i+2j
N —
a Find PQ
—_— — —
b Find, in surd form: i |OP | ii (00| iii |PQ]

— —
3 00 =4i-3j, PO =5i+6]
—
a Find OP
' . - —_ e
b Find, in surd form: i |OP| ii |0Q] i |[PQ]

® 4 OABCDE is a regular hexagon. The points 4 and B have position vectors a and b respectively,
where O is the origin.

Find, in terms of a and b, the position vectors of
a C b D ¢ E.
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@ 5 The position vectors of 3 vertices of a parallelogram Problem-solving

are (4) (3) and (8) Use a sketch to check that you

2/ \5 6 - =
.. [ bl
Find the possible position vectors of the fourth vertex. havg 'con5|dered sl tiepeshie
positions for the fourth vertex.

@ 6 Given that the point 4 has position vector 4i — 5j and the point B has position vector 6i + 3i,
a find the vector A_B: . (2 marks)
b find |B | giving your answer as a simplified surd. (2 marks)

7 The point 4 lies on the circle with equation x2 + y2 = 9. Given that 04 = 2ki + ki,
find the exact value of k. (3 marks)

Challenge

The point B lies on the line with equation 2y = 12 — 3x. Given that |OB| = V13,
find possible expressions for O_B) in the form pi + gj.

@ Solving geometric problems

You need to be able to use vectors to solve geometric problems and to find the position vector of a
point that divides a line segment in a given ratio.

® If the point P divides the line segment 4B in the ratio \: 4, then A
_ — A —
OP =04 + AB
A+ pu P
04 +—>— (0B - 04
- * A+u ( N ) z
o AP:PB=)\:p

Example @

In the diagram the points 4 and B have
position vectors a and b respectively P
(referred to the origin O). The point P divides
ABin the ratio 1:2.

Find the position vector of P. 5
0

e —_— ==
OP = 04 + 4B
l_ There are 3 parts in the ratio in total, so P is % of

—_ " —_ —
= 04 +3(0B - 04) the way along the line segment AB.
D= e
= gOA + gOB = o
Rewrite AB in terms of the position vectors for 4
= %a 4 é—'b and B.

L Give your final answer in terms of a and b.

244



Vectors

You can solve geometric problems by comparing coefficients on both sides of an equation:

= If aand b are two non-parallel vectors and pa + gb=ra + sbthen p=rand ¢ =.

OABC is a parallelogram. P is the point where 4 B
the diagonals OB and AC intersect.

—_ —
The vectors a and ¢ are equal to O4 and OC P
respectively.

Prove that the diagonals bisect each other.

(@) C
: N
From the diagram, @ Use technology to show that 7
OB=0C+CB=c+ a—‘ diagonals of a parallelogram bisect each other.

and AC = AO + OC. \_
=—0A+0C=—a+c

—
Plieson OB = OP = Xe +a) Use the fact that P lies on both diagonals to find
Plies on AC = 57,’ _ 52’ § H,’ two different routes_fiom O to P, giving two

different forms of OP.

—_— _—
Express OB and AC interms of aand c.

=a+ u-a+c

= MNec+a =a+u-a+c

e
The two expressions for OP must be equal.
= /\=1—;1 and A=l

T

= A =p =3 50 Pis the midpoint of both Form and solve a pair of simultaneous equations
diagonals, so the diagonals bisect each by equating the coefficients of a and c.
other.

If Pis halfway along the line segment then it
must be the midpoint.

Example @
i 1B ac
In triangle ABC, AB = 3i-2jand AC =i - 5j, Problem-solving

Work out what information you would need to

Find the exact size of ZBAC in degrees.
find the angle. You could:

A
e find the lengths of all three sides then use the

cosine rule

—) === . . .
B e convert AB and AC to magnitude-direction
form

The working here shows the first method.
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BC=AC - 45 = (—15) - (—32) - (:g) “— Usethe triangle law to find BC.

|4B| = {32+ (-2 = /T 1

Iﬁl =12 + (=5)2 = /26 Leave your answers in surd form.
|BC| = =27 + <27 = VEJ

—_— _ —_—
|AB|? + [AC|2 - |BC|? P+ .
cos LBAC = == = cosA=T « Section 9.1
2 x |AB| x |AC]| £

13+26-13 26 _ 1

2x V13 xV26 26/2 V2
3 m Check your answer by entering the

ZBAC = cos™ (—2) = 45° vectors directly into your calculator.
v

Exercise @

—_ —
@ 1 In the diagram, WX =a, WY =b and

— L —_— —
WZ =c. Itis given that XY = YZ.
Prove that a + ¢ = 2b.

@ 2 OABisatriangle. P, Q and R are the midpoints A
of OA, AB and OB respectively.

OP and OR are equal to p and r respectively.

sy — 0
a Find i0OB ii PQ P
b Hence prove that triangle PAQ is similar to triangle OA4B.
B
0 R
. . —_ —_— A
@ 3 OABisatriangle. O4 =aand OB =b.
The point M divides OA in the ratio 2: 1. " -
MN is parallel to OB.
-—) .

a Express the vector ON in terms of a and b.

b Show that AN:NB=1:2
o B
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Vectors

OABC is a square. M is the midpoint of O4, and Q divides BC A B
in the ratio 1 :3. 0
AC and MQ meet at P. I
—— —_ — M

a If 04 =aand OC =c, express OP in terms of a and c.
b Show that P divides AC in the ratio 2: 3.

o (&
In triangle ABC the position vectors of the vertices 4, B and C are (g), (g) and (Z) Find:

—_— —_ —_—
a |AB| b |AC| ¢ |BC|
d the size of ZBAC, ZABC and ZACB to the nearest degree.

OPQ is a triangle. S Problem-solving

_ — _— —
2PR = RQ and 30R = OS To show that 7, P and S lie
RN —— "] . .
OP =aand 00 =b. . P on the same straight line
- you need to show that any
_ —
a Show that OS =2a +b. a two of the vectors 7P, TS
’ i =3
b Point 7 is added to the diagram such or PS are parallel.
—_— 0] b 0]
that OT = -b.
Prove that points 7, P and S lie on a straight line.
Challenge
OPQR is a parallelogram. P N 0)
a
v M

(@)

N is the midpoint of PQ and M is the midpoint of OR.

a") =aand O—R) =b. The lines ON and OM intersect the diagonal PR at points
X and Y respectively.

a Explain why 1’_)1;: —ja +jb, where j is a constant.

b Show that 15() =(k-1a+ %kb, where k is a constant.

¢ Explain why the values of j and k must satisfy these simultaneous equations:
k=1=-j
sk=j

d Hence find the values of j and k.

e Deduce that the lines ON and OM divide the diagonal PR into 3 equal parts.
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@ Modelling with vectors

You need to be able to use vectors to solve problems in context.

In mechanics, vector quantities have both magnitude and direction. Here are three examples:

® velocity
® displacement
e force

You can also refer to the magnitude of these vectors. The magnitude of a vector is a scalar quantity
— it has size but no direction:

® speed is the magnitude of the velocity vector .
e distance in a straight line between 4 and B is the magnitude of the displacement vector AB

When modelling with vectors in mechanics, it is common to use the unit vector j to represent north
and the unit vector i to represent east.

A girl walks 2 km due east from a fixed point O to A4, and then 3 km due south fror A4 to B. Find:
a the total distance travelled
b the position vector of B relative to O
—
¢ |OB|
d the bearing of B from O.

Note that the distance of B from O is not the
same as the distance the girl has walked.

a The distance the girl has walked is
2km + 3km = 5km

b Representing the girl’s journey on a diagram:

N
5 2km A
\Y/
3 km
j represents north, so 3 km south is written as
r ~3j km.
B

= . 1-
OB = (2i - 3j)km Remember to include the units with your answer.

N e
¢ |OB| =V2%+ 3 = V13 = 361km (3 5-f-‘)—L OB is the length of the line segment OB in the
3 diagram and represents the girl’s distance from

d tanf=> the starting point.
0 =56.3°
The bearing of B from O is =
56.3° + 90° = 146.3° = 146° A three-figure bearing is always measured

clockwise from north.
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In an orienteering exercise, a cadet leaves the starting point O and walks 15km on a bearing of
120° to reach A, the first checkpoint. From A he walks 9 km on a bearing of 240° to the second
checkpoint, at B. From B he returns directly to O.

Find:

a the position vector of A4 relative to O
—_—

b |OB|

¢ the bearing of B from O

d the position vector of B relative to O.

“ Start by drawing a diagram.
ZOAB =360° — (240° + 60°) = 60°
e
The position vector of A relative to O is OA.
0 15 cos 30°
Draw a right angled triangle to work out the
lengths of the i and j components for the
position vector of A relative to O.
_
04 = (15 cos 30° — 15 sin 30%) km
= (13.0i — 7.5) km
b

—
|OB|2 =152 + 9% — 2 x 15 x 9 x co5 GO° |OB| is the length of OB in triangle OAB.
= 171 Use the cosine rule in triangle OAB.

—_
|OB| = V171 = 13.1km (3 sf)
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& 5'; S 5'@ Use the sine rule to work out 6.
V171
9 x sin 60°
sinf = = 0596
V171
f=366..°
The bearing of B from O = 120 + 36.6...
=157° (3 5.f)
d N N
N
. 13.1cos67°
° i
& 157° — 90° = 67°
13.1sin67°
13.1km Draw a right angled triangle to work out the
lengths of the i and j components for the
position vector of B relative to O.
B
—_—
OB = (5.i — 121 km
1 Find the speed of a particle moving with these velocities:
o p p g ] m Speed is the magnitude of
a (3i+4j)ms! b (24i - 7j) kmh™"' the velocity vector.
¢ (Si+2j))ms! d (-7i+4j)cms!
2 Find the dist db ticle which Is for:

ind the distance r_nove y a particle which travels for m —
a 5 hours at velocity (8i + 6j) km h~! then use:
b 10 seconds at velocity (5i — j)ms™! Distance travelled = speed x time

¢ 45 minutes at velocity (6i + 2j) kmh-!
d 2 minutes at velocity (—4i — 7j)cms~".

3 Find the speed and the distance travelled by a particle moving in a straight line with:

a velocity (=3i + 4j) ms~' for 15 seconds b velocity (2i + 5j) ms~! for 3 seconds
¢ velocity (5i — 2j) km h~! for 3 hours d velocity (12i — 5j) kmh~! for 30 minutes.
4 A particle P is accelerating at a constant rate. m =

= : — (D3 : =
When t‘— 0, P has velocity u —‘(21 + 3j) rrfs . =t
and at time 7 = 5s, P has velocity v = (16i — 5j) ms~'.
vV—u
14

The acceleration vector of the particle is given by the formula: a =

Find the acceleration of P in terms of i and j.
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) 5 A particle P of mass m = 0.3 kg moves under the action of a single constant force F newtons.
The acceleration of Pisa = (5i + 7)) ms=—.

a Find the angle between the acceleration and i. (2 marks)
Force, mass and acceleration are related by the formula F = ma.
b Find the magnitude of F. (3 marks)

D 6 Two forces, F, and F,, are given by the vectors F; = (3i — 4j) N and F, = (pi + ¢j) N.
The resultant force, R = F; + F, acts in a direction which is parallel to the vector (2i — j).

a Find the angle between R and the vector i. (2 marks)
b Show that p + 2¢ = 5. (3 marks)
¢ Given that p = 1, find the magnitude of R. (3 marks)
D 7 The diagram shows a sketch of a field in the shape of a triangle 4 BC. B

— -
Given AB = 30i + 40j metres and AC = 40i — 60j metres,

-
a find BC (2 marks)

A
b find the size of ZBAC, in degrees, to one decimal place (4 marks)
¢ find the area of the field in square metres. (3 marks)
C

D 8 A boat 4 has a position vector of (2i + j) km and a buoy B has a position vector of (6i — 4j) km,
relative to a fixed origin O.

a Find the distance of the boat from the buoy.

b Find the bearing of the boat from the buoy.

The boat travels with constant velocity (8i — 10j) km/h. Draw a sketch showing the
¢ Verify that the boat is travelling directly towards the buoy initial positions of the boat,
d Find the speed of the boat. the buoy and the origin.

e Work out how long it will take the boat to reach the buoy.

Mixed exercise Q

) 1 Two forces F, and F, act on a particle.
F, = -3i + 7j newtons
F, =i - jnewtons
The resultant force R acting on the particle is given by R = F, + F,.
a Calculate the magnitude of R in newtons. (3 marks)

b Calculate, to the nearest degree, the angle between the line of action of R and the
vector j. (2 marks)
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@ 2 A small boat S, drifting in the sea, is modelled as a particle moving in a straight line at constant
speed. When first sighted at 09:00, S is at a point with position vector (-2i — 4j) km relative to a
fixed origin O, where i and j are unit vectors due east and due north respectively. At 09:40, S is
at the point with position vector (4i — 6j) km.

a Calculate the bearing on which S is drifting.
b Find the speed of S.

(®) 3 Afootball player kicks a ball from point 4 on a flat football field. The motion of the ball is
modelled as that of a particle travelling with constant velocity (4i + 9j) ms~'.

a Find the speed of the ball.
b Find the distance of the ball from A4 after 6 seconds.

¢ Comment on the validity of this model for large values of z.

@ 4 ABCD is a trapezium with AB parallel to DC and DC =4A4B.
M divides DC such that DM : MC =3:2, E =a and B_C) =b.
Find, in terms of a and b:

— — —_— —_—
a AM b BD ¢ MB d DA
5 The vectors 5a + kb and 8a + 2b are parallel. Find the value of k. (3 marks)
. _(7\ w_ (10 f=5 .
6 Given thata = (4), b= (_2) and ¢ —( _3) find:
aa+b+c b a-2b+c ¢ 2a+2b-3c
— -
(£) 7 Intriangle ABC. AB =3i+ 5jand AC = 6i + 3], find: B
a 1?5 (2 marks)
b /BAC (4 marks) L
¢ the area of the triangle. (2 marks)
A

8 The resultant of the vectors a = 4i — 3j and b = 2pi — pj is parallel to the vector

¢ =2i-3j. Find:
a the value of p (3 marks)
b the resultant of vectors a and b. (1 mark)

9 For each of the following vectors, find
i a unit vector in the same direction ii the angle the vector makes with i

a a=28i+15f b b=24i- 7 ¢ c=-9i+40j d d=3i-2
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P) 11
P) 12

P) 13

Vectors

The vector a = pi + ¢j, where p and ¢ are positive constants, is such that |a] = 15.
Given that a makes an angle of 55° with i, find the values of p and q.

Given that |3i — kj| = 3V/5, find the value of k. (3 marks)

—_—
OAB s a triangle. O4 =a and O—B) =b. The point M divides OA4 in the ratio 3: 2.
MN is parallel to OB.

—_—
a Express the vector ON in terms of aand b. (4 marks) A
b Find vector W . (2 marks) M N
¢ Show that AN: NB=2:3. (2 marks)
(0] B

Two forces, F, and F,, are given by the vectors F, = (4i — 5j)) N and F, = (pi + gj) N.
The resultant force, R = F, + F, acts in a direction which is parallel to the vector (3i - j)

a Find the angle between R and the vector i. (3 marks)
b Show that p + 3¢ =11. (4 marks)
¢ Given that p = 2, find the magnitude of R. (2 marks)

A particle P is accelerating at a constant rate. When 7 = 0, P has velocity u = (3i + 4j) ms~' and
at time 7 = 2, P has velocity v = (15i — 3j)ms-’.
v-u

4

The acceleration vector of the particle is given by the formula: a =

Find the magnitude of the acceleration of P. (3 marks)

Challenge

The point B lies on the line with equation 3y = 15 — 5x.

-

: — 34 : = — —
Given that |OB| = = find two possible expressions for OB In the form pi + gj.
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Summary of key points

—_— —
1 If PQ = RS then the line segments PQ and RS are equal in length and are parallel.

e —
2 AB =-BA asthe line segment AB is equal in length, parallel and in the opposite direction
to BA.

—_ > —
3 Triangle law for vector addition: 4B + BC = AC

_— . e
If AB=a, BC =band AC =c,thena+b=c
4 Subtracting a vector is equivalent to ‘adding a negative vector: a— b = a + (-b)

—_— —_— —_— —
5 Adding the vectors PQ and QP gives the zero vector 0: PQ + QP =0.

6 Any vector parallel to the vector a may be written as \a, where ) is a non-zero scalar.

A
7 To multiply a column vector by a scalar, multiply each component by the scalar: )\(1(;) = (;Z)

+r
8 To add two column vectors, add the x-components and the y-components (‘Z) B (;) = (‘Iq) = s)

9 A unit vector is a vector of length 1. The unit vectors along the x- and y-axes are usually

denoted by i and j respectively. i = ((1)) j= ((1))

10 For any two-dimensional vector: (Z) = pi + ¢j

11 Forthevectora=xi+yj= (;) the magnitude of the vector is given by: |a| = /x2 + )2

12 A unit vector in the direction of a is ﬁ

13 In general, a point P with coordinates (p, ¢) has position vector:

e
0P=pl+qj=(q)

—_— — — —_— —
14 AB = OB - 04, where O4 and OB are the position vectors of 4 and B respectively.

15 |If the point P divides the line segment 4B in the ratio A: y, then A

_— — =

OP =04 + AB
A+ p P

B X _— —
=04 + (OB - 04) B
A+
0 AP:PB=X\:p

16 If aand b are two non-parallel vectorsand pa+ ¢gb=ra+sbthenp=randg=s
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