Integration

After completing this chapter you should be able to:

e Integrate standard mathematical functions including trigonometric
and exponential functions and use the reverse of the chain rule to

integrate functions of the form flax + b) - pages 294-298
Use trigonometric identities in integration -» pages 298-300
Use the reverse of the chain rule to integrate more complex
functions - pages 300-303
e Integrate functions by making a substitution, using integration by
parts and using partial fractions - pages 303-313
e Use integration to find the area under a curve -» pages 313-317

Use the trapezium rule to approximate the area under a curve.

-» pages 317-322
e Solve simple differential equations and model real-life situations
with differential equations - pages 322-329

Differentiate:
a Rx=1)°

c e’ « Sections 9.1,9.2,9.3

Given f(\) = 8\_ = 6\_
a find ff(.\') dx
b find Iagf(\) dx &« Year 1

, 3x+22 : .
Write ————==———as partial fractions.
(bx -1)(x+3 P

&« Section 1.3
Find the area of the region R bounded
by the curve y=x*+1, the x-axis and
the lines x =-1and x = 2.

Integration can be used to solve differential
equations. Archaeologists use differential
equations to estimate the age of fossilised
plants and animals. > Exercise 11K Q9




Chapter 11

@ Integrating standard functions

Integration is the inverse of differentiation. You can use your knowledge of derivatives to integrate

iliar functions. =
Tt m This is true for all values of n

+1 =
@ fx"dx=f+1+c — except -1,
@ fexdx=e‘+c m When ﬁndingf%dx it is usual to
©) f%dx =ln|x| +¢ write the answer as In|x| + ¢. The modulus
sign removes difficulties that could arise when
) f cosxdx =sinx +c¢ evaluating the integral for negative values of x.

® fsinxdx=—-cosx+c m 3
L For example, if y = cos x then e =sin x.
sec?xdy=tanx +c¢ = :
© f This means that f(—sm X dx = cos x + ¢ and
@ fcosec xcotxdx =—cosecx + ¢ hence fsin xXdx=-cosx+c. € Section 9.1
® f cosec?xdx =-cotx + ¢

©) fsecxtanxd.r:secx+c

Example

Find the following integrals.

- COS X %
a f(2003_1+'\,—\f.\)d.\ b f(sinzx_ze)dl
e f 2 icws Kak = 2 sihEd ¢ Integrate each term separately.
_|— Use @

f%dr =3In|x| +¢

L Use @
Use @

So e s dx - :
f(g cosx + 3~ Vx) o This is an indefinite integral so don't forget the

= 2sinx + 3in|x| - %\_ .8 = e

f\ Xdx = f.\' fdx = x Fre

p SO5X _cosx 1 ) . : : ;
S x = sinx X Sy = cotxcosecx -—§L Look at the list of integrals of standard functions
and express the integrand in terms of these

f{cot XcosecXx)dx = —cosecx + ¢ standard functions.
2e*dx = 2e* + T
f S Remember the minus sign.

= —cosecx — 2¢% + ¢
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Given that a is a positive constant and
fsu 2x + 1
[

1 X

3R F N .
Jar X ax

= [F(2+ g)ax

dx =In12, find the exact value of a.

Integration

Problem-solving

Integrate as normal and write the limits as « and
3a. Substitute these limits into your integral to get
an expression in a and set this equal to In12. Solve
the resulting equation to find the value of .

| Separate the terms by dividing by x, then
integrate term by term.

= [2x + Inx]34—

= (Ga + In3d) — (2a + Inal

=4a + In(%—f) e
=4a+ In3

So, 4a + In3 =In12
4a =In12 = In3

|~ Remember the limits are a and 3a.
Substitute 3a and a into the integrated expression.

Use the laws of logarithms: Ina — Inb = ‘.n(%)

4g = Ind~—

1
1=— In4d
Na

1 Integrate the following with respect to x.
. 5 2
a 3sec’x+—+—
> S
¢ 2(sinx —cosx + X)
e Se*+4dcosx— %
p|l 3. 1 ®

g.\' X2 X3

i 2cosecxcotx —sec’x
2 Find the following integrals.
1 1 )
+—|dx
% J‘(coslx x2 .

. J‘(l +cosx 1 +.\') i

sinx x?

e fsin x(1 + sec? x)dx
g fcc'sec2 x(1 + tan® x)dx

i f sec? x(1 + e*cos® x)dx

L ln12—ln3=ln(£)=ln4

3

@ Use your calculator to check

your value of « using numerical integration. |

5¢¥ — 4sin x + 2x?

2
3secxtanx — 3

1
— + 2cosec? x
2x

F4R

e’ + sin X + cos X

= = a T

s
j e+ —cosec’x

b j(_sir?_ - 2&") dx
cos>x

d f(ﬁ;%;+%)dx

] fcos x(1 + cosec® x) dx

h fse@ x(1 = cot? x)dx

1 +sinx 3 )
————+cos‘xsecx dx
cos? X

3 Evaluate the following. Give your answers as exact values.

a [/2evdx

i3

¢ f;—S sin xdx

b [ ¥ d

0
d f _sec x(sec x + tan x) dx
-3

When applying

limits to integrated trigonometric
functions, always work in radians.
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Chapter 11

2a3x — 1

s |
E/P) 4 Given that « is a positive constant and L T dx=6+ ln(j],

find the exact value of a.

(4 marks)

i g - 48
E/P) 5 Given that a is a positive constant and f: n"]ae" + ¢~ dx =7, find the exact value of . (4 marks)

E/P) 6 Given ff(?ae-“ + 6e2Y) dx = 0, find the value of 5.

EP) 7 fx)= %.\‘% - % x>0
a Solve the equation f(x) = 0.
b Find [f(x)dx.

(4 marks)

(2 marks)
(2 marks)

¢ Evaluate f:lf(x} dx, giving your answer in the form p + gInr, where p, g and r are

rational numbers,

@ Integrating f(ax + b)

If you know the integral of a function f(x) you can inte

reverse of the chain rule for differentiation.

Find the following integrals.

a fcos(Z.\‘-i- 3)dx b |e¥+ldx

a Consider y = sin(2x + o ) ==
dy

P cos(2x + 3) x 2
So fcoa(a\‘ +3)dx = 1sin(2x + 3) + ¢

b Consider y = e**+1;
dy )
__=e—~.\'+1 X4'—

dx
SO fe-l.\'4‘d'\.::",e-$\-+1 + ¢

¢ Consider y = tan3x:
dy

ax

So fsec’-“’ Bxdx = %tan 3x+¢

=sec?3x x 3 —
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(3 marks)

grate a function of the form f(ax + b) using the

¢ f sec’3xdx
Integrating cos x gives sin x, so try sin (2x + 3).

Use the chain rule. Remember to multiply by the
derivative of 2x + 3 which is 2.

This is 2 times the required expression so you
need to divide sin (2x + 3) by 2.

The integral of e~ is e, so try e4v+1,

This is 4 times the required expression so you
divide by 4.

Recall @ Let y = tan 3.x and differentiate using
the chain rule. This is 3 times the required
expression so you divide by 3.



In general:

" ff"(ax + b)dx =%f(ax +b)+¢

Find the following integrals:

Integration

m You cannot use this method to

integrate an expression such as cos (2x% + 3)
since it is not in the form flax + b).

Integrating 31; gives In|x| so try In 3x + 2).

._ The 3 comes from the chain rule. It is 3 times the

. 5 44
—d b [(2x+3)dx
a Consider y = In(3x + 2)
5 dy 1
© dx 3\ + 2 e
50f 1n[3\+2!+£

required expression, so divide by 3.

b Consider y = (2x + 3)°

L Tointegrate (ax + b)" try (ax + b)"**.

5 d'l'—S 2x+3)x 2
Od.\‘_ x (2x + 3)" x

=10 x (2x + 3)*
" - — .1_ * El .
So [(2x + 3)dx = 5 (2x + 3P +

Exercise @

1 Integrate the following:

a sin(2x+1) b 3e>*

¢ 4evts d cos(l-2x)
e cosec’3x f secdxtandx
g 3sin(3x+1) h sec’(2 - x)

2 Find the following integrals.
a f(el" —%sin (2x—=1))dx

c f sec22x(1 + sin 2x)dx
e f(ev‘* ¥ 4 sin(3 — x) +cos(3 - x))dx

3 Integrate the following:
1 1

L TR b ox+ 1y
3 3
&y F 04y

L The 5 comes from the exponent and the 2 comes
from the chain rule.

This answer is 10 times the required expression,
so divide by 10.

m For part a consider y = cos(2x + 1).
You do not need to write out this step once

you are confident with using this method.

i cosec2xcot2x j cos3x—sin3x

b f(e"+l}2dr

d f—————_ st dx

sin?3x
5 3
c 2x+ 1) d P
3
3x +2)° his————
. (1-2x)}
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4 Find the following integrals.

. 4 )
a f(3sm(2x+ LD o I)d.\
1 1 1 )
¢ f(sinzz.\- T+ T+ 20p dx
5 Evaluate:
a J:_.,'Tcos(:'r - 2x)dx b f s 21)4 dx

6 Given fh(l\‘ — 6)>dx = 36, find the value of .

. T Gwenf ——dxﬁ— find the value of k.

8 Given [ (1 - 7 sin kx)dx = (7 - 6/3),

find the exact value of k. (7 marks)

Challenge

Given Lllﬁd.r=%ln{%),and that ¢ and b

are integers with 0 < a < 10, find two different
pairs of values for « and b.

@ Using trigonometric identities

= Trigonometric identities can be used to
integrate expressions. This allows an
expression that cannot be integrated to
be replaced by an identical expression
that can be integrated.

b [(e%+ (1 - %) dx

5 1 .
d f((3.\ T 2)2) dx

. 3 dx
2x

¢ ffsecz(fr =3gdy d | =5

(4 marks)

(4 marks)

Problem-solving

Calculate the value of the indefinite integral in
terms of k and solve the resulting equation.

@ Make sure you are familiar with the

standard trigonometric identities. The list of
identities in the summary of Chapter 7 will be
useful. « page 196

Find ftaand.\'
; T B . :
ifce: e a=1 £n"a You cannot integrate tan? x but you can integrate
tan?x = sec?x — 1 | seex directly.

So J tan?xdy = f(secf x—1)dx

= fsecz,lr dx — f1 dx

=tanx —x + ¢
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Integration

Shv thiat f__flsinzx de=" 4 1 =v2 You cannot integrate sin2x directly. Use the
i 48 8 trigonometric identity to write it in terms of cos 2x.

Resall cpp2u =1 = 2ainx Use the reverse chain rule. If y = sin 2x,

i

e A d
So sin?x = 2.1 - cos2Xx] H{ = 2 cos2x. Adjust for the constant.

e Substitute the limits into the integrated
expression.

=(1 ;_-(W)']_(ﬂ 1 (:))

' You will save lots of time in your exam if you are
x (_w” B 1_(»-"2) B ( T 1 ( 1 )) familiar with the exact values for trigonometric
4

16 _? 24~ 4\2 functions given in radians.
‘—‘(—ﬁ“—i)+l(l-—£) S G o : . :

16 24/ 4\2 2 Write sm(z) in its rationalised denominator form,
. (§E _ EE) L1=V2 as 2 rather than . This will make it easier to

48~ 48 & ’ V2

& . 1sd2 simplify your fractions.

45 8
m This is a ‘show that’ question so
don't use your calculator to simplify the fractions.
Example o

Show each line of your working carefully.
Find:

a fsin 3xcos3xdx b f(sec X + tan x)?dx

" Remember sin 24 = 2sin A cos 4, 50
a jsm 3xcos3xdx = fgs'm 6X dXe————— in6x = 2sin3x cos 3x.

—42 X écos@.\' +c j
Use the reverse chain rule.

—%cos &x + ¢ /——L
b (secx + tanx)? Simplify + x  to 75

= seclx + 2secxtanx + tan?x

I

= sec?x + 2secxtanx + (sec’x — 1) Multiply out the bracket.

2 2y + 2 xtanx — 1 :
e s ‘__ Write tanZx as seczx — 1. Then all the terms are

So f(5ﬂc x + tanx)? dx standard integrals.

= f(Z secix + 2 5ec.!rtan.\‘ =1dx

Integrate each term using and @

=2tanx + 23€cXx—-X+¢
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Exercise @

1 Integrate the following: m For part a, use 1 + cot?x = cosec?x.
a cot’x b cos’x For part ¢, use sin24 = 2sin 4 cos 4,
¢ sin2xcos2y d (1 +sinx)? making a suitable substitution for A.
e tan?3x f (cotx - cosecx)? |
inx )2 in2xcos’x | —— i (cos2x—1)
g (sinx + cosx) h sin’xcos®x P Y ]

2 Find the following integrals.

fl - sin X4 b 1 -ﬁcﬁos X ix 5 fcosjlaf -
cos? x sin? x COS? X
2 e 1 + cos x)*
d fc?i 2 dx f£———d.\ f f(cot X —tanx)*dx
sin” x sin? x
— ) B g cos 2x )
g f(cos X —sin x)*dux h f(cos X —sec.x) dx i f———l e o dx
Z 2
3 Show that L'sinz_\' A== g il (4 marks)

4 Find the exact value of each of the followin g

5 1 _ T - (1 +sin x)? ) sin 2x
. fr sin? x cos’ x dx b fw (8.~ Cosee ) dx fl cos? x dx 4 f 1-sin?2x 2\

5 a By expanding sin (3x + 2x) and sin (3x - 2. v) using the double-angle formulae,

or otherwise, show that sin 5x + sin x = 2 sin 3.x cos 2. (4 marks)
b Hence find f sin 3xcos 2x dx (3 marks)

E/P) 6 f(x)=35sin’x + 7cos?x
a Show that f(x) = cos 2x + 6. (3 marks)
b Hence, find the exact value of fn flx)dx. (4 marks)
@ 7 a Show that cos®x = $cos4x + Tcos2x + - (4 marks)
b Hence find f cos* x dx. (4 marks)

@ Reverse chain rule

f
If a function can be written in the form A?((%)), you can integrate it using the reverse of the chain rule
for differentiation. 2

Example o Problem-solving

Find If f(x) =3 + 2sin x, then f(x) = 2 cos x.
- By adjusting for the constant, the numerator is
a f £ dx b f ol the derivative of the denominator.
X2+ 1 ?+7sm\
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Integration

2x

a let I=

J o x2 41 o

; p— 2
Consider y = In|x® +1] This is equal to the original integrand, so you

d s i = .
Then ! (S r— don'’t need to adjust it.
dx x°+1
So I=In|x2+ 1| +c¢ Since integration is the reverse of differentiation.
COS X
b lLet I'=
" 3+ 2sinx
Let y=In|3 + 2sinx| Try differentiating y = In|3 + 2 sin x|.
ay 1 5
— =X x S :
dx 3 + 2sinx e The derivative of In|3 + 2 sin x| is twice the
S I=11n|3 +2sinx| +¢ original integrand, so you need to divide it by 2.
= To integrate expressions of the form m ; :
£1( g) P 2 You can't use this method to
X Z i s .
fk o) dx, try In|f(x)| and differentiate integrate a function such as x21+ = because the

derivative of x2 + 3 is 2x, and the top of the

to check, and then adjust any constant. : :
fraction does not contain an x term.

You can use a similar method with functions of the form kf'(x) (FOx"™.

Find:
a IS cos xsin? xdx b f.\'(x’- + 5)3dx

& Lk = rB s B vy F Try differentiating sin’ x.

Consider y =sin®x This is equal to the original integrand, so you
dy J_- don't need to adjust it.

— = 3sinfxcosX

dx
So I=sinPx+c¢
b Let J= f.\'(}r*E + 5)Pdx ’— Try differentiating (x* + 5)*.

Then let  y = (x% + 5)*

P ’—— The 2x comes from differentiating x* + 5.
— = 4(x2 + 5)® x 2x

dx ~ s . .
This is 8 times the required expression so you

divide by 8.

= &x(x% + 5)7

So = .lg(xE +5)%+¢

= To integrate an expression of the form f kf/(x)(f(x))" dx, try (F(x))"" 1 and differentiate to
check, and then adjust any constant.
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Chapter 11

Use integration to find f

Let 1= [

a:

dx

So Is [35654 x]

Example

cosec? x ’
(2 +cotx)

cosec? x

This is in the form [kf" (x)(f(x))" dx with

(2 + cot _\')3- *

let y = (2 + cot x)2

Use the chain rule.
-2(2 + cot x)2 x (—cosec?x) ——I

This is 2 times the required answer so you need

f(x) =2 + cotxand n = -3.

= 2(2 + cot x)2 cosecZx

Ser I'ss %{2 + cotx) 2 + ¢

Example @
% # 15
Given that L Stanxsect*xdx = 4 where 0 < f <

il
let I'= ﬁ S5tanxsec* xdx

let y = sectx

= 4secix x secxtanx

=4sectxtanx

to divide by 2.

B

> find the exact value of 6.

This s in the form [kf’(x)(F(v)" dx with

f(x) =secxand n=4.

'8
o 4

divide by #

This is % times the required answer so you need to

Substitute the limits into the integrated expression.
(2‘36649) - (ésec4 O) = —-15 ‘r
4 ]~ \4 4

Tt I
" 5_15 B
2 o€¢ -
Tak 4t t ides.
B__ an_ 20 e the 4th root of both sides
sectld) = —
4 o The solutions to cos # = t—l—aree——” m 37 57
sec* = 4 =+areg=-T 73051
m
secl =+ 2 — v

1 Integrate the following functions.

o e2¥
x2+4 e+ 1
ad cos 2x
(e + 1) 3 +sin2x
g xe" h cos2x(1 + sin2x)*

@ Check your solution by using

your calculator.

‘» The only solution within the given range for f is

=

m Decide carefully

whether each expression

X
c ———— =
(x2 + 4 is in the form & 9
sin 2x KF o) (F(x))m.

(3 + cos2x)}
i secixtan’y

or

i sec?x (1 +tan?x)



Integration

2 Find the following integrals.

a f(.\' + 1)(x2 + 2x + 3)*dx b f(:os.ec2 2xcot2xdx
¢ f sin® 3xcos 3xdx d fcos xesinxdy
eX . i
e f 13 dx f f x(x2+ 1) dx
g f 2x+ IWx2 + x+ Sdx ,—?c—+-]—— dx
X2+ x+5
; f fsin XCOoSX o . J‘sin XCOSX o
Vcos2x + 3 cos2x + 3
3 Find the exact value of each of the following:
S ———— % 6sin3x
a | (3x2+ 10x)/x3+5x2+9dx P
fo( Wx X x b 5 1=-cos3x
7 X E
¢ L 219 d fu ‘sec2xedtanx dx
. k 9.y}
/P) 4 Given that J; kxZe¥'dx = %(e“ — 1), find the value of k. (3 marks)

p) 5 Given that f{}”-ﬁt sin 2xcos*2xdx = % where 0 < # < 7. find the exact value of 6.

P cos X
/P y Yax
6 a By writing cotx =" " find fcot xdx. (2 marks)

b Show that f tan x dx = In|sec x| + c. (3 marks)

@ Integration by substitution

= Sometimes you can simplify an integral by changing the variable. The process is similar to
using the chain rule in differentiation and is called integration by substitution.

In your exam you will often be told which substitution to use.

Find f.\'v"Zx + 5 dx using the substitutions:

a u=2x+5 b u?=2x+5
You need to replace each ‘x’ term with a
4 Lot s f,\‘\-"'é,\‘_+ B i corresponding ‘u’ term. Start by finding the
relationship between dx and du.
let u=2x+5

So dx = 2 du.
So du = 2 i -
dx
So dx can be replaced by %du. r— Next rewrite the function in terms of u = 2x + 5.
2x+5 =Vu=u
s - R Rearrange u = 2x + 5to get 2x =u—5and hence
3 i — _hall — u— 5
2 X =
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Chapter 11

Sol= f(’—' ;—5)1{5 x Zdu Rewrite 7 in terms of u and simplify.

= f&{u - 5):;': clu

= f_—i—(h‘ F — 5u%) du ‘
Multiply out the brackets and integrate using

S, i B 5u° %@ rules from your Year 1 book. « Year 1, Chapter 13
T4 2 4x3
u 5u:"\' Nl
e O Simplify.
o & ¢ | Py
So I= (2"'15 o) _ 5(2‘\‘6*- o) + ¢ Finally rewrite the answer in terms of x.
b Let 1= f.\'v 2X + 5dx First find the relationship between dx and du.
W =2x+5
du Using implicit differentiation, cancel 2 and
2===2
ax rearrange to get dx = udu.

So replace dx with udu.
V2x +5 =u

u> -5 Rewrite the integrand in terms of u. You will need

d x= -
o ¥ 2 to make x the subject of #? = 2x + 5.

So I= f(u’_2—_5_) U x udu

Sy
= f(% = %) du — Multiply out the brackets and integrate.

+ ¢ =———— Rewrite answer in terms of x.

Use the substitution « = sin x + 1 to find

f cosxsinx (1l + sinx)}dx

Let I = fco& xsinx(l + sinx)®dx First replace the dx.

Let U =5nx+]
du _ — Cos.x appears in the integrand, so you can write
dx ’ this as du = cos x dx and substitute.

So substitute cos x dx with du.
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Integration

(sinx + 1)% = ;ﬁ—l Use u = sin x + 1 to substitute for the remaining
Siiie =4 =1 J terms, rearranging where required to get
sinx=u-1,
So I'= f{u — 1u® du —|_
_ . Rewrite /in terms of u.
= f(fﬁ - u’) duT
_w oo J | Multiply out the brackets and integrate in the
5 4 usual way.

5 F (sinx + 1)° (sinx+1)*
2 = 5 - L Problem-solving

Although it looks different, f sin2x(1 + sinx)® dx
can be integrated in exactly the same way.

Remember sin2x = 2 sinx cos.x, so the above
Example @ integral would just need adjusting by a factor of 2.

Prove that IT—I_? dx =arcsin x + c¢.
J1 -2

i T f S This substitution is not obvious at first. Think
TV = a2 how the integral will be transformed by using
let x =sinf trigonometric identities. « Chapter 7

%% = €05 6~

The substitution is in the form x = f(#), so find dx

1

dé
So replace dx with cosf dfl. to work out the relationship between dx and dé.
1
I= = 0db
f N R L Make the substitution, and replace dx with cosé df.

1
= |—— A de
f»c0528605)d

= f— 1—9 costl dbf

cos

-

Remember sin?4 + costA =1

:f‘ldf)=9+c

x = sinf = 6 = arcsinx o )
Remember to use your substitution to write the

final answer in terms of x, not 6.

Seo I=arcsinx+c¢

i i itution to evaluate: : —
bise ,1 ntegration by substitu ;on " L EIZETTS 1 you use integration by substitution
a fu'x(x + 1) dx b fn'cos xvV1 +sinx dx to evaluate a definite integral, you have to be

careful of whether your limits are x values or u
. values. You can use a table to keep track.
a lst I= fr:— x(x + 172 dx
Let =X+
au _

dx_1
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so replace dx with du and replace (x + 1)
with w3, and x with u — 1.

X u

Replace each term in x with a term in « in the
usual way.

Change the limits. Whenx =2, u=2+1=3and

2 3
0 1

whenx=0,u=1.

2 =
SoI= [ (u— 1 du

= LB(H“ - u-"}du—‘

Note that the new u limits replace their
corresponding x limits.

_F_ﬁ3
15 41,

L Multiply out and integrate. Remember there is no
need for a constant of integration with definite
integrals.

(243 _81y_(1_1
- ( 5 4 ) (5 4)
=464 -20=26.4 The integral can now be evaluated using the

limits for « without having to change back into x.

b fr\'cos‘\‘v“l + sinxdx
: dut
u=1+snx=> Jy —cosx. s0 replace

cos X dx with du and replace V1 + sinx with
u-.

u

2

L Useu=1+sinx.

Remember that limits for integrals involving
trigonometric functions will always be in radians.
]7 x=%meansu=l+ 1=2and x =0 means

O = =

1

u=1+0=1

Sol= f_zn‘ du

Rewrite the integral in terms of .

Exercise @

I Use the substitutions given to find:

a f.w"l +xdu=1+x
c fsin—‘_\'dx; U = COSX

e fsec2 xtanx/] +tanxdx: u>=1+tanx

£}
Z

=/8=2/2.

Problem-solving

You could also convert the integral back into a
function of x and use the original limits.

| Remember that 2

| +sinx
COS X

b

dx; u=sinx
2 —

d [———d. LU= 3
fv’x(x ~3 X;U=vx

f [sec*xdx;u=tanx

2 Use the substitutions given to find the exact values of:

T —
a L xWx+4dx;u=x+4

c u:sin xvV3cosx+ 1 dx:u=cosx

d J; }’sec xtan xvsecx + 2 dx; u = sec x
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Integration

D 3 By choosing a suitable substitution, find:

3 Vx2+4
a |x(3+2x)Ydx b [—==—dx c dx
f fv’ 1 +x * '
D 4 By choosing a suitable substitution, find the exact values of:
o Qe 5 1 3 sin 26
a xvV2 + xdx m— X e —
fzu x dx b";1+v“x—1d\ c-’;]+cos()dg
£) 5 Using the substitution #? = 4x + 1, or otherwise, find the exact value of f 48\‘ l dx. (8 marks)
X+
P) 6 Use the substitution #?> = ¢* — 2 to show that ::4 £ dvc = 5 + c¢Ind, where a, b, c
and d are integers to be found. (7 marks)
P) 7 Prove that f T—x d\ = arccos x + ¢. (5 marks)
/ i 1 = C
P) 8 Ufe the substitution u = cos x to show m Use exact tigonometic values to
fo? sindx cosx dx = o (7 marks) change the limits in x to limits in u.
@ 9 Using a suitable trigonometric substitution for x, find f F.x%’l - x2dux. (8 marks)

Challenge

By using a substitution of the form x = k sinu, show that

f == Vo —x2

———Gx =
xX49=1x* 9x

S = o)

Integration by parts

You can rearrange the product rule for differentiation: =
d _,dv, du functions of x. « Section 9.4
= (uv) =u " +1 T
- A i(uv) - v@
dx dx dx
dv d [ du
ua—dx —fa(uv) dx - f\a\—_d.\

Differentiating a function and then integrating it leaves the original function unchanged.

So, f—;—v (uv) dx = uv.

= This method is called integration by parts. f u% dx=uy - f v% dx
To use integration by parts you need to write the function you are integrating in the form u%

dv

You will have to choose what to set as u and what to set as ai
X
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Find f.r cos xdx

et I= f.\‘ COs X dx

Problem-solving

For expressions like x cos x, x?sin x and x’e* let u
equal the x" term. When the expression involves
Inx, for example x?In x, let u equal the In x term.

Let u=xand dv = COS X.
dx

u=x = . 1

’ dx
dv .
— =co5X = V==sinx
ax

Using the integration by parts formula:

I=xsinx — fsinx x ldx

Find expressions for u, v, : and —

dvc

Take care to differentiate u but integrate — L

= XS5INX + cosx + ¢
Example 0
Find f.ﬁ Inxdx

ket J= j.\'i Inxdx

du 1_!
u=inx :’__T

L Notice that fv:—z dx is a simpler integral than

u—odux.

dx

Since there isa In x term, let # = In x and % =XZ,
X

ax Find expressions for u, v, 3% and 42
dv = x3 dx dr
— =X ="
ax 3 Take care to differentiate u but mtegrate dy
I*—jln\‘-— ﬁxld\ o
- J 3 \
_ ‘3: . f\_c . — Apply the integration by parts formula.
X x° e du
==lnx-"—+ — Simplify the v=— term.
9 7¢ BhRe dx

It is sometimes necessary to use integration by parts twice, as shown in the following example.

Find f.\‘ze-" dx

let J= f.\'ge-"d\'

du
= x2 =>—— =
L g 2X —‘

v
— = = =¥

There is no In x term, so let = x2 and gﬁ = e,

X

Find expressions for u, v, d— and v

dx
Take care to differentiate u but integrate =~ i

Apply the integration by parts formula.

dx
So I= x%*- f2 xedx T Notice that this integral is simpler than 7 but
| e still not one you can write down. It has a similar
i ? R structure to /7 and so you can use integration by
X
av ¢ parts again with 1 = 2x and dv_ ex.
E—er:@"l':e-‘ i
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Integration

- 5 (2'\_8. x J'Qe-"d.\') Apply the integration by parts formula for a

So

W
|

second time.
x%et — 2xe* + f2e"d.t

xZe¥ — 2xe' + 2e' + ¢

2 . . .
Evaluate fl In x dx. leaving your answer in terms of natural logarithms.

2 2 Write the expression to be integrated as Inx x 1,
Let I = ﬁ Inxdx = f1 Inx x 1dx P g

thenu=Inx and£= ]l

du 1 i dx i
u=lnx = s Remember if an expression involves In x you
v should always set u = In x.
- LA 1S ¥=x
dx
2 2 1 -

I=[xInx]; - f1 X x cdx Problem-solving

=(2In2) = (ln1) - J‘g 1 dx— Apply limits to the uv term and the fv g—“dx term

’ separately. =
=2In2 - [x]? -
=2Ih2-(2-1)
Evaluate the limits on uv and remember In1 =0.
=2h2 -1

Exercise @

1 Find the following integrals. Hint BT

a f.\' sin xdx b fxe" dx c f xsec? xdx standard results. In your exam they will
be given in the formulae booklet:

d f.\: RS o fsir'l\3 X o : ftan xdx = Injsec x| + ¢
2 Find the following integrals. . fSﬁC.t dx = In|sec x + tan x| + ¢
a fS In xdx b J‘.\'lnxdx ¢ fhz—:d\ . fcotxdx= Infsin x| + ¢
d f(ln oy . f(xz + T . fcosecxdx = —In|cosec x + cot x| + ¢

3 Find the following integrals.
a J..xje"" dx b f xlcosxdx ¢ f 12x2(3 + 2x)°dx  d fle sin2xdx e f 2x?secixtan xdx

4 Evaluate the following:
= J::lnz"“eh e b foi“' sin.x dx c L?x cos xdx d fl ? li;" A%

e f u} 4x(1 + x)*dx f fn “x cos;';.\‘ dx g fo ! sin x In (sec x) dx
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@ 5 a Use integration by parts to find f xcos4dxdx. (3 marks)

b Use your answer to part a to find f x?sin 4x dx. (3 marks)

6 a Find f V8 — xdx. (2 marks)

b Using integration by parts, or otherwise, show that

f(.\' - 2)V8—xdx= -%(8 - .\')?l.x' +2+c¢ (6 marks)

¢ Hence find L?{.\‘ - 2)/8 — x dx. (2 marks)

7 a Find [sec®3xdx. (3 marks)
b Using integration by parts, or otherwise, find fx sec? 3x dux. (6 marks)

¢ Hence show that f____ix sec?3xdx = pr — ¢In 3, finding the exact values of the
constants p and g. (4 marks)

@ Partial fractions

= Partial fractions can be used to integrate algebraic fractions.

Using partial fractions enables an expression that looks Make sure you are confident
hard to integrate to be transformed into two or more expressing algebraic fractions as
expressions that are easier to integrate. partial fractions + Chapter 1

Use partial fractions to find the following integrals.

x—35 8x?— 19x + |
————— ¥ b - dx X
f{x+ Dx-2)% 2x+ Dx-22 ¢ fl B
5 x-5 — B Split the expression to be integrated into partial
(x+NDx=-2 " x+1 x-2 fractions.

Sox-5=Ax-2)+ B(x+1)

let x=-1: —-G=A4(-3)s0A=2
Let x =-1and 2.
letx=2: -3 =B(3)s0 B=-1

So f¥ dx Rewrite the integral and integrate each term as in
(x + Mx - 2) .
€ Section 11.2

2 f(‘f- e .\‘lZ)dx

Remember to use the modulus when using In in

=2In|x+1] —=In|lx=-2| +¢ integration.
" (x + 1) .
S e || T The answer could be left in this form, but

sometimes you may be asked to combine the In
terms using the rules of logarithms.
& Year 1, Chapter 14
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Integration

L— Itis sometimes useful to label the integral as I.
: 8x2 —19x +1
b let I = md.\
Bx2 —19x + 1 -.A B & Remember the partial fraction form for a

x= — 19; . ol : ‘
x+1)x-22" 2x+1 * (x = 2)2 Y -z repeated factor in the denominator.

BxZ —19x+1=A(x-2)2+ B2x + 1) +
C2x + 1)(x - 2)

letx=2:-5=0+5B+0s0 B=-1
let x=—3:125=24404+0s04=2

letx=0: Then 1=4A4+ B 2C Rewrite the intergral using the partial fractions.
S Note that using  saves copying the question again.

56 1=8=1-2CsoC=3

|- J— —3—) ¢ Don't forget to divide by 2 when integrating
{-f(2.r+1 {x—2}2+.\‘—2 ax &

1 and remember that the integral of

x-=2

In[2x + 1] + +3Injx~ 2| + ¢ vt 2X¥+1

rar

- 5 does not involve |n.
+|r1|,\‘—2[3+(' r-2)

1
= X+ 1
In|2x + J+.r—2

=In|(2x + )(x - 2)3| +

\~_1 5 * ¢ = Simplify using the laws of logarithms.
cletl=| 1—_‘??0;_\-

2 _ e o . B Remember that 1 - x2 can be factorised using
1=-22 (1=x)1+x) 1-x"T+x the difference of two squares.
2=A(1+x)+ B(1 - x)
let x=-1then 2 =2Bsc B=1
let x=1then2=24504=1

Rewrite the integral using the partial fractions,
So I= f(——T-— o+ 1 )di_
T+ T=3x

=In[1+ x| =In[1 -x| +c

Notice the minus sign that comes from
1

1-x

s mliEx = : )
il = Integrating

Nhen the degree of the polynomial in the numerator is greater than or equal to the degree of the
lenominator, it is necessary to first divide the numerator by the denominator.

- 9x2—3x 42
“‘ind _—9—;2—_—1—(1.1' |

2 _ 3,
let [= [2X-3x+2

e e N S5 numerator by 9x2 — 4,

1

Ox% ~4)9x% - 3x + 2 9x? + 9x2 gives 1, so put this on top and subtract

9x? = 1 x (9x% — 4). This leaves a remainder of —3x +6.
-3x+6
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so [I= f( ;h?;) X

6-3x _ A B

9x2 — 4 = Sx =2 ki 3x+ 2
Let_\'-———%then&:—imso B=-

Factorise 9x2 — 4 and then split into partial
fractions.

et x = % then4=44s0A4A=1

= 1 2 Rewrite the integral using the partial fracti
So I=1 = g g g partial fractions.
It o 3x+2)d"

x+1in|3x-2]| - Zin|3x+ 2|+ — Integrate and don't forget the ;

3x-2

I

X+ gln

Exercise @

1 Use partial fractions to integrate the following:

2 3x+5 Ix—-1 . 2x -6 d 3
(x+ I)(x+2) 2x+ D)(x-2) (x+3)x-1) 2+ x)(1 -x)

¢, fais Simplify using the laws of logarithms.

2 Find the following integrals.
2(2+3x-1) X3+ 2x2+2 X2 X2+ x+2
+D2x-D f Sor 2 ¢ f d f3—2.\-—.\-2d"°

DRI "Ry |
3 f0=rrna-20""" "2

a Given that f(x) =

4 + £ _find the value of the constants 4 and B. (3 marks)
2x+1 1-2x

b Hence find ff(x) dx, writing your answer as a single logarithm. (4 marks)

2
¢ Find L f(x)dx, giving your answer in the form Ink where k is a rational constant. (2 marks)

17 - 5x 3
PO iy . SN SRS, |
EP) 4 fx) Ar202-wt 2°7°

a Express f(x) in partial fractions. (4 marks)
1 17-5x R ) ;
b Hence find the exact value of ‘L 33200 - 0? dx, writing your answer in the form
a + Inb. where a and b are constants to be found. (5 marks)
2
5 f(x) = 9‘ 4,\=+§
8]

find the values of the constants A, Band C. (4 marks,

B
a Giventhatf(x)=A+37- > g 342’

b Hence find the exact value ot Problem-solving

'_1 9"‘_“ +4 dx, writing your answer in the Simplify the integral as much as possible before
19x2 -4 substituting your limits.

form a + b Inc, where a, b and ¢ are

rational numbers to be found. (5 marks
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6+ 3x - x?

) 6 f(x)= o X0
a Express f(x) in partial fractions. (4 marks)
4 G — , 2 .. . -
b Hence find the exact value of f -6—+1i:2—'f—dx, writing your answer in the form a + Inb.
2 x4 2x2
where @ and b are rational numbers to be found. (5 marks)
32x2+4 B e
I s Dax-1) -4 s 1t o
a Find the value of the constants 4. Band C. (4 marks)
32x° +4

b Hence find the exact value of fl-m dx writing your answer in the form

2+ k Inm , giving the values of the rational constants k and . (5 marks)

@ Finding areas

You need to be able to use the integration techniques from this chapter to find areas under curves,

The diagram shows part of the curve y = ’

V4 + 3x
The region R is bounded by the curve, the x-axis
and the lines x = 0 and x = 4, as shown in the
diagram. Use integration to find the area of R.

1
Remember-‘/_—?—
Area = j* _9_. ~dx
“ V4 + 3x i i :
hd 4 Use the chain rule in reverse. Ify=(4+3x),

=9/ (4 + 3x) “dx — dy =

jo. ( .\}4 ¥ EI% = %(4 +3x) " Adjust for the constant.
sl 4 3.v}-'[o '

= g((4 + 3 x 4)-’3 5B e O)") r— Substitute the limits.

=6(W16 - V4
i ) You don't need to give units when finding areas

= ——————— | = under graphs in pure maths.

' The area bounded by two curves can be found using integration:
Area of R = [*(F(x) - g(x))dx = [/ feodx - [/8tvdx

fx)

8(x) m You can only use this formula if the

two curves do not intersect between @ and b.
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The diagram shows part of the curves y = f(x) and y = g(x).
where f(x) = sin 2x and g(x) = sinxcos?x, 0 =x = %

The region R is bounded by the two curves. Use integration to
find the area of R.

| = The region R is bounded by two curves.

Area = [ (f(x) - g(x)) dx

Substitute the limits and functions given in the
question.

aad ==
Explore the area between

= f (sin 2x — 3in X cos2x) dx

= =t R 3yl
_[ 25952,\+5505 .\]D

= (~i-n+10) - -2+ 3) =3

z 3\ 27373 two curves using technology.
You can use integration to find the area under a curve @ For a parametric curve, x
defined by parametric equations. It is often easier to and y are ivSn as functions o,f a
integrate with respect to the parameter. para-meterg t & Chapter 8

Example @ YA

The curve C has parametric equations

_ g I
x—.'(l+r),_v—-l+t.r?»0 R

Find the exact area of the region R, bounded by
C. the x-axis and the lines x = 0and x = 2.

“Y

tag---=-

(0]

Use a change of variable to write the integral in

Area = J‘ dx = f _y%-dr P |___terms of the parameter, £. Using the chain rule,
x =11+ 1.0 5;—: =4 + 21 you can replace dx with %dr.
When_\'=0..'(1+rJ=O,5or_5_Qorr=—1 \——

When x = 2, t(1 + 1) = 2 s i

r+1t—-2=0
t+2(t—1=090t=—-2o0rr=1 m You will be integrating with respect

So Area = J'n':}- %-‘_' At zjﬁ‘ : _1'_ (1 + 20) dt to 1 50 you need to convert the limits from values
e ot L 1 of x to values of t. Use the parametric equation
- L (_2 T 1+1 ,) at for x, and choose solutions that are within the

' domain of the parameter, t = 0.
=[2t—In 11+ tl],

= &~ pd) =(@=nl Write 11++2: in the form 4 +i%
= 2 =e Dividing 2¢ + 1 by £ + 1 gives 2 with remainder -1.
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Integration

1 Find the area of the finite region R bounded by the curve with equation y = f(x), the x-axis and
the lines x = ¢ and x = b.

T - e LT
a f‘(x)=]2 ;a=0,b=1 b f(x}zsecx;a:{),b=§ ¢ fx)=Inx;a=1,b=2

d fix)=secxtanx;a=0.b = -Z— e f(x)=x/d-x2,4=0,h=2

2 Find the exact area of the finite region bounded by the curve y = f(x), the x-axis and the lines
X =aand x = b where:

4x -1 X

)= . = = hf,‘: .}.'.ﬂ'=0.,b=2
a f(x) x+2)2x 1 1) a=0,h=2 (x) GrlpP
¢ f(x)=xsinx;a=0.5b= g d f(x)=cosx/2sinx+1:a= 0,h= -g

e f(x)=xe;a=0,h=In2

3 The diagram shows a sketch of the curve with equation, y = f(x),
4x +3
(x+2)2x-1)

Find the area of the shaded region bounded by the curve,
the x-axis and the lines x = | and x=2, (7 marks)

where f(x) = L XS 2l

vy
4 The diagram shows a sketch of the curve with equation y = f(x),
where f(x) = e05v 4 % =1

Find the area of the shaded region bounded by the curve, the
~-axis and the lines x =2 and x = 4. (7 marks)

5 The diagram shows a sketch of the curve with equation
Y =g(x), where g(x) = xsin x. 4 V= g(x)

a Write down the coordinates of points
A, Band C.

b Find the area of the shaded region. .»’/\3 g
m Find the area of each region

separately and then add the answers, Remember
areas cannot be negative, so take the absolute
value of any negative area.
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6 The diagram shows a sketch of the curve with equation y = x?Inx. A
The shaded region is bounded by the curve, the x-axis and
the line x = 2.

a Use integration by parts to find f.\'3 In xdx. (3 marks)
b Hence find the exact area of the shaded region, giving your

answer in the form %(a In2 + h) . where ¢ and b

are integers. (5 marks) b £

7 The diagram shows a sketch of the curve with equation y = 3cos xvsinx + 1.

a Find the coordinates of the points A, B, C and D. (3 marks) ¥
D y=3cosxVsinx + 1

b Use a suitable substitution to find

f Jcosxysinx + 1 dx (5 marks)

¢ Show that the regions R, and R, have the same area,
and find the exact value of this area in the form
a . where a is a positive integer to be found. (3 marks)

® 8 f(x)=x2and g(x)=3x- X%
a On the same axes, sketch the graphs of y=f(x)and y = g(x), and find the coordinates of any
points of intersection of the two curves.

b Find the area of the finite region bounded by the two curves.
9 The diagram shows a sketch of part of the curves with equations y = 2cosx +2 and y=-2cosx +4.

a Find the coordinates of the points ¥
A. Band C. (2 marks)

y= —2cosx+4

b Find the area of region R, in the form
a3 + PCE where @, b and ¢ are integers
to be found. (4 marks)

¢ Show that the ratio of Ry: R, can be ol
expressed as (3y3 +2n):(3V3 - 7). (5 marks)

y=2cosx+2

® 10 The diagrams show the curves y = sinf. 0 < @ < 2w and y =sin 26, 0=<0=<2m.
By choosing suitable limits. show that the total shaded area in the first diagram is equal to the
total shaded area in the second diagram, and state the exact value of this shaded area.

v 1& b j\

o c=sinf
1 y=sin 1 /‘\ =sin26
’ o ! \ A &
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) 11 The diagram shows parts of the graphs of y=sinxand y =cos x.

a Find the coordinates of point A.

b Find the areas of: ¥=sinx

i R, i R, iii R,
¢ Show that the ratio of areas R, : R, can be [ . i
written as v2 : 2. 0 z T X

) 12 The curve C has parametric equations x = 73, y = £2, 1 = (). Show that the exact area of the
region bounded by the curve, the x-axis and the lines x = 0 and x =4is k V2 , where k is a
rational constant to be found.

' 13 The curve C has parametric equations
X=sint,y=sin2,0<t E%

The finite region R is bounded by the curve and the y-axis,

Find the exact area of R. (6 marks)

14 This graph shows part of the curve C with i .
parametric equations x = (7 + )2, y= %r-‘ +3,t=-1 1 S/
P is the point on the curve where ; = 2

The line S is the normal to C at P.

a Find an equation of §. (5 marks)
The shaded region R is bounded by C. S, the x-axis
and the line with equation x = |,

b Using integration. find the area of R. (5 marks)

Challenge

The diagram shows the curves y=sin2xand y=cosx,0< v s_;%

=¥

)’Jr
1-

Find the exact value of the total shaded area on the diagram.
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@ The trapezium rule

If you cannot integrate a function algebraically, you can use a numerical method to approximate the
area beneath a curve.

Consider the curve y = f(x): ra y=f)

A

0
1
'

ol a b ‘f{

To approximate the area given by f: ydx, you can divide

the area up into n equal strips. Each strip will be of width A,

b-a
whereh_T

“Y

Next you calculate the value of y for each value of x that forms a m e :

boundary of one of the strips. So you findyforx=a,x=a+h, 9”(3 HHELIOr A
there will be n + 1 values of x

y=a+2h x=a+3handsoonuptox=b. “hdn s Lvakesofy

You can label these values yg, 1. Ya: V31 -+ Ve =

VA

P b
Yo i¥i

'

' .

* '

Vai Va1 Vn
1

' ' '

' ' '

“¥

0| a b
Finally you join adjacent points to form n trapezia and approximate the original area by the sum of
the areas of these n trapeziums.

You may recall from GCSE maths that the area of a trapezium like this: /

is given by %(yD + y)h. The required area under the curve is oo
therefore given by: 'EJU '
b

[Py = Ih(yo + 7 + Thon + 39+ oot 0o+ 70 7

Factorising gives:
b 1
L}'d-\‘ =sh(yo+ Yt tyatda.- +Vpo1+ Va1 0
b
or J; ydx = (e + 21+ Y2 o F V-2 F V)

This formula is given in the formula booklet but you will need to know how to use it.
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Integration

= The trapezium rule;

Lbydx = (Vo +2(0y + ¥y ee + 3u_y) + 1)

-
n

The diagram shows a sketch of the curve ¥ =secx. The finite region R

where /i = 5 and y; = f(a + ih)

VA

_ _ _ ﬂ. Y=SECX
is bounded by the curve, the x-axis, the y-axis and the line x =3

The table shows the corresponding values of x and y for y = sec x. /
N I R S N 5'
* 1% 16| 3|3 by

y 1| 1035 ] |2 -

0 r X
3

% . T ..
a Complete the table with the values of Yy corresponding to x = % and x = 4 &IvIng your answers

to 3 decimal places.

b Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate for
the area of R, giving your answer to 2 decimal places.

¢ Explain with a reason whether your estimate in part b will be an underestimate or an

overestimate,
o1 L1158
a 56".‘:6 = T =L
COS—
&
T 1
5ecz i P = 1.414
4
’ 1o} L i o o Substitute /= - and the five y-values into
12 6 4 | 3 12
the formula.
v | 1 [1035] 1155 [ 1414 2 |

T
~

b
= f“ ydx = ;1!?(,1‘0 re2m+ oty )+ ) @ Explore under- and over-

e estimation when using the trapezium
I= E(E)” +2(1.035 + 1155 + 1.414) + 2) rule, using GeoGebra,

m

=—x 10,208
Fe Problem-solvi
= 1.336224 075..... = 1.34 (2 dp)

If f(x) is convex on the interval
¢ The answer would be an overestimate, The graph [a, b] then the trapezium rule
is convex so the lines connecting two endpoints will give an overestimate for
would be above the curve, giving a greater

b
f f(x) dx. If it is concave then it
answer than the real answer a

will give an underestimate.
€ Section 9.9
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Exercise @

@ 1 The diagram shows a sketch of the curve with equation y = T+tanx.0<x< %

y=VI +tanx

0 S
3
a Complete the table with the values for y corresponding to x = % and x = % (1 mark)
0 2. i i i
* 12 6 4 3
y | 1 12559 1.6529 |

Given that I = L ’J1 + tanx dx,
b use the trapezium rule:
i with the values of yat x=0, % and = to find an approximate value for I, giving your answer

to 4 significant figures: (3 marks)
ii with the values of y at x =0, %, 363 % and % to find an approximate value for 7. giving your

s

answer to 4 significant figures. (3 marks)

2 The diagram shows the region R bounded by the x-axis and the

curve with equation y = cos 5—26‘ - % 0= %

The table shows corresponding values of # and y for y = cos %Q

:

(s ™ i

0 | -5 | 10| % |10 ]| 5
y 0 1 0
a Complete the table giving the missing values for y to 4 decimal places. (1 mark)

b Using the trapezium rule, with all the values for y in the completed table, find an
approximation for the area of R, giving your answer to 3 decimal places. (4 marks)

¢ State, with a reason, whether your approximation in part b is an underestimate or

w3z

an overestimate. (1 mark
d Use integration to find the exact area of R. (3 marks
e Calculate the percentage error in your answer in part b. (2 marks
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) 3 The diagram shows a sketch of the curve with equation y = T

The shaded region R is bounded by the curve, the x-axis, the y-axis and the line x = 2.

a Complete the table giving values of y to 3 decimal VA
places. (2 marks)
X 0 0.5 1 1.3 2
y 10.707 | 0.614 | 0.519 0.345 R ;
b Use the trapezium rule, with all the values from your
table, to estimate the area of the region R, giving o -
your answer to 2 decimal places. (4 marks)

) 4 The diagram shows the curve with equation y=(x —=2)Inx +1, x> 0.
a Complete the table with the values of y corresponding to

x=2and x=2.5. (1 mark)
: 1 1 13 2 2.5 3
¥ 1 0.7973 2.0986 |

Given that ] = f. (= 2) Inx + 1) d.,
b use the trapezium rule
i with values of yatx=1,2and 3 to find an approximate value for /, giving your

answer to 4 significant figures. (3 marks)
i with values of yat x =1, 1.5, 2, 2.5 and 3 to find another approximate value for /,
giving your answer to 4 significant figures. (3 marks)
¢ Use the diagram to explain why an increase in the number of values improves the
accuracy of the approximation. (1 mark)
d Show by integration, that the exact value of fta((.\‘ =2Inx+1)dxis —% In3+4, (6 marks)

5 The diagram shows the curve with equation y = xy2 - x,0 < x < 2,

a Complete the table with the value of y corresponding A
tox=1.5. (1 mark)
y=xVv2-x
x 0 0.5 1 .S 2
¥ 0 0.6124 1 0 -,
R
Given that / = j;.r\fZ - xdx,
b use the trapezium rule with four strips to find an Q 2 *
approximate value for /. giving your answer to 4 significant figures. (5 marks)
¢ By using an appropriate substitution, or otherwise. find the exact value of flf.wz =X 4%
leaving your answer in the form 24p, where p and g are rational constants, (4 marks)
d Calculate the percentage error of the approximation in part b. (2 marks)
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6 The diagram shows part of the curve with equation VA
B |
Y= -3)2x+1)

1-:__&
To(x=3)2x+1)

a Show that the coordinates of point A4 are (% 0). (1 mark)
b Complete the table with the value of y corresponding to
x =0.75. Give your answer to 4 decimal places. (1 mark) A
0 1 X
X 0 0.25 0.5 0.75 1 1.25
y 1.6667 | 0.9697 | 0.6 0.1667 0
i 4x-5

Biventhat = [0 g
iven that 1= |- v ) &

¢ use the trapezium rule with values of y at x =0, 0.25,0.5,0.75, 1 and 1.25 to find an

approximate value for /, giving your answer to 4 significant figures. (3 marks)

. 3 4x -5 .. . a
d Find the exact value of 3 mdx, giving your answer in the form In (—5) (4 marks)
e Calculate the percentage error of the approximation n part c. (2 marks)

7 I=[ e dx

a Given that y = ¢'>**1, complete the table of values of y corresponding to x = 0.5,

1 and 1.5. (2 marks)
X 0 0.5 1 1.5 2 2.5 3
y 2.7183 9.3565 | 11.5824 | 14.0940

b Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate
for the original integral, /, giving your answer to 4 significant figures. (3 marks)

s — b
¢ Use the substitution 7 = v2x + 1 to show that / may be expressed as L kre'du1,
giving the values of the constants &, b and k. (5 marks)

d Use integration by parts to evaluate this integral, and hence find the value of I correct
to 4 significant figures. (4 marks)

‘%12 1) Solving differential equations

Integration can be used to solve differential @ A first order differential equation
equations. In this chapter you will solve first order contains nothing higher than a first order
i i ations by separating the variables. d
dlﬁerenni\llyequ tons by separating & derivative, for example EJ_,% A second order
= When dx " f(x)g(y) you can write differential equation would have a term that
i contains a second order derivative, for
[ ody= [fx)dx a2y
g()») example 7

The solution to a differential equation will be a function.

When you integrate to solve a differential equation you still need to include a constant of integration.
This gives the general solution to the differential equation. It represents a family of solutions, all
with different constants. Each of these solutions satisfies the original differential equation.
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dy ————
For the first order differential equation a’—\_: 12x% — 1, the general solution is y = 4x° — x + ¢,
ory=x(2x-1)2x+ 1) +c. :

Vi

D) Each of these curves represents a particular

solution of the differential equation, for different
values of the constant ¢. Together, the curves
form a family of solutions.

m Explore families of solutions

using technology.

[
|
taf—
|
.w Qw
&
=Y

dy
Find a general solution to the differential equation (1 + x?) = tan y.

dy ¢ B dy
i tany Write the equation in the form L AE fx)g(y).
dx 14 x2 dx

[ N .

tan) 1+ 2 L Now separate the variables:
‘ ¥ 1

rdy = : - ——dy = fi(x)dx

fcot} d) fT P ax ) y

In|siny| =Xin|1+ x2| +¢

! by Il
or Inlsiny| =3In|1+ ¥2| + Ink Use coty = tan y
In|siny| = In|kvV1 + *2 |

fcotxdx =Insinx| + ¢

S0 siny = kv1 + x2 -\,

Finally remove the In. Sometimes you might be
asked to give your answer in the form y=f(x).
This question did not specify that so it is
acceptable to give the answer in this form.

Don't forget the +¢ which can be written as In k.

Combining logs.

Sometimes you are interested in one specific solution to a differential equation. You can find a
particular solution to a first-order differential equation if you know one point on the curve.
This is sometimes called a boundary condition.

Find the particular solution to the differential equation m The o
dy =3(r-2)

— condition in this question is
dx  (2x+ )(x+2)

that x = 1 when y = 4.
given that x = | when y = 4. Leave your answer in the form y = f(x).

__“—‘——
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=l sttt
y-2% Zx+ Nx + 2) X First s_,eparate the variables. Make sure the
-3 _ 4 B function on the left-hand side is in terms of y
Cx+ Dx+2) — @2x 1 1) + >+ 2) only, and the function on the right-hand side is in
terms of x only.
-3=A(x+2)+ B(2x + 1)
Lk s s 3 =-3B 55 B=1 Convert the fraction on the RHS to partial
; ) fractions.
let x = =3¢ -3=54 so A=-2
S (Eg— L 2 : ’
fl ) ay J(\ 32 Dok .l')cil Rewrite the integral using the partial fractions.
In|y = 2| =In|x+ 2| = In|2x + 1| + Ink————— Integrate and use +Ink instead of +c.
e e et 2
nly=2| =1In e Combine In terms.
X+ 2
y—-2-= :‘\(2‘+1) Remove In.
142
4-2= k(_z 3 1) > k=2 I_ Use the condition x = 1 when y = 4 by

o4 2 substituting these values into the general

So y=2+ 2('2'\_ ry 1) solution and solving to find k.
y=3+ 53—1 Substitute k = 2 and write the answer in the form

y = f(x) as requested.

Exercise @

1 Find general solutions to the following differential equations. Give your answers in the

form y = f(x).
dy dy
d—— (1 +)(1 =2x) b a;-—*ytanx
dy dy
C cos-\a:-\ 2sin’x d d—\—Ze‘—‘

2 Find particular solutions to the following differential equations using the given boundary

conditions.
d'l 0. T dl' 0. T
—== = =i —=sec?xsec?y; y =0, x= 4
a o sin x cos”x; ¥ =3 d X sec’y: n
dy 5 = dy cosy )
ca:— cos?ycos’x; y = 4.\=O dmnxcost\-—Eo—SE,-:O,.\:O
3 a Find the general solution to the differential equation
dy m Begin by factorising
.\'z—d;: =y + Xy, giving your answer in the form y = g(x). the right-hand side of the
A equation.

b Find the particular solution to the differential equation that
satisfies the boundary condition y = e*at x = -1.
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) 4 Given that x = 0 when y =0, find the particular solution to the differential equation

dy

(2y + 2px) dJ\_ =1 — p2, giving your answer in the form y = g(x). (6 marks)

dy L _
D 5 Find the general solution to the differential equation e**'—— = 2x + xe’, giving your answer
d (6 marks)
in the form In|g(y)| = f(x).

dy .
) 6 Find the particular solution to the differential equation (1 — A\'J)a = xy + y, with boundary

condition y = 6 at x = 0.5. Give your answer in the form y = f(x). (8 marks)

dy o
) 7  Find the particular solution to the differential equation (1 + ..\‘3)5 = x — xy-, with boundary

condition y = 2 at x = 0. Give your answer in the form y="f(x). (8 marks)

dy ; -
) 8 Find the particular solution to the differential equation a = xe™, with boundary condition

y=1In2at x = 4. Give your answer in the form y=f(x). (8 marks)

. dy
) 9 Find the particular solution to the differential equation e cos?y + cos 2x cos?y, with

boundary condition y = g— atx = % Give your answer in the form tan y = f(x). (8 marks)

dy
) 10 Giventhat y=1 at x = % solve the differential equation E: = Xy sinx. (6 marks)
) 11 a Find [+ 440 (50 (2 marks)

dy 3x/y+4/y
b Given that y = 16 at x = 1, solve the differential equation —— 10 m—————giving

your answer in the form y = f(x). (6 marks)
8x —18
) 12 a Expresamm partial fractions. (3 marks)

b Given that x = 3 find the general solution to the differential equation
(\-2)(3\-8}——(8\— 18)y (5 marks)
¢ Hence find the particular solution to this differential equation that satisfies y = 8 at x = 3.
giving your answer in the form y=f(x). (4 marks)
. . dy
13 a Find the general solution of e 2x - 4.

b On the same axes, sketch three different particular solutions to this differential equation.

dy
14 a Find the general solution to the differential equation E: = O _: 22 (3 marks)
b On the same axes, sketch three different particular solutions to this differential
equation. (3 marks)
¢ Write down the particular solution that passes through the point (8, 3.1). (1 mark)
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) . i . dl} -
15 a Show that the general solution to the differential equation — = — X can be written in
x U

the form x* + 32 =¢. s 1 (3 marks)
b On the same axes, sketch three different particular solutions to this differential

equation. (3 marks)
¢ Write down the particular solution that passes through the point (0. 7). (1 mark)

m Modelling with differential equations

Differential equations can be used to model real-life situations.

The rate of increase of a population P of microorganisms at time 7, in hours, is given by
dP
rik 3P

Initially the population was of size 8.

a Find a model for P in the form P = Ae¥, stating the value of A.

b Find. to the nearest hundred, the size of the population at time ¢ = 2.

¢ Find the time at which the population will be 1000 times its starting value.

d State one limitation of this model for large values of .

daP

a E =3P
J‘l 4P = J'3 s Inte.grate this function by separating the
o 4 variables.
P =3t+¢c
Pzegttrozg™ wef Apply the laws of indices.
P = Ae® k3
2 ite it |
o sl uh i 2B eamn e‘is a constant so write it as 4
= 3 "
e o | Youare told that the initial population was 8. This
b \P=8e gives you the boundary condition P =8 when 7/ =0.
P=8e3%2 = &eb
L. Substitute 1 = 2.
=3227.4... = 3200
c P = 1000 x & = 6000
B000 =ge™ Solve by taking the natural log of both sides of
1000 = ¥ r the equation.
In1000 = 3t
Ny
1 .
t = 3In1000 m Explore the solution to this O
= 2.3 hours = 2 h 1&mins example graphically using technology.
d The population could not increase in size in
this way forever due to limitations such as Watch out When commenting on a model you
available food or space. should always refer to the context of the question.
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Water in a manufacturing plant is held in a large cylindrical tank of diameter 20 m.
Water flows out of the bottom of the tank through a tap at a rate proportional

to the cube root of the volume. 5 T
: . 1 —
a Show that r minutes after the tap is opened. - kI for some constant k. i-‘

b Show that the general solution to this differential equation may be written
ash=(P- Qf)%, where P and Q are constants.

Initially the height of the water is 27 m. 10 minutes later, the height is 8 m.

¢ Find the values of the constants P and Q.

d Find the time in minutes when the water is at a depth of 1 m.

Use the formula for the volume of a cylinder. The
diameter is 20, so the radius is 10.

a V=arh=100rh

% = 100
a ; Problem-solving
a b 3 =5
T You need to use the information given in the
= ie Y TOONR question to construct a mathematical model.
Water flows out at a rate proportional to the cube
adh dh dV
B e O root of the volume.
dar  dV = dt dv
} B — - Is negative as the water is flowing out of the
dh . 1 . \~¢V1007h) dr
dt 1007 tank, so the volume is decreasing.
o (—(\Km) 35
1007 ) Use the chain rule to find %
dh 3 . _ V1001
So dr-—k\h. where k = 100% -
L Substitute for 9/ and ¥
b [h dh = - [k dt L dv - de
3.3 ;0 e
Sh™ = —kt + ¢ dv~ d¥ 1007
2 - ~ d;!
h™ =Skt + 5¢
h% = BEi P . ¢ was the consta:nt of proportionality and 7 is
: constant so ox VIl kis a constant
h=(P-0n 100r '
=0 e 2 : :
e 1xQ h=27 ___Integrate this function by separating the
27 =P =3 P=9 variables,
t=10,h=8
N —— Let@=%kand P=2¢
8 =(9 - 100)
4=9-100 Use the boundary conditions to find the values
] of Pand Q. If there are two boundary conditions
Q=3 | then you should consider the initial condition

(when ¢ = 0) first.
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d h=(9-%1)

1=(9-21)
o & Set 1= 1 and solve the resulting equation to find
=9 -3t J the corresponding value of 1.
5

t =16 minute

Exercise @

!

The rate of increase of a population P of rabbits at time ¢, in years, is given by ar_ kP, k>0.

Initially the population was of size 200. &

a Solve the differential equations giving P in terms of k and 1. (3 marks)
b Given that k = 3, find the time taken for the population to reach 4000. (4 marks)
¢ State a limitation of this model for large values of . (1 mark)

The mass M at time 7 of the leaves of a certain plant varies according to the differential equation

dM .

r M- M-
a Given that at time 7 = 0, M = 0.5, find an expression for M in terms of 7. (5 marks)
b Find a value of M when 7 =1In2. (2 marks)
¢ Explain what happens to the value of M as 7 increases. (1 mark)

The thickness of ice x. in cm, on a pond is increasing at a rate that is inversely proportional
to the square of the existing thickness of ice. Initially, the thickness is 1 cm. After 20 days, the
thickness is 2 cm.

a Show that the thickness of ice can be modelled by the equation x = 557 + 1. (7 marks)

b Find the time taken for the ice to increase in thickness from 2cm to 3cm. (2 marks)

A mug of tea, with a temperature 7 °C is made and left to cool in a room with a temperature of
25°C. The rate at which the tea cools is proportional to the difference in temperature between
the tea and the room.

a Show that this process can be described by the differential equation %—T = —k(T - 25),
explaining why A is a positive constant. (3 marks)

Initially the tea is at a temperature of 85°C. 10 minutes later the tea is at 55°C.
b Find the temperature, to 1 decimal place, of the tea after 15 minutes. (7 marks)

The rate of change of the surface area of a drop of oil, 4 mm?, at time ¢ minutes can be
. d4_ A

modelled by the equation 3 =108

Given that the surface area of the drop is I mm?at 7= I,

a find an expression for A4 in terms of ¢ (7 marks)

(
b show that the surface area of the drop cannot exceed % mm?, (2 marks)
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A bath tub is modelled as a cuboid with a base area of 6000 cm?. Water flows into the bath tub
from a tap at a rate of 12000 cm?*/min. At time 7 minutes, the depth of water in the bath tub is 4 cm.
Water leaves the bottom of the bath through an open plughole at a rate of 5004 cm?/min.

dh
a Show that 7 minutes after the tap has been opened., 60—&; =120 - 5h. (3 marks)
When =0, h=6cm.
b Find the value of r when 4 = 10 cm. (5 marks)
I . . .
g fractions. 3 marks

a Express P(10000— P) using partial fractions ( )
The deer population, P, in a reservation can be modelled by the differential equation

dpr 1

dr = 20000 T 10000 =)
where ¢ is the time in years since the study began. Given that the initial deer population is 2500,
b solve the differential equation giving your answer in the form P = ﬁfﬁf (6 marks)
¢ Find the maximum deer population according to the model. (2 marks)

Liquid is pouring into a container at a constant rate of 40cm?®s~! and is leaking from the

container at a rate of ;¥ cm?®s-!, where Vem? is the volume of liquid in the container.

a Show that —4(';—1: =V - 160. (2 marks)
Given that ¥ = 5000 when ¢ = 0,
b find the solution to the differential equation in the form V' = a + he ™. where ¢ and b are

constants to be found (7 marks)
¢ write down the limiting value of V as ¢ — o, (1 mark)

Fossils are aged using a process called carbon dating. The amount of carbon remaining in a fossil,
R, decreases over time, 7, measured in years. The rate of decrease of carbon is proportional to the
remaining carbon.

a Given that initially the amount of carbon is Ry, show that R = Re* (4 marks)

[t is known that the half-life of carbon is 5730 years. This means that after 5730 years the
amount of carbon remaining has reduced by half.

b Find the exact value of k. (3 marks)

¢ A fossil is found with 10% of its expected carbon remainin g. Determine the age of the
fossil to the nearest year. (3 marks)

Mixed exercise @

1

By choosing a suitable method of integration., find:

a f{Zx - 3)7dx b f.w 4x —1dx c fsinzx cosxdx
Mo g 4 sin x cos x 1
d |xInxdx —————dx ——dx
J £ 4 —8sin’x da f f3 —4x dx
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By choosing a suitable method, evaluate the following definite integrals. Write your answers as
exact values.

0, i

a Lﬂx- +3)dx b fﬂ xsec? xdx
bl 3 3 3

c fl (16_\'- - T) dx d fl_ (cos x + sin x)(cos x — sinx) dx
4 4 ) m2 ]

) T - Fh Tee®

a Show that fleé Inxdx=1 —%
4p -2
p+1

1
‘=%ln

b Given thatp > 1, show that flpm dx

. b 2
Given f; (F - %) dx= g—, find the value of b.

; o .
Given J‘ﬂ cosxsin?xdx = —:;1-, where # > 0. find the smallest possible value of 6.

Using the substitution 7> = x + 1, where x > -1,

X
a find | =24

X.

3
b Hence evaluate dx.

Oyx+1

a Use integration by parts to find f,\' sin 8x dx.
b Use your answer to part a to find f.ﬁ cos 8xdx.

Sx?—=8x+ 1

)= =17

+

: s A B . €
a Given that f(x) = ol | (1P

b Hence find ff(x) dx.

¢ Hence show that Lgf(.x) dx = 1n[§33} _ 5—}

) 1 48
Given that y = x* +—, x>0,

dy
a find the value of x and the value of y when E? =i

b Show that the value of y which you found is a minimum.

The finite region R is bounded by the curve with equation y = Xi+ % the lines x = 1,

x =4 and the x-axis.

¢ Find, by integration, the area of R giving your answer in the form p + ¢ Inr,
where the numbers p, g and r are constants to be found.

a Find [x*In2xdx.
215

b Hence show that the exact value of JT x2In2xdxis 9In6 - ER)
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@ 11 The diagram shows the graph of y = (1 +sin2x), 0 < x < % VA 4
a Show that (1 +sin2x)*= % (3 +4sin2x — cos4x). (4 marks) i)
b Hence find the area of the shaded region R. (4 marks) f 7= (1 +sin2x)’
¢ Find the coordinates of A, the turning point on
the graph. (3 marks)
0 I ?
4
3 12 a Find f xe~vdx. (4 marks)
b Given that y = % at x = 0, solve the differential equation
\il_'. p— X
©dx " sin2y (4 marks)
©) 13 a Find [xsin2xdx. (5 marks)
' . ; dy
b Giventhaty=0atx= %, solve the differential equation a = xsin 2x cos’y. (5 marks)
@ 14 a Obtain the general solution to the differential equation
dy R
a =X, V> 0 (3 marks)
b Given also that y = 1 at x = 1, show that
pEE= —3<x<V3
is a particular solution to the differential equation. (3 marks)
2 -
The curve C has equation y = 3 -l 2% ++/3
¢ Write down the gradient of C at the point (1, 1). (1 mark)
d Hence write down an equation of the tangent to C at the points (1, 1), and find the
coordinates of the point where it again meets the curve. (4 marks)
@ 15 a Using the substitution u = 1 + 2x, or otherwise, find
4x |
m dx, x # -3 (5 marks)
b Given that y = %whcn x =0, solve the differential equation
g _—
I+ 2045 = Sin?y (AaaaEks)
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=xX=

b —
b |—
-
I
q

16 The diagram shows the curve with equation y = xe*, —

The finite region R, bounded by the curve, the x-axis and the
line x = — % has area 4,.

The finite region R, bounded by the curve, the x-axis and the /
line x = % has area 4,.

a Find the exact values of 4, and 4, by integration. (6 marks) . y Rﬂ
b Showthat 4,: 4,=(e —2):e. (4 marks) gy 0

I

=Y

(® 17 a Find [x%vdx. (5 marks)

. . dy
b Use your answer to part a to find the solution to the differential equation de Rlep=x

given that y = 0 when x = 0. Express your answer in the form y = f(x). (7 marks)

I8 The diagram shows part of the curve y = e¥ + | and the line y = 8. A y=ei+l

y=8

The curve and the line intersect at the point (/, 8).

a Find &, giving your answer in terms of natural

logarithms. (3 marks)
The region R is bounded by the curve, the x-axis,
the y-axis and the line x = /.

b Use integration to show the area of Ris?2 + éln 7. (5 marks)

(]
I

A e T S e e e T

Q

(®) 19 a Given that

Xt _ B C
x2-1 =A+.\‘—l+.\'+]

find the values of the constants 4, B and C. (4 marks)
b Given that x =2 at r = 1, solve the differential equation

You do not need to simplify your final answer. (7 marks)

E/P) 20 The curve with equation y = e — ¢, ) < x < l,is shown  »a
in the diagram. The finite region enclosed by the curve, i
. ’ : p=ett-e
the x-axis and the line x = 1 is shaded. T
The table below shows the corresponding values of x and ¥y
with the y values given to 5 decimal places as appropriate.

X 0 0.25 0.5 0.75 1
y 0 0.86992 | 2.11175 7.02118 )

-y

a Complete the table with the missing value for y.
Give your answer to 5 decimal places. (1 mark)

b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for
the area of R, giving your answer to 4 decimal places. (3 marks)
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¢ State, with a reason, whether your answer to part b is an overestimate or an
underestimate. (1 mark)

d Use integration to find the exact value of R. Write your answer in the form
e3+ Pe+ Q
T where P and Q are constants to be found. (6 marks)

e Find the percentage error in the answer to part b. (2 marks)

The rate, in cm?®s~', at which oil is leaking from an engine sump at any time / seconds is
proportional to the volume of oil, ¥cm?, in the sump at that instant. At time 1 =0, V'= 4.

a By forming and integrating a differential equation, show that

V=Aek

where k is a positive constant. (5 marks)
b Sketch a graph to show the relation between ¥ and 1. (2 marks)
Given further that V' = %A att=T,
¢ show that k7 =1In2. (3 marks)

dy :

a Show that the general solution to the differential equation I = a -can be

written in the form x> + (y — k)> = ¢. ! —¥ (4 marks)
b Describe the family of curves that satisfy this differential equation when k=2, (2 marks)
The diagram shows a sketch of the curve y = f(x), VA
where f(x) = fzxz Inx—-x+2,x>0.
The region R, shown in the diagram, is bounded by the
curve, the x-axis and the lines with equations x = |
and x =4.
The table below shows the corresponding values of x and
y with the y values given to 4 decimal places as appropriate. 0

X | 1.5 2 2.5 3 3.9 4
¥ 1 0.6825 | 0.5545 | 0.6454 1.5693 | 2.4361

a Complete the table with the missing value of y. (1 mark)
b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for

the area of R, giving your answer to 3 decimal places. (3 marks)
¢ Explain how the trapezium rule could be used to obtain a more accurate estimate for

the area of R. (1 mark)
d Show that the exact area of R can be written in the form % ks ﬁ Ine, where a, b, ¢, d

and e are integers. (6 marks)
e Find the percentage error in the answer in part b. (2 marks)
a Find [x(1+2x)5dx. (3 marks)
b Given that y = % at x = 0, solve the differential equation

y ;
3 = x(1 + 2x?)cos? 2y (5 marks)
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; - 1
25 By using an appropriate trigonometric substitution, find f Ti xgdx. (5 marks)
26 Obtain the solution to
dy
.t(x+2)$= Ly>0,x>0
for which y = 2 at x = 2, giving your answer in the form )2 = f(x). (7 marks)

27 An oil spill is modelled as a circular disc with radius rkm and area 4 km?. The rate of increase
of the area of the oil spill, in km?/day at time ¢ days after it occurs is modelled as:

d_Azksin(L),O sr=<12

dr In
dr k . [t
e 22 2 k
a Show that At~ Dy Sm(.’m) (2 marks)

Given that the radius of the spill at time 7 = 0 is 1 km, and the radius of the spill at time
t=m2is 2km:

b find an expression for 7 in terms of ¢ (7 marks)
¢ find the time, in days and hours to the nearest hour, after which the radius of the spill
is 1.5 km. (3 marks)

28 The diagram shows the curve C with parametric equations 74
x=32y=sin2t,t=0.
a Write down the value of 7 at the point A4 where
the curve crosses the x-axis. (1 mark)

b Find. in terms of m, the exact area of the shaded
region bounded by C and the x-axis. (6 marks)

(E/P) 29 The curve shown has parametric equations

x=5cosf, y=4sinf, 0 <0 <2r
a Find the gradient of the curve at the point P
at which ¢ = % (3 marks)
b Find an equation of the tangent to the curve
at the point P. (3 marks)
¢ Find the exact area of the shaded region bounded by the tangent PR, the curve and the x-axis.

(6 marks)

EP) 30 The curve C has parametric equations
x=1=-2,y=2t-8£,teR
The line L is a normal to the curve at the point P where the
curve intersects the positive y-axis. Find the exact area of

the region R bounded by the curve C, the line L and the x-axis,
as shown on the diagram. (7 marks)
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Challenge m Draw a sketch of each function.

Given f(x) = x2 — x - 2, find:
a [ [f)]dx b [ f(x)) dx

1

Summary of key points
4 = xn+l % y 1
.xdx-n+1+c fedx-e-‘«l—c f;dx:ln[x|+c
cosxdx=sinx+¢ fsinxdx: —COSXx +¢C fseczxztanx+c

10

11

fcosec xcot xdx = —cosecx + ¢ fcosecax dx=—-cotx+c¢ fsecxtan xdx=secx+c¢

[Frax + Bydx = % f(ax + b) + ¢

Trigonometric identities can be used to integrate expressions. This allows an expression that
cannot be integrated to be replaced by an identical expression that can be integrated.

To integrate expressions of the form fkT dx, try In|f(x)| and differentiate to check, and
then adjust any constant. )

To integrate an expression of the form fkf (0 (f(x))" dx, try (f(x))"+! and differentiate to
check, and then adjust any constant.

Sometimes you can simplify an integral by changing the variable. This process is similar to
using the chain rule in differentiation and is called integration by substitution.

. G L P
The integration by parts formula is given by: fu 1 dx=uv— |v e dx

Partial fractions can be used to integrate algebraic fractions.
The area bounded by two curves can be found using integration:

Areaof R= [, " (f(x) - g(x)) dx = [ "fx) dx - [ g(¥ dx

The trapezium rule is:

b
[ ydx=Lh(yo+ 200+ oo # Yuzi) + 7

4 and y, = f(a + ih).

where h = =
dy .
When g - f(x)g(y) you can write

fg—(lv—}dy=ff(x) dx
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